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Abstract: In this paper, we suggest outer-product-of-gradient (OPG) variants of the Lagrange multiplier
(LM) test statistic for testing spatial dependence under the local parametric misspecification in spatial
models. Our OPG statistic for testing the presence of a spatial lag in the disturbance term remains valid
irrespective of whether or not there is spatial dependence in the dependent variable. Similarly, our suggested
OPG statistic for testing the presence of a spatial lag in the dependent variable is robust to the presence of
spatial dependence in the disturbance term. We also suggest the OPG variants that are robust to the presence
of an unknown form of heteroskedasticity in the disturbance terms. The computations of all suggested tests
only require the least squares estimates from a linear regression model. In a Monte Carlo simulation, we
investigate the finite sample properties of our tests and some alternative tests suggested in the literature.
The simulation results show that our tests work well in finite samples.
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1. Introduction

In this paper, we propose outer-product-of-gradient (OPG) variants of Lagrange multiplier (LM)
test statistic for testing spatial dependence in a spatial model that has spatial dependence in both
the dependent variable and the disturbance term. Our OPG test for testing one type of spatial
dependence (the spatial lag in the dependent variable or the spatial lag in the disturbance term)
is valid whether or not the other type of spatial dependence is present. We show how such robust
OPG tests can be systematically constructed in the quasi maximum likelihood (QML) framework
for spatial models that have homoskedastic or heteroskedastic disturbances. Importantly, the com-
putation of suggested tests only requires the ordinary least squares (OLS) estimates from a linear
regression model. Thus, our approach provides robust alternative tests that can be easily adopted
by applied researchers.

The OPG variants of LM tests for testing spatial dependence are based on the fact that the
score type-functions of a spatial model, which can be written in terms of linear and quadratic
forms of disturbance terms, form a martingale difference array. This inherent martingale structure
is explored in Kelejian and Prucha [13, 14] to develop a central limit theorem (CLT) for spatial
processes. Born and Breitung [7] show how the variance of linear and quadratic forms can be
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estimated by the OPG method, and suggest simple test statistics for testing the presence of a
spatial lag in the spatial auto-regressive (SAR) and spatial error (SE) models." Their test statistics
are robust to heteroskedasticity, and are equivalent to the one-directional LM tests derived in [8]
and [1] under the homoskedastic case. Following Born and Breitung [7], Baltagi and Yang [4, 5]
suggest the standardized OPG variants of one-directional LM tests that correct for both the mean
and variance of the standard LM test statistics for improving the finite sample properties of tests.
In the context of standard panel data models, there is evidence that standardizing an LM test
improves its performance, especially when the asymptotic critical values are used to implement the
test [3, 15, 20]. The simulation results in Baltagi and Yang [4, 5] show that the standardized OPG
variants for testing spatial dependence can also perform relatively better in finite sample.

The OPG variants suggested in [7, 4, 5] are one directional tests in the sense that they are
designed for testing one type of spatial dependence (spatial lag or spatial error dependence) in
the absence of the other type of spatial dependence. However, it is well known that the one direc-
tional LM test for one type of spatial dependence will be invalid in the presence of other type
of spatial dependence, i.e., under the local parametric misspecification [23, 9, 6, 2]. Anselin et
al. [2] study systematically the consequences of testing one type of spatial dependence at a time,
and use the approach suggested in [6] to develop adjusted one-directional LM test for testing the
presence of spatial dependence in the dependent variable (spatial dependence in the disturbance
term) in the possible presence of spatial dependence in the disturbance term (spatial dependence
in the dependent variable). Though the test suggested in [2] are valid under the local parametric
misspecification, they may not be valid under the heteroskedastic case, since the (quasi) likelihood
function is misspecified when the disturbance terms of the model are heteroskedastic. Recently,
following Born and Breitung [7], Jin and Lee [12] suggest the OPG variants of C(«)-type tests
in the ML and generalized method of moments (GMM) settings under both hemoskedastic and
heteroskedastic cases. In comparison with our suggested tests, the tests suggested in [12] are com-
putationally intensive as they require estimation of the respective null models by a /n-consistent
constrained estimator, and therefore they do not share the simplicity of tests based on the OLS
estimator.

The rest of this study is organized as follows. In Section 2, we state the spatial model and
derive its quasi-likelihood function. In Section 3, we show how the OPG variants of LM test
can be systematically derived under both homoskedastic and heteroskedastic cases. We provide
test statistics for detecting spatial error and spatial lag dependence in a SARAR (1,1) model. In
Section 4, we describe our Monte Carlo design and report the simulation results. In Section 5, we
provide an empirical illustration. In Section 6, we conclude. Some technical details and simulation
results are collected in an appendix.

2. Model Specification and ML Estimation Approach
We consider the following cross-sectional SARAR(1, 1) specification

Y =AWY + XB,+U, U=pMU-+YV, (2.1)

where Y = (yl,...,yn)’ is the n x 1 vector of a dependent variable, X,, is the n x k, matrix of
non-stochastic exogenous variables with a matching parameter vector Sy. W and M are the n xn
spatial weights matrices of known constants with zero diagonal elements. The scalalr parameters
Ao and pg are called the spatial autoregressive parameters. In (2.1), U = (uy,...,u,) is the n x 1
vector of regression disturbance terms and V = (vy, ... ,vn)/ is the n x 1 vector of disturbance terms
which are independent and identically distributed (iid) with mean zero and variance o2.

1 On the taxonomy and estimation of spatial models, see [1, 17, 11].
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The model is stated with the true parameter vector 6, = (56,03, Ao, po), and we use 0 =
(ﬁ/, a?, )\, p, )/ to denote any other arbitrary value in the parameter space. For notational simplicity,
let S(A\) = (I, — AW), R(p) =, —pM), S=5S(\) and R= R(py), where I,, denotes the n x n
identity matrix. Under the assumption that the disturbance terms are iid with mean zero and
variance o2, the quasi log-likelihood function of the model can be written as

InL(§) = — 2 In(27) — gln(o'z) +1n|S(\)|+1n|R(p)|

2
L (SO)Y - X8) R (0)R(p) (SO)Y - XB). (2.2)

 20?

where |- | denotes the determinant operator. The QMLE is the extremum estimator defined by 0 =
arg maxycq In L(6). Under some regularity conditions, it can be shown that the QMLE is consistent
and has asymptotic normal distribution [16].

3. Robust OPG Tests

In this section, we derive robust OPG tests for testing the null hypotheses H{ : p = 0 and
HY : Ao =0 under both homekadastic and heteroskedastic cases. We also determine the asymptotic
distribution of tests under the local alternative hypotheses defined as H? : py =4d,/+/n and H :
Xo = 05/v/n, where ¢, and d, are non-stochastic bounded constants. In testing H{ : po = 0, the
local alternative hypothesis H) : Ao = §,//n also serves as the local parametric misspecification.
Similarly, in testing Hj : Ao = 0, the local alternative hypothesis H? : py = 6,/y/n represents the
local parametric misspecification in our setting.

3.1. Tests Under Homoskedasticity

Let S,(0) = %%{f%), where a € {8,052, X\, p}. Our robust OPG tests are based on the score

functions of In L(0) /n derived as

1 r 1 / 1
= X =—VV-— 1
Ss(60) ot RV, 1562(90) 2] 307 1 1 (3.1)

where G=WS~!, G=RGR ' and H=MR™". Let v=(8,02)". Then, the score functions can be
expressed as a vector of linear quadratic forms in the following way

V' AV —o2tr(A) + bV

’ ’ 1 ! _ 2‘ /
5(00) = (5,00). S:(00). Sy(eu)) =7 | |, AT oA BT 32
ke+1V — Og kz+1 ket+1

V' A2V = 03tr(Ar, 42) + by, 4V
V' Apq3V —ogtr(Ag, 13) + by, 5V

where tr(-) is the trace operator, A; =---= Ay, =0, b, = RX; /o] for j=1,2,... k., X; is the jth
column of X, Ay, 11 =1,/208, by,11 =0, Ap,10=G/02, by, 12 =(RGXpB)/o2, Ay, 3= H/o? and
bi,+3 = 0. We denote the (i,j)th element of A, by ay,;, and the ith element of b, by by;, where
ke{l1,2,...,k,+3}. Then, we can express S(6) as a sum of martingale differences in the following
way

S(0o) :Zsi(00)7 (3.3)
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where S, (6y) = (5;7(90),su(eo),sip(eo)) with the kth element (k € {1,2,...,k, +3})

i—1
1
Sik(6p) = " (ak,n‘(vf — Ug) +v; E (ak,ij + ak,;i)v; + bkﬂh‘) .
j=1

To show that S;(6p) is martingale difference sequence, consider the following o—fields §, = {0, Q}
and §; = o(v1,vq,...,v;) for 1 <i<mn. Then, it follows that §;_; C F; and E(S;(6y)|Fi—1) =0. Thus
{S:(0y),8:, 1 <i<n} forms a martingale difference array. We can thus express the variance of
v/nS(6y) in the following way

Var (v/nS(60)) ZE(nS (60)S 00)) (3.4)

Under some regularity conditions, K (6,) can be estimated by K () = ny . S0 0)S,(0), where 0
is a consistent estimator of 8,.
To define our suggested robust OPG test, we assume the following assumptions.

|4+77

ASSUMPTION 1.  The innovation terms v;s are #d with mean zero, variance op, and E |v; <

oo for some >0 for all i and n.

ASSUMPTION 2. (i) Let 6 be a constrained estimator under under the joint null hypothesis
Hy: \o=po=0. Then, \/n(6 —0,) = 0,(1) holds. (ii) \/nS(6) i>N(0,K(90)), where K(60y) is a
non-singular matriz. (iii) —%0(6) J(0o) +0,(1), where 8 =0y +0,(1) and J(6,) =E (—%) is
a non-singular matrix.

Assumption 1 requires that the disturbance terms are homoskedastic, but allows for a non-normal
distribution. Assumption 2 is a high level assumption as our focus is on testing problem.? The
first part of the assumption requires that the constrained estimator under the joint null hypothesis
Hy: Ao =po =0 is a y/n-consistent estimator of 6,. Note that under Hy: Ay = po =0, our model
reduces to the linear regression model, which can be consistently estimated by the OLS estimator.
Assumption 2 (ii) is the CLT condition for the score functions, which can be ensured by the CLT
for linear-quadratic form in [13, 14]. Finally, Assumption 2 (iii) shows that the negative hessian
evaluated at a consistent estimator converges to the information matrix.

We assume that K(6,) and J(6,) are partitioned into sub-matrices K,;(6y) and J,;(6y) according
to the dimensions of a and b, where a,b € {\, p,~v}. Then, it can be shown that

1 _

Ialo) = —— (RGXﬁo) RGX By + tT(G(S G), (o) = e (HYG),

0

1 1 1 ’
JA7(90> = (n X R RGX/B(b 7 (G)) s JPP(HO) = itr (H(S)H) ,

0 0
Jpy(00) = (0» Wtr(H)> s Jyy(b) = Diag (X R RX, ) : (3.5)
0 a5

where A® = A+ A" for any n x n matrix A.

Before we introduce our suggested tests, we introduce the following notations. We define J, ., (0) =
Ia(0) — Ty (0)J ) (0) T A (0) and Ty, (0) = Jx,(0) — Ty (0)J ) (0)],,(0). Similarly, J,.,(0) =
Jop(0) — Jpn (0) T 1(0)T,,(0) and T,z (0) = 6 (0) — T, (0)J1(0)J,5(0). Under Assumption 2, it

el vy

2 The primitive conditions ensuring this assumption are provided in [16]. For the sake of brevity, we do not provide
these primitive conditions.
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can be shown that the mean value expansions of \/nS\(6) and v/nS,(#) around 6y, when both H
and H? hold, yield the following result (see proof of Theorem 1)

VSA(0) 5 N [Tary (00)0x + Japy (00)8,, By (60)], (3.6)
where

By (00) = Kax(6o) + JM(HO)J{I(HO)Kw(@o)J%l(90)17;7(90)

— Ky (60) T, (80) I3, (80) — T (60) ) (B0) Ky (o). (3.7)

Hence, under Hp and H?, it follows that \/nSy(0) — Jy,(60)d, 4 N (0, By.(6y)). The non-zero
asymptotic mean term Jy,.,(6y)d, indicates that the null asymptotic distribution of the OPG test
based on the y/nS, (é) will has a non-central chi-squared distribution in the local presence of p,.
We show that §, is the asymptotic mean of J, ] V1S,(6) (see the proof of Theorem 1). This result
suggests that we can formulate a OPG test that is valid in the local presence of py based on the
following adjusted score function.

VIS3(8) = Vi (Sy(0) = Ty (8)T,2(0)S,(0)) (3.8)

Then, our suggested robust OPG test is given by

LM, =nS;%(0)/Dy.(0), (3.9)
where
DXW(HN) = Bk-v(é) "i' Jx\p-v(:)*];;i( :)BPW(QN)J;; (é)Jp/}-v(é) B
B JAP"Y(O)J,:%H)BPA-W(H) - BAP"Y(Q)J,E(G)JM-V(G): (3-10)
with

(0)17(0) K1+ (0) I (0) 5 (0)
)T (0) = Ty (0) 1 (0) K (6), (3.11)

B)\P"Y(é) = Kkp(g) - JM(é)J_l(é)Kw(e) - KM(H)J;} (H)va(e)
+ T (0)T 3 (O) K (0).1,.) (0)1,,(0), (3.12)

Bp-v(é) = Kpp(é) +J "/(é)‘]'yiyl (é)Kw(é):];yl (é):]w(é)

— K, (0)J5(0) ,(0) = T, (8) T} () K-, (6), (3.13)
Bpk"y(é) = ka(é) - Jpv(é)J;yl(é)KvA(é) - KP'Y(é)J'y_'yl (é)J’M(é)
T (0) T (0) K1 (0) 751 (6) T, (6). (3.14)

THEOREM 1. Assume that Assumptions 1-2 hold. Then, under H), it follows that
LM/\i>X§(191)a (3.15)
where

Uy = (53\ (J,\‘,Y(QO) - JAp"y(QO)Jp_-i(QO)JpX'V(QO))Z /DX'V(QO)' (3'16)
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PROOF. See Appendix 6.
Theorem 1 indicates that LM, LN X? under Hé\ in the local presence of pg, i.e., LM, is a valid
test statistic irrespective of whether Hf or H? holds. Though our suggested test statistic has
a lengthy expression, its calculation only requires 0. Test statistic simplify significantly when

Jxp~(0) = 0 holds. In that case, we have LM, = nS3(0)/Dy.~(8), where D, (0) = By, () —
Bz\p-v(a)J;:iw)JpXVW)'
We can similarly determine the test statistic for testing H” in the local presence of Ag. The

robust OGP test statistic is given by
LM,=nS:*0)/D,.(9), (3.17)

where S (0) = (SP(H) — Jp,\.W(H)J/Ci(H)SA(HD is the adjusted score function and

Dpw(é) = Bp-'v(‘g) “: Jp/\-“y(ﬂ)*])t»ly(e)B)vw(9)*]71 (O)JAgw(é)

Ay -

B pA-v(H)J;}y(G)BAp-V(G) - BpA-v(H)J;}y(e)Jpr(e)' (3.18)
The asymptotic null distribution of LM, is a central chi-squared distribution in the local presence
of Ay as shown in the following theorem.

THEOREM 2. Assume that Assumptions 1-2 hold. Then, under HY, it follows that
LM, % 3 (9,), (3.19)
where
9= 82 (T (00) = Torr (00) J52(80) Jrp (60))” /D (B0). (3.20)

PROOF. See Appendix 6.
Theorem 2 indicates that the asymptotic null distribution of LM, is x7, i.e., LM, 4 X? under Hj.
REMARK 1. In terms of our notation, the OPG variants of LM test suggested in [7] for HJ can
be expressed as

LM: =nS2(0)/K,,(0) (3.21)

Under the null hypothesis, this test statistic is asymptotically equivalent to the LM test statistic
suggested in [8] and the standardized OPG-based LM test suggested in [5, Theorem 2.2]. Here,
we show that this test statistic is invalid under the local parametric misspecification of the form
Ao = 0x/+/n. Using the asymptotic argument given in the proof of Theorem 1, it can be shown that
the asymptotic distribution of v/nS,(f) under H} and H? is given by

V1S, (0) % N [,(00)3, + Jorr (00)0x, By (00)] (3.22)
where

B, (00) = K,,(0) + JM(HO)JJJ(HO)KW(HO)J;WI(HO)J;V(OO)

/

K (00) 7 (00) T, (00) — T (00) T (B0) K, (60). (3.23)

Our results in (3.5) indicate that J,,(6p) = 0 under the joint null hypothesis Hy: Ao = po = 0.
Moreover, our Assumption 2 ensures that a consistent estimator of B,..(6y) is B, (0) = K,,(0).
Then, under H)} and H? , using Theorem 8.6 of White [24] on the asymptotic distribution of
quadratic forms, we obtain

LM 5 X3 (), (3.24)
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where 1 = (J,(00)8, + Jpr(00)0x) /K,,(6o). In the local presence of )y, the result in (3.24)
indicates that the asymptotic null distribution of LM is x3(y2), where o, = (JPA.7(90)5,\)2 /K ,,(6p).
That is, in the presence of local parametric misspecification of the form Ay = d5/v/n, LMy will over
reject HY due to the non-centrality parameter ¢,.

REMARK 2. For testing H, our result in (3.6) suggests the following non-robust test statistic

LM; = §3(6)/ B (0), (3.25)

In contrast to LM, our result on the elements of 3.5 indicates that B ., () is not equal to K»()

since Jy,(0) = Ltr (M®W) =0O(1). Then, under H, and H?, it follows that
LM; 5 i (s), (3.26)

where @3 = (Jx.(00)0x + Jrp~(00)8,)* /Bx.(8o) is the non-centrality parameter. Thus, in the local
presence of py, the asymptotic null distribution of LM, is a non-central chi-squared distribution
with the non-centrality parameter of ¢, = (Jxp(60)d,)° /Bx~ (o). The test statistic suggested in
[7] for testing H is different from the one in (3.26). Their test statistic is equivalent to the LM
test statistics derived in [1] for the SAR model Y =\ WY + X3, + U [7, Proposition 4.1]. Since
the LM statistic in [1] for the SAR model is invalid in the local presence of p, [2], it follows that
the OPG variant in [7] for testing H; is also invalid in the local presence of py.

3.2. Tests Under Heteroskedasticity

In this section, we assume that the disturbance terms v/s are independent, but heteroskedastic
with variances ¢7. In this case, it is known that the score function derived from the quasi likelihood
function in (2.2) do not have zero expected values [18, 10]. This result indicates that the QMLE
defined by 0 = arg max,ce In L(f) may not be a consistent estimator of 6,. Liu and Yang [19] and
Yang [25] modify the score functions such that they have zero means, and define a consistent
estimator as a root of adjusted score functions. We follow the same approach to formulate score-
based OPG tests under heteroskedastic case. Since the modified scores can be considered as proper
moment functions, our suggested tests can also be called the m-tests [24].

Let 0o = (B4, Mos po) - We use Diag(A},) to denote the diagonal matrix whose diagonal elements are
the (7,9)th elements ay ;;’s, i.e., Diag(Ax) = Diag(ag 11, ak 22, - - -, Gk nn). Following [19], we consider
the following modified score functions that have zero means.

%w@:%XRW:(Aw@:%VXG—Dmgé»v+%wﬂX&ﬁc (3.27)
qw@:%VXH—DmgH»m (3.28)

where V' = R(SY — X f3). In terms of linear quadratic forms, these score functions can be expressed
as

V' AV 46V

C(80) = (Ch(0),Cr00).Col00) =+ | va, vt v | (3.29)
V' Ap,a Vb, oV
V' Ap, 2V 40,5V
where A} =---= A, =0, b; = RX; for j =1,2,...,k,, A, 1 = G — Diag(G), by, 11 = RGXp,
Ay, +2o = H — Diag(H) and by, o = 0. As before, we can express S(6p) as a sum of martingale
differences in the following way

C(6o) = i Ci(6o), (3.30)
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’

where C;(6y) = (o;ﬁ(eo),cﬂ(ao),cw(eo)) with the kth element (k € {1,2,... Kk, +2}), Ci(60) =

v; Z;:l(ak” + ay ji)vj + briv;. As before, the variance of \/nC/(6y) takes the following form

Var (vnC(00)) = K () = nZE ( )) . (3.31)

Under some regularity condition, K (f,) can be estimated by K (8) =n>"", C;(0)C; (9), where 6 is
a consistent estimator of 6.
To define our suggested robust OGP test, we assume the following assumptions.

ASSUMPTION 3. The innovation terms v;s are independent with mean zero, variance o} and
4 .
E|v;|**" < 0o for some n >0 for all i and n.

ASSUMPTION 4. (i) Let 6 be a constrained estimator under under the joint null hypothesis
Hoy:X\o=po=0. Then, \/n(8 —6y) = O,(1) holds. (ii) /nC(6y) i>N(0,K(90)), where K(6y) is a
non-singular matriz. (iii) —2C@ — = J () +0,(1), where =0, + 0,(1) and J(6) =E (—%) is

06’
a non-singular matrix.

Assumption 3 specifies heteroskedastic disturbance terms [14, 18]. As in the homoskedastic case,
Assumption 4 is a high level assumption and provides conditions that are counterparts of those
stated in Assumption 2.3

Under Assumption 3, the elements of J(y) can be derived as

J,p (00 :ftr((H—Dlag(H))( VHY),  J(00) =0, Jg,(00) =

Jsp(00) = —X R RX,
where Y = Diag(c?,03,...,02). These expressions show that we can use a plug-in estimator to
estimate .J(f,) (here, we can use ¥ = Diag(02,02,...,02) for X.)

Under heteroskedastic disturbances, our suggested test statistics for H) and H{ are respectively
given by
LM} = n.C52(0)/ Dy 5(0), (3:32)
LM} =nC*(0)/D,.5(8) (3.33)
where C3 (§) = (cg(é) - JAp.ﬂ(é)J;;(é)cp(é)) and C:(6) = (cp(e) Tons(0)J5 (a)cx(e)) are the
adjusted score functions and

Das(0) = Bro0) + s 0)4(0) B 011501 (D)
— Ty 0),5(0) Bor 5(0) — By s(8) T 4(8) Ty 5(8), (3.34)

3 The primitive conditions ensuring this assumption are provided in [14, 18]. For the sake of brevity, we do not repeat
these primitive conditions.

4 The the asymptotic argument is provided in [18].
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Dpﬂ(é):B (9)+me() 5(0) B ()J}(@)Jwﬂ(é) i
ons(0) 550 )BAPB(H) x(0) T3 5(0) Txs5(0), (3.35)

with

By5(8) = Kax(8) + s (0) T35 (0)Ki35(8) J 55 (6) J 5 (6)
0

— K5(0) T3 (0) J5x(8) — Jas(8) T 5 (0) K 5x(6), (3.36)
By,.5(0) = K, (0) — Jw(é)t] @Kﬁp(g) Ks(0)J55(0)5,(0)
+ Jxs(0) 55 (9)K56(9)J 5 (0)T5,(0), (3.37)

By5(6) = K (0) +J,5(0) J 55 (6)Ki55(8) 55 (8) J 5, (6)

05(0) 754 (0)T5,(0) — T,5(0) T3 (0) K5,(0), (3.38)
Boas(0) = K,M(G) Jpﬁ(9)J @Kﬁx(@ f{pa(é)Jgé(é)Jm(é)
+J,5(0) 55 (9)Kﬁﬂ(9)J 1 (0)J5x(0). (3.39)

The next theorem provides the asymptotic distributions of these tests.

THEOREM 3. Assume that Assumptions 3-4 hold.

1. Under H}, it follows that
LM} 5 X3 (93), (3.40)
where
93 =3 (Jr.a(80) = Tnp3(80) T, 5(00)Tpn6(60))” /Do (0)- (3.41)
2. Under H?, it follows that
LM} 53 (9), (3.42)
where
1= 02 (J5.5(60) = Tpr5(00) T 5(00)Tr5(60))” /D s (Bo)- (3.43)

PROOF. See Appendix 6.
Theorem 3 shows that LM, and LM, are valid test statistics in the presence of parametric mis-
specification. That is, LM! % y2 under H), and LM 2y 2 under HY.

REMARK 3. The non-robust versions stated in Remarks 1 and 2 take the following forms

LM¢=nC%(0)/B,.,(0), (3.44)
LM =nC?(0)/By.(6), (3.45)

These variants are invalid under local parametric misspecification. Under the heteroskedastic case,
we also have J,5(0) =0, implying that B, (¢) = K,,(0).Thus, LM can also be formulated with

Kpp(é)-
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4. Monte Carlo Simulations

4.1. Design

In order to study the finite sample properties of the suggested tests, we design a Monte Carlo
study. For the specification in (2.1), we consider two regressors X = (X7, X,) with the parameter
vector (,801,502)/ = (1,1)/. For X; and X5, we use the U.S. county-level data set of [21] on the
1980 presidential election: X; is the standardized value of log income per-capita and X, is the
standardized value of log homeownership. This data set describes 3107 U.S. counties, and we use the
first n observations in our Monte Carlo study. We consider the three specifications for the weights
matrix considered by [22]: (i) the 49 x 49 contiguity based weights matrix generated for 48 US
states and the District of Columbia, (ii) the 98 x 98 contiguity based weights matrix corresponding
to five nearest neighbors of each of the 98 census tracts in Toledo, Ohio, and (iii) the 361 x 361
contiguity based weights matrix corresponding to whether the school districts are in the same
county in Towa in 2009. In our simulation, we set W = M. The spatial autoregressive parameters,
Ao and py, take values from {0,0.1,0.2,0.3,0.4,0.5,0.6}.

In generating disturbance terms, we consider two cases: (i) a homoskedastic case and (ii) a
heteroskedastic case based on a skedastic function. In the homoskedastic case, we generate distur-
bance terms that have standard normal and chi-squared distributions: (i) v; ~ N(0,1) and (ii) v; ~
(x5 —2)/2. In the skedastic case, we generate the disturbance terms according to v; = 0;;, where
o? =exp(0.140.35- X; ), and the innovation term ¢&; is generated according to (i) & ~ N(0,1),
and (ii) v; ~ (x3 —2)/2. We set the nominal size set to 0.05 and the number of repetitions is 1000.

In our simulation, we will also consider the test statistics suggested in [7] and [4]. More specifically,
we consider the tests in the equations (3.2) and (3.4) of [7], and the tests in the equations (16)
and (17) of [4]. Moreover, we also consider the robust test statistics that are derived in the LM
framework in [2] under the assumption that the disturbance terms are homoskedastic.

4.2. Simulation Results

The simulation results are presented in Tables 1 through 6 for the normal distribution case.® In
these tables, (i) LM, is the test statistic in Theorem 1, (ii) LM, is the test statistic in Theorem 2,
(iii) LM} and LM/ are the test statistics given in Theorem 3, (iv) LM? and LMY are the test
statistics suggested in [7], (v) LMY and LM are the tests statistics suggested in [4], and (vi) LM{
and LM;1 are the test statistics suggested in [2]. The salient features of the results in Tables 1-6
are as follows.

1. The first row in each table shows the empirical size of the tests when there is no parametric
misspecification. Our suggested tests, i.e., LM,, LM}, LMZ and LM%, and those suggested in [2],
i.e., LM/ and LM{, report size values that are close to the nominal value of 0.05 under both
homoskedasticity and heteroskedasticity. The test statistics LM”, LMZ, LMY and LMY are over-
sized, especially LM” and LMZ.

2. The empirical size properties of tests for testing Hy under parametric misspecification can be
examined through the first panel of each table. In the local presence of py, our suggested tests and
those suggested in [2] perform better than other tests. As expected, LM% and LM% are not robust
to the local presence of py.

3. The empirical size properties of tests for testing Hj under parametric misspecification can be
examined under the cases where py =0 and Ay # 0. Both LMZ and LM? perform relatively better
than other tests in all cases. LMPZ and LMPB are over-sized in all cases as these tests are not robust
to local parametric misspecification.

5 We do not present the simulation results for the chi-squared distribution case, since they are similar to the normal
distribution case. These results are available from the authors upon request.
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4. The simulation results in Tables 1-6 indicates that heteroskedasticity specified in the form of
a skedastic function may not affect the performance of the robust tests suggested in [2].

5. The empirical power properties of test statistics for testing Hy can be examined when ),
deviates from zero. When ), is near zero, LM% and LMY report relatively large empirical powers
under both homoskedastic and heteroskedastic cases. As Ag gets larger, our suggested tests and
those in [2] get larger empirical powers, and perform similar to LM% and LM%. Similarly, the
empirical power properties of test statistics for testing H{ can be examined when p, deviates from
zero. Here, we also observe a similar pattern. That is, LM? and LM% perform better than other
tests under both homoskedastic and heteroskedastic cases only when pq is near to zero.
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TABLE 1. Empirical size and power of tests: Homoskedastic disturbances and n =49

o po LM, LMA LM? LMZ LM! LM, LM{ LMEZ LMZ LM!
00 00 0.049 0.044 0.168 0.171 0.051 0.050 0.052 0.075 0.081 0.050
0.0 0.1 0.048 0.061 0.190 0.211 0.051 0.057 0.060 0.092 0.096 0.057
00 02 0.056 0.113 0.312 0.342 0.091 0.060 0.059 0.137 0.149  0.060
00 03 0.055 0.197 0.460 0.486 0.150 0.058 0.057 0.205 0.215 0.058
00 04 0.063 0.335 0.656 0.688 0.258 0.082 0.086 0.337 0.349 0.082
00 05 0.079 0.496 0.805 0.835 0.397 0.100 0.108 0.525 0.541 0.100
00 06 0.133  0.655 0915 0928 0.531 0.124 0137 0.705 0.717 0.124
01 00 0.075 0.051 0.185 0.207 0.052 0.098 0.104 0.157 0.162 0.098
01 0.1 0.061 0.068 0.261 0.302 0.054 0.095 0.105 0.206 0.220 0.095
01 02 0.057 0.126 0.477 0.513  0.086 0.093 0.102 0.340 0.354 0.093
01 03 0.063 0.211 0638 0.670 0.152 0.116 0.121 0457 0478 0.116
01 04 0.064 0.342 0.780 0.806 0.242 0.134 0.146 0.607 0.630 0.134
01 05 0.105 0.483 0.891 0.909 0.356 0.174 0.184 0.772 0.783 0.174
01 06 0.192 0.644 0.957 0.966 0.493 0.175 0.185 0.858 0.872 0.175
02 00 0.119 0.048 0295 0.331 0.042 0.238 0.248 0.389 0405 0.238
02 0.1 0.108 0.079 0.430 0.488 0.056 0.251 0.278 0.502 0.517 0.251
02 02 0.084 0.123 0.611 0.661 0.083 0.262 0.277 0.628 0.645 0.262
02 03 0.090 0.209 0.760 0.796 0.139 0.264 0.278 0.706 0.718 0.264
02 04 0.100 0.328 0.872 0.893 0.226 0.270 0.287 0.815 0.822 0.270
02 05 0.167 0.485 0.937 0.949 0.330 0.264 0.281 0.893 0.898 0.264
02 06 0.304 0.622 0.973 0.983 0.444 0.276  0.297 0.937 0.942 0.276
03 00 0.230 0.053 0.451 0.523 0.048 0.505 0.533 0.733 0.745 0.505
03 0.1 0.191 0.067 0597 0.657 0.045 0.488 0.509 0.776 0.787  0.488
03 02 0.148 0.124 0.760 0.798 0.075 0471 0498 0.852 0.858 0.471
03 03 0.167 0.192 0.852 0.886 0.124 0.478 0492 0.904 0908 0.478
03 04 0.220 0.302 0918 0.946 0.185 0451 0475 0.943 0949 0.451
03 05 0.306 0.456 0.972 0.983  0.300 0.425 0.447 0.961 0964 0.425
03 06 0.469 0.570 0.986 0.991 0.386 0.401 0.421 0.983 0.984 0.401
04 00 0.343 0.049 0.632 0.695 0.041 0.781 0.801 0.928 0.932 0.781
04 0.1 0.324 0.061 0.758 0.826 0.043 0.782 0.801 0.957 0.959 0.782
04 02 0.297 0.117 0.855 0.898 0.060 0.716 0.749 0.965 0.970 0.716
04 03 0.308 0.189 0922 0950 0.112 0.673 0.698 0.981 0.982 0.673
04 04 0.388  0.282 0.961 0.986 0.160 0.644 0.658 0.987 0.988 0.644
04 05 0.487 0.409 0.985 0.992 0.234 0.604 0.627 0.988 0.989 0.604
04 06 0.657 0.509 0.994 0.998 0.329 0.534 0.553 0.996 0.997 0.534
05 0.0 0.509 0.043 0.756 0.843 0.038 0.932 0.945 0.992 0993 0.932
05 0.1 0.495 0.050 0.853 0.904 0.029 0.921 0.931 0.996 0.996 0.921
05 02 0.475 0.088 0.905 0.946 0.049 0.892 0.903 0.994 0994 0.892
05 03 0.510 0.138 0.951 0.977 0.074 0.851 0.866 0.997 0.997 0.851
05 04 0.600 0.217 0.972 0.989 0.110 0.808 0.822 0.996 0.997 0.808
05 05 0.680 0.333 0.989 0994 0.185 0.737 0.760 0.997 0.998 0.737
05 06 0.830 0.423 0.992 0.997 0.243 0.663 0.682 0.998 0.999 0.663
06 0.0 0.712 0.034 0.873 0.943 0.029 0.989 0.992 1.000 1.000 0.989
06 0.1 0.723  0.038 0929 0974 0.022 0.980 0.985 1.000 1.000 0.980
0.6 02 0.741 0.060 0.949 0.982 0.033 0.963 0.965 1.000 1.000 0.963
06 03 0.753 0.104 0.975 0993 0.045 0.939 0.952 1.000 1.000 0.939
06 0.4 0.803 0.172 0.989 0.995 0.076 0.912 0922 1.000 1.000 0.912
06 05 0.872 0.248 0.989 0.997 0.113 0.840 0.869 1.000 1.000 0.849
06 0.6 0.934 0312 0995 0999 0.155 0.781 0.801 1.000 1.000 0.781
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TABLE 2. Empirical size and power of tests: Heteroskedastic disturbances and n =49

o po LM, LMA LM? LMZ LM! LM, LM{ LMEZ LMZ LM!
00 00 0.045 0.046 0.176 0.188  0.046 0.051 0.061 0.074 0.079 0.051
00 0.1 0.056 0.066 0211 0223 0.052 0.053 0.071 0.089 0.093 0.053
00 02 0.058 0.121 0.338 0.349  0.090 0.059 0.072 0.129 0.134 0.059
00 03 0.058 0.213 0.485 0.496 0.150 0.054 0.065 0.193 0.196 0.054
00 04 0.082 0.350 0.673 0.698 0.257 0.076 0.092 0.320 0.328 0.076
00 05 0.090 0519 0.828 0.835 0.411 0.093 0.119 0500 0.506 0.093
00 06 0.116 0.671 0926 0934 0.531 0.114 0.137 0.673 0.685 0.114
01 00 0.067 0.052 0.206 0.219 0.044 0.102 0.117 0.150 0.153 0.102
01 0.1 0.052 0.074 0.296 0.313 0.053 0.096 0.120 0.202 0.207 0.096
01 02 0.053 0.134 0.491 0510 0.087 0.095 0.111 0.325 0.334 0.095
01 03 0.058 0.225 0.666 0.688 0.161 0.113 0.131 0448 0453 0.113
01 04 0.064 0.356 0.797 0.817 0.247 0.128 0.154 0.589 0.599 0.128
01 05 0.089 0.502 0.903 0.916 0.356 0.168 0.194 0.757 0.761  0.168
01 06 0.147 0.653 0.964 0.969  0.500 0.162 0.184 0.847 0.856 0.162
02 00 0.108 0.045 0.324 0.341 0.043 0.229 0.276 0.386 0.392 0.229
02 0.1 0.098 0.091 0.476 0.502 0.057 0.258 0.297 0.508 0.514 0.258
02 02 0.075 0.137 0.639 0.664 0.083 0.260 0.303 0.612 0.624 0.260
02 03 0.075 0.215 0.789 0.807 0.137 0.255 0.291 0.701 0.705 0.255
02 04 0.087 0.341 0.883 0.898 0.229 0.271 0.303 0.802 0.807 0.271
02 05 0.135 0.501 0.950 0.960 0.322 0.267 0.299 0.887 0.891 0.267
02 06 0.247 0.646 0.979 0.984 0.441 0.271 0.302 0.935 0.940 0.271
03 00 0.210 0.053 0489 0523 0.045 0.509 0.568 0.730 0.736  0.509
03 0.1 0.168 0.070 0.635 0.670 0.044 0.494 0.545 0.778 0.783  0.494
03 02 0.113 0.128 0.787 0.807 0.067 0.482 0.531 0.851 0.851 0.482
03 03 0.128 0.203 0.864 0.890 0.126 0.476 0.526 0.904 0.905 0.476
03 04 0.167 0.315 0.936 0.951 0.187 0.462 0.503 0.942 0943  0.462
03 05 0.232  0.465 0.975 0.981 0.303 0.426 0.463 0962 0963 0.426
03 06 0.396 0.585 0.986 0.988 0.384 0.406 0.439 0982 0983 0.406
04 00 0.313  0.050 0.661 0.700 0.041 0.779 0.821 0.933 0935 0.779
04 0.1 0.284 0.060 0.789 0.828 0.039 0.791 0.824 0.964 0.964 0.791
04 02 0.259 0.114 0.865 0.899 0.059 0.728 0.773 0.963 0.967 0.728
04 03 0.254 0.191 0.928 0.947 0.108 0.688 0.730 0.980 0.980 0.688
04 04 0.339  0.293 0.973 0.985 0.158 0.662 0.700 0.987 0.988  0.662
04 05 0.399 0.420 0.987 0.991 0.234 0.617 0.657 0.989 0.990 0.617
04 06 0.594 0.520 0.996 0.998 0.323 0.545 0.582 0.996 0.998 0.545
05 0.0 0.475 0.038 0.790 0.845 0.036 0.943 0.958 0.995 0.995 0.943
05 0.1 0.446 0.048 0.879 0.914 0.028 0.927 0.939 0.996 0.997 0.927
05 02 0.417 0.089 0.919 0.949 0.041 0.906 0.924 0.994 0.995 0.906
05 03 0.444 0.142 0962 0981 0.067 0.864 0.888 0.997 0.997 0.864
05 04 0.525 0.213 0.981 0.991 0.110 0.830 0.854 0.998 0.998 0.830
05 05 0.613 0.340 0.991 0.995 0.178 0.762 0.785 0.998 0.999  0.762
05 06 0.769 0.430 0.996 0.998 0.234 0.680 0.711 0.999 0.999  0.680
06 0.0 0.667 0.031 0.899 0948 0.025 0.992 0.994 1.000 1.000 0.992
06 0.1 0.668 0.035 0.941 0.979 0.021 0.984 0.991 1.000 1.000 0.984
06 02 0.686 0.059 0.960 0.984 0.028 0.971 0.976 1.000 1.000 0.971
06 03 0.700 0.100 0.979 0.992  0.041 0.951 0.963 1.000 1.000 0.951
06 0.4 0.729 0.166 0.993 0.996 0.070 0.922 0.935 1.000 1.000 0.922
06 05 0.828 0.251 0.990 0.997 0.104 0.868 0.884 1.000 1.000 0.868

0.6 0.6 0.904 0.312 0.997 1.000 0.160 0.791 0.822 1.000 1.000 0.791
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TABLE 3. Empirical size and power of tests: Homoskedastic disturbances and n =98

o po LM, LMA LM? LMZ LM! LM, LM{ LMEZ LMZ LM!
00 00 0.052 0.046 0.158 0.153 0.049 0.058 0.053 0.077 0.074 0.058
00 0.1 0.061 0.086 0.208 0.226 0.064 0.060 0.062 0.099 0.104 0.060
00 02 0.071 0.172 0.379 0412 0.137 0.061 0.063 0.172 0.179  0.061
00 03 0.115 0.325 0622 0649 0.285 0.099 0.100 0.310 0.321 0.099
00 04 0.120 0.561 0.844 0.862 0.500 0.101 0.102 0.506 0.523 0.101
00 05 0.141 0.745 0.957 0.961 0.694 0.143 0.149 0.733 0.743 0.143
00 06 0.184 0.908 0.990 0.992 0.877 0.208 0.214 0.890 0.896 0.208
01 00 0.073 0.046 0.198 0.223  0.050 0.119 0.130 0.194 0.205 0.119
01 0.1 0.075 0.099 0.380 0.410 0.082 0.142 0.146 0.316 0.331 0.142
01 02 0.068 0.205 0.614 0.647 0.173 0.139 0.148 0.459 0476 0.139
01 03 0.085 0.363 0.814 0.836 0.300 0.183 0.196 0.623 0.637 0.183
01 04 0.106 0.611 0.925 0.936 0.539 0.183 0.188 0.778 0.786 0.183
01 05 0.120 0.789 0.985 0.986 0.716 0.225 0.238 0.896 0.903 0.225
01 06 0.213  0.919 0.998 0.998 0.883 0.270  0.273  0.973 0.975  0.270
02 00 0.164 0.065 0.406 0.450 0.056 0.374 0.389 0.569 0.586 0.374
02 0.1 0.119 0.118 0.630 0.665 0.095 0.378 0.400 0.700 0.709  0.378
02 02 0.103 0.240 0.821 0.842 0.201 0.365 0.388 0.804 0.813 0.365
02 03 0.092 0.435 0927 0940 0.371 0.378 0.384 0.870 0.875 0.378
02 04 0.118 0.642 0.981 0.984 0.567 0.365 0.388 0.935 0.942 0.365
02 05 0.167 0.822 0.996 0.997 0.767 0.385 0.395 0.979 0982 0.385
02 06 0.300 0.932 1.000 1.000 0.897 0.383  0.390 0.989 0.991 0.383
03 00 0.258 0.070 0.696 0.739  0.062 0.718 0.732 0.893 0.898 0.718
03 0.1 0.197 0.131 0.858 0.876 0.102 0.716 0.734 0944 0.946 0.716
03 02 0.149 0.281 0931 0943 0212 0.670 0.688 0.958 0.963 0.670
03 03 0.147 0492 0973 0981 0.412 0.635 0.655 0.978 0.980 0.635
03 04 0.174 0.693 0.995 0.998 0.606 0.611 0.620 0.988 0.990 0.611
03 05 0.257 0.848 1.000 1.000 0.786 0.583 0.588 0.997 0.998 0.583
03 06 0.449 0.956 1.000 1.000 0.917 0.544 0.556 0.998 0.998 0.544
04 00 0.339 0.095 0.925 0.945 0.066 0.933 0.943 0.993 0994 0933
04 0.1 0.302 0.185 0.971 0982 0.141 0.917 0.928 0.995 0.996 0.917
04 02 0.245 0.371 0.992 0.996 0.284 0.892 0.904 0.996 0.996 0.892
04 03 0.246 0.524 0.996 0.998 0.428 0.863 0.871 0.998 0.998 0.863
04 04 0.305 0.735 1.000 1.000 0.655 0.803 0.807 0.998 0.998 0.803
04 05 0.426 0.874 1.000 1.000  0.799 0.763 0.770 1.000 1.000 0.763
04 06 0.620 0.955 1.000 1.000 0.914 0.679 0.691 1.000 1.000 0.679
05 0.0 0.480 0.135 0.993 0996 0.102 0.993 0.994 1.000 1.000 0.993
05 0.1 0.450 0.274 0.996 0.997 0.188 0.990 0.993 1.000 1.000  0.990
05 02 0.427 0.438 0999 1.000 0.341 0.980 0.981 1.000 1.000  0.980
05 03 0.443 0.613 0.999 0.999 0.516 0.966 0.969 1.000 1.000 0.966
05 04 0.495 0.773 1.000 1.000 0.665 0.936 0.938 1.000 1.000 0.936
05 05 0.623 0.881 1.000 1.000 0.802 0.886 0.890 1.000 1.000 0.886
05 06 0.814 0.951 1.000 1.000 0.896 0.804 0.809 1.000 1.000 0.804
06 0.0 0.690 0.216 1.000 1.000 0.150 1.000 1.000 1.000 1.000 1.000
06 0.1 0.670 0.319 1.000 1.000 0.225 1.000  1.000 1.000 1.000 1.000
0.6 02 0.674 0.482 1.000 1.000 0.349 0.997 0.998 1.000 1.000 0.997
06 03 0.724 0.623 1.000 1.000  0.498 0.994 0.995 1.000 1.000 0.994
06 0.4 0.762 0.785 1.000 1.000  0.666 0.970 0.973 1.000 1.000  0.970
06 05 0.852 0.869 1.000 1.000 0.772 0.945 0.951 1.000 1.000 0.945
06 0.6 0.935 0934 1.000 1.000 0.852 0.886 0.887 1.000 1.000 0.886




) Dogan et al.: Robust Outer Product of Gradients Tests for Testing Spatial Dez_)endence
134 ISTATISTIK: Journal of the Turkish Statistical Association 13(3), pp. 120-141, ©) 2021 Istatistik

TABLE 4. Empirical size and power of tests: Heteroskedastic disturbances and n =98

o po LM, LMA LM? LMZ LM! LM, LM{ LMEZ LMZ LM!
00 00 0.054 0.057 0.158 0.161 0.052 0.058 0.08 0.073 0.071 0.058
00 0.1 0.063 0.090 0.220 0.230 0.062 0.063 0.080 0.092 0.092 0.063
00 02 0.073 0.182 0.391 0.403 0.131 0.061 0.081 0.163 0.168 0.061
00 03 0.120 0.331 0.630 0.645 0.283 0.096 0.122 0.284 0.288 0.096
00 04 0.148 0.566 0.847 0.858 0.487 0.093 0.127 0.460 0.469 0.093
00 05 0.160 0.758 0.960 0.964 0.686 0.134 0.169 0.691 0.701 0.134
00 06 0.183 0911 0990 00990 0.872 0.186 0.223 0.867 0.871 0.186
01 00 0.071 0.054 0.207 0.215 0.050 0.117 0.154 0.190 0.193 0.117
0.1 0.1 0.072 0.102 0.382 0.402 0.079 0.120 0.173 0.301 0.306 0.129
01 02 0.072 0.220 0.624 0.635 0.172 0.132 0.169 0.419 0425 0.132
01 03 0.093 0.362 0.818 0.831 0.293 0.183 0.227 0.591 0.601 0.183
01 04 0.113  0.612 0930 0934 0.532 0.164 0.209 0.749 0.753 0.164
01 05 0.128 0.778 0.982 0.983 0.709 0.222 0.255 0.882 0.885 0.222
01 06 0.171 0.923 0.998 0.998 0.879 0.254 0.287 0.965 0.966 0.254
02 00 0.143 0.066 0.421 0442 0.057 0.350 0.413 0.539 0.546 0.350
02 0.1 0.110 0.124 0.642 0.659 0.098 0.357 0.433 0.670 0.675 0.357
02 02 0.089 0.244 0.823 0.836 0.198 0.344 0401 0.770 0.777 0.344
02 03 0.087 0.430 0.927 0.936 0.364 0.362 0.412 0.849 0.852 0.362
02 04 0.107 0.640 0.981 0.983 0.557 0.352  0.405 0919 0920 0.352
02 05 0.136 0.814 0.997 0.997 0.758 0.370 0.414 0971 0.974 0.370
02 06 0.233  0.930 1.000 1.000 0.895 0.368 0.404 0.988 0.988 0.368
03 00 0.224 0.071 0.707 0.735 0.060 0.683 0.741 0.875 0.879 0.683
03 0.1 0.163 0.134 0.855 0.869 0.102 0.693 0.754 0.934 0936 0.693
03 02 0.125 0.283 0.939 0.948 0.220 0.652 0.707 0.946 0.949  0.652
03 03 0.120 0.486 0.973 0.978 0.410 0.611 0.669 0.975 0.975 0.611
03 04 0.130  0.691 0.995 0.996 0.597 0.600 0.644 0.984 0.985 0.600
03 05 0.204 0.847 1.000 1.000 0.785 0.565 0.598 0.994 0.993  0.565
03 06 0.369 0.950 1.000 1.000 0.915 0.534 0.564 0.998 0.998 0.534
04 00 0.302 0.101 0.937 0.947 0.074 0.925 0.943 0.991 0992 0.925
04 0.1 0.240 0.184 0.977 0.982 0.150 0.907 0.931 0.994 0.994 0.907
04 02 0.197 0.381 0.995 0.996 0.306 0.886 0.914 0.995 0.995 0.886
04 03 0.200 0.521 0.997 0.998 0.441 0.857 0.881 0.998 0.998 0.857
04 04 0.239  0.732  1.000 1.000 0.663 0.799 0.828 0.998 0.998 0.799
04 05 0.342 0.865 1.000 1.000 0.803 0.765 0.782 0.999 1.000 0.765
04 06 0.526 0.951 1.000 1.000 0.912 0.685 0.711 1.000 1.000 0.685
05 0.0 0.417 0.137 0.994 0.996 0.108 0.991 0.995 1.000 1.000 0.991
05 0.1 0.385 0.267 0.996 0.997 0.198 0.990 0.995 1.000 1.000  0.990
05 02 0.353  0.429 0.999 0.999 0.356 0.977 0.985 1.000 1.000 0.977
05 03 0.364 0.608 1.000 1.000 0.523 0.968 0.974 1.000 1.000 0.968
05 04 0.420 0.769 1.000 1.000  0.669 0.935 0944 1.000 1.000 0.935
05 05 0.540 0.877 1.000 1.000 0.803 0.890 0.904 1.000 1.000  0.890
05 06 0.745 0.948 1.000 1.000 0.896 0.807 0.826 1.000 1.000 0.807
06 0.0 0.646 0.212 1.000 1.000 0.178 1.000 1.000 1.000 1.000 1.000
06 0.1 0.606 0.314 1.000 1.000 0.247 1.000  1.000 1.000 1.000 1.000
06 02 0.599 0.479 1.000 1.000 0.372 0.998 0.999 1.000 1.000 0.998
06 03 0.643 0.620 1.000 1.000 0.526 0.995 0.998 1.000 1.000 0.995
06 0.4 0.688 0.773 1.000 1.000 0.672 0.975 0.979 1.000 1.000 0.975
06 05 0.793 0.861 1.000 1.000  0.769 0.955 0.960 1.000 1.000 0.955

0.6 0.6 0.895 0.927 1.000 1.000 0.844 0.897 0.904 1.000 1.000 0.897
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TABLE 5. Empirical size and power of tests: Homoskedastic disturbances and n = 361

o po LM, LMA LM? LMZ LM! LM, LM{ LMEZ LMZ LM!
00 00 0.059 0.043 0.173 0.172 0.043 0.061 0.061 0.092 0.091 0.061
00 0.1 0.060 0.148 0.417 0416 0.135 0.061 0.059 0211 0.211 0.061
00 02 0.071 0.456 0.847 0.848 0.424 0.069 0.072 0.518 0.518 0.069
00 03 0.098 0.780 0.985 0.985 0.753 0.096 0.102 0.846 0.847 0.096
0.0 04 0.144 0.957 1.000 1.000 0.944 0.110 0.108 0.979 0.979 0.110
00 05 0.311 0.996 1.000 1.000 0.995 0.145 0.144 0999 0999 0.145
00 06 0.707 1.000 1.000 1.000  1.000 0.189 0.188 1.000 1.000 0.189
01 00 0.240 0.055 0.431 0.431 0.054 0.252 0.259 0.495 0491 0.252
01 0.1 0.238 0.171 0.860 0.860 0.148 0.249 0.257 0.794 0.794 0.249
01 02 0.278 0.497 0984 0984 0.472 0.254 0.253 0.951 0.951 0.254
01 03 0.390 0.815 0.999 0.999 0.788 0.288  0.291 0.994 0.994 0.288
01 04 0.533 0.970 1.000 1.000  0.960 0.279 0.283 1.000 1.000 0.279
01 05 0.791 0.997 1.000 1.000 0.995 0.204 0.293 1.000 1.000 0.294
01 06 0.963 1.000 1.000 1.000  1.000 0.311  0.311 1.000 1.000 0.311
02 00 0.693 0.061 0.873 0.874 0.054 0.702 0.708 0.958 0.959  0.702
02 0.1 0.699 0.206 0.991 0991 0.182 0.697 0.704 0.997 0.997 0.697
02 02 0.731  0.543 1.000 1.000  0.509 0.653 0.658 0.999 0.999 0.653
02 03 0.820 0.851 1.000 1.000 0.819 0.656 0.664 1.000 1.000 0.656
02 04 0.908 0.976 1.000 1.000  0.966 0.597 0.608 1.000 1.000 0.597
02 05 0.982 0.999 1.000 1.000 0.996 0.585 0.594 1.000 1.000 0.585
02 06 0.997 1.000 1.000 1.000  1.000 0.522 0.523 1.000 1.000 0.522
03 00 0.961 0.073 0.997 0.997 0.059 0.960 0.960 1.000 1.000 0.960
03 0.1 0.962 0.259 1.000 1.000 0.231 0.943 0.946 1.000 1.000 0.943
03 02 0.977 0.607 1.000 1.000  0.550 0.932 0941 1.000 1.000 0.932
03 03 0.989 0.868 1.000 1.000 0.839 0.916 0.919 1.000 1.000 0.916
03 04 0.996 0.986 1.000 1.000 0.967 0.852 0.855 1.000 1.000 0.852
03 05 1.000 1.000 1.000 1.000 0.998 0.818 0.825 1.000 1.000 0.818
03 06 1.000 1.000 1.000 1.000 1.000 0.760 0.765 1.000 1.000  0.760
04 00 1.000  0.093 1.000 1.000 0.076 0.998 0.999 1.000 1.000 0.998
04 0.1 1.000  0.337 1.000 1.000 0.281 0.999 1.000 1.000 1.000 0.999
04 02 1.000 0.673 1.000 1.000 0.590 0.997 0.998 1.000 1.000 0.997
04 03 1.000 0.898 1.000 1.000 0.842 0.986 0.988 1.000 1.000 0.986
04 04 1.000  0.988 1.000 1.000 0.968 0.968 0.971 1.000 1.000 0.968
04 05 1.000 0.999 1.000 1.000 0.992 0.949 0.954 1.000 1.000 0.949
04 06 1.000 1.000 1.000 1.000 0.999 0.875 0.883 1.000 1.000 0.875
05 0.0 1.000 0.167 1.000 1.000 0.120 1.000 1.000 1.000 1.000 1.000
05 0.1 1.000 0.419 1.000 1.000 0.315 1.000  1.000 1.000 1.000 1.000
05 02 1.000 0.725 1.000 1.000 0.613 0.999 1.000 1.000 1.000 0.999
05 03 1.000  0.927 1.000 1.000 0.852 0.999 0.999 1.000 1.000 0.999
05 04 1.000  0.983 1.000 1.000 0.957 0.996 0.995 1.000 1.000 0.996
05 05 1.000 0.997 1.000 1.000 0.984 0.983 0.984 1.000 1.000 0.983
05 06 1.000 1.000 1.000 1.000 0.995 0.962 0.966 1.000 1.000 0.962
06 0.0 1.000 0.232 1.000 1.000 0.150 1.000 1.000 1.000 1.000 1.000
06 0.1 1.000  0.484 1.000 1.000 0.339 1.000  1.000 1.000 1.000 1.000
0.6 02 1.000 0.727 1.000 1.000 0.566 1.000 1.000 1.000 1.000 1.000
06 03 1.000 0.895 1.000 1.000 0.783 1.000 1.000 1.000 1.000 1.000
06 0.4 1.000  0.971 1.000 1.000 0.917 0.999 0.999 1.000 1.000 0.999
06 05 1.000  0.991 1.000 1.000 0.952 0.098 0.998 1.000 1.000 0.998
06 0.6 1.000 0.997 1.000 1.000 0.976 0.985 0.985 1.000 1.000 0.985
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TABLE 6. Empirical size and power of tests: Heteroskedastic disturbances and n =361

o po LM, LMA LM? LMZ LM! LM, LM{ LMEZ LMZ LM!
00 00 0.059 0.044 0.172 0.174 0.049 0.059 0.055 0.099 0.098 0.059
00 0.1 0.059 0.139 0.418 0.415 0.131 0.058 0.058 0.224 0.222 0.058
00 02 0.091 0.419 0.853 0.851 0.398 0.073 0.073 0.558 0.555 0.073
00 03 0.165 0.742 0988 0988 0.732 0.099 0.090 0.873 0.871 0.099
00 04 0.313  0.939 1.000 1.000 0.929 0.108 0.102 0.986 0.986 0.108
00 05 0.611 0.993 1.000 1.000 0.991 0.148 0.141 1.000 1.000 0.148
00 06 0.915 1.000 1.000 1.000  1.000 0.187 0.186 1.000 1.000 0.187
01 00 0.278 0.051 0.432 0432 0.054 0.231 0.228 0.483 0.482 0.231
01 0.1 0.332 0.163 0.859 0.860 0.151 0.225 0.223 0.804 0.803 0.225
01 02 0.420 0.462 0.984 0.984 0.450 0.237 0.230 0.958 0.957 0.237
01 03 0.609 0.782 0.998 0.998 0.771 0.268 0.259 0.995 0.995 0.268
01 04 0.790 0.953 1.000 1.000  0.950 0.261 0.263 1.000 1.000 0.261
01 05 0.933 0994 1.000 1.000 0.992 0.273 0.271 1.000 1.000 0.273
01 06 0.997 1.000 1.000 1.000  1.000 0.304 0.294 1.000 1.000 0.304
02 00 0.751 0.054 0.876 0.876 0.053 0.645 0.652 0.956 0.955 0.645
02 0.1 0.820 0.192 0990 0991 0.185 0.642 0.639 0.994 0993 0.642
02 02 0.855 0.500 1.000 1.000 0.483 0.611 0.601 0.999 0.999 0.611
02 03 0.943 0.812 1.000 1.000 0.790 0.596 0.604 1.000 1.000 0.596
02 04 0.978 0.964 1.000 1.000 0.961 0.558 0.558 1.000 1.000 0.558
02 05 0.999 0.998 1.000 1.000 0.994 0.548 0.554 1.000 1.000 0.548
02 06 1.000 1.000 1.000 1.000 1.000 0.491 0.494 1.000 1.000 0.491
03 00 0.979 0.061 0.997 0.997 0.057 0.942 0.937 1.000 0.999 0.942
03 0.1 0.987 0.234 1.000 1.000 0.218 0.916 0.918 1.000 1.000 0.916
03 02 0.992 0.548 1.000 1.000  0.520 0.904 0.906 1.000 1.000 0.904
03 03 0.997 0.839 1.000 1.000 0.815 0.875 0.877 1.000 1.000 0.875
03 04 0.999 0.972 1.000 1.000 0.958 0.828 0.821 1.000 1.000 0.828
03 05 1.000  0.999 1.000 1.000 0.997 0.781 0.787 1.000 1.000  0.781
03 06 1.000 1.000 1.000 1.000 1.000 0.721  0.719 1.000 1.000 0.721
04 00 1.000 0.086 1.000 1.000 0.075 0.995 0.995 1.000 1.000 0.995
04 0.1 1.000  0.291 1.000 1.000 0.260 0.997 0.997 1.000 1.000 0.997
04 02 1.000 0.619 1.000 1.000 0.560 0.991 0.991 1.000 1.000 0.991
04 03 1.000 0.856 1.000 1.000 0.823 0.976 0.976 1.000 1.000 0.976
04 04 1.000  0.975 1.000 1.000 0.956 0.951 0.956 1.000 1.000 0.951
04 05 1.000 0.994 1.000 1.000 0.987 0.923 0.922 1.000 1.000 0.923
04 06 1.000  0.999 1.000 1.000 0.999 0.837 0.843 1.000 1.000 0.837
05 0.0 1.000 0.136 1.000 1.000 0.112 1.000 1.000 1.000 1.000 1.000
05 0.1 1.000  0.358 1.000 1.000 0.288 1.000  1.000 1.000 1.000 1.000
05 02 1.000 0.659 1.000 1.000 0.582 0.999 0.999 1.000 1.000 0.999
05 03 1.000 0.884 1.000 1.000 0.829 0.998 0.998 1.000 1.000 0.998
05 04 1.000  0.975 1.000 1.000 0.945 0.991 0.990 1.000 1.000 0.991
05 05 1.000 0.993 1.000 1.000 0.978 0.971 0.972 1.000 1.000 0.971
05 06 1.000  0.999 1.000 1.000 0.994 0.934 0.940 1.000 1.000 0.934
06 0.0 1.000 0.172 1.000 1.000 0.132 1.000 1.000 1.000 1.000 1.000
06 0.1 1.000  0.407 1.000 1.000 0.318 1.000  1.000 1.000 1.000 1.000
06 02 1.000 0.657 1.000 1.000 0.534 1.000 1.000 1.000 1.000 1.000
06 03 1.000 0.846 1.000 1.000 0.753 1.000 1.000 1.000 1.000 1.000
06 0.4 1.000  0.953 1.000 1.000 0.898 0.998 0.998 1.000 1.000 0.998
06 05 1.000 0.985 1.000 1.000 0.945 0.992 0.992 1.000 1.000 0.992

0.6 0.6 1.000 0.992 1.000 1.000 0.968 0.972 0.973 1.000 1.000 0.972
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5. An Empirical Illustration

In this section, we illustrate the use of our proposed test statistic. To this end, we use an example
from [21] on the US presidential election in 1980. The dataset contains variables on the election
results and county characteristics for 3107 US counties. We consider the following regression model

In(PR_VOTES) = 3, + AW In(PR_-VOTES) + ; In(POP) + 3, In(EDUC)
+ B3 In(HOUSE) + 8, In(INC) + U, U =pWU +V. (5.1)

The outcome variable is the natural log of the proportion of votes cast for both candidates in
the 1980 presidential election (PR_-VOTES). The explanatory variables are the natural log of the
population in each county of eighteen years of age or older (POP), the natural log of the population
in each county with a 12th grade or higher education (EDUC), number of owner-occupied housing
units (HOUSE), and the aggregate income (INC). The spatial weights matrix W is the delaunay
contiguity based weights matrix constructed using the latitudes and longitudes of the counties (see
[17] for the details).

TABLE 7. The tests results

LM, LMk LMP  LMZ LM LM, LM LM%  LM?Z LM%
198.766 5.598 27.740 27.767 530.488 19.036 0.168 25.301 25.279 26.831

Our goal is to test the presence of A\ and p in (5.1). The test statistics’ values are presented in
Table 7. In this table, (i) LM, is the test statistic in Theorem 1, (ii) LM, is the test statistic in
Theorem 2, (iii) LM} and LM/ are the test statistics given in Theorem 3, (iv) LM” and LMY are
the test statistics suggested in [7], (v) LM$ and LM? are the tests statistics suggested in [4], and
(vi) LM and LM are the test statistics suggested in [2].

We observe that all tests show strong statistical evidence for the existence of spatial dependence
in the error term.® The lowest value is observed for LMZ which still rejects the null hypothesis of
no spatial dependence at the 0.05 significance level. Similarly, all tests, except LM%, show strong
statistical evidence for the existence of spatial dependence in the outcome variable at the 0.05
significance level. The lowest value is observed for LM} which fails to reject the null hypothesis
of no spatial dependence at the conventional significance level of 0.05. Given that an unknown
form of heteroskedasticity is likely to be present in the observational cross-sectional dataset, the
dichotomy between LM} and the rest of the test statistics is important, and the empirical modeling
accounting for spatial dependence needs to consider estimating the nested null specification as a
robustness check.

6. Conclusion

In this paper, we proposed the OPG variants of the LM test statistic for testing spatial depen-
dence in spatial models with homoskedastic disturbance terms and in spatial models with het-
eroskedastic disturbance terms. Our OPG tests for testing one type of spatial dependence (the
spatial lag in the dependent variable or the spatial lag in the disturbance term) are valid whether
or not the other type of spatial dependence is present. We showed how such robust OPG tests can
be systematically constructed in the quasi maximum likelihood (QML) framework. We derived the
asymptotic distributions of the suggested tests under the null and local alternative hypotheses.

6 Note that our suggested test statistics and those suggested by [2] have asymptotic x3 distribution. The critical value
based on X7 at the 0.05 significance level is 3.841. The other tests, those suggested by [7] and [4], have asymptotic
N(0,1) distribution. The critical value based on N(0,1) at the 0.05 significance level is 1.96.
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Our suggested tests are simple to compute, since they only require the OLS estimates from a linear
regression model.

In a Monte Carlo study, we investigated the finite sample properties of our tests along with
some alternative tests suggested in the literature. For testing the presence of spatial lag term,
our simulation results showed that the suggested test statistic (LM, and LM}) has good size
and power properties under both homoskedasticity and heteroskedasticity. Our results showed
that LM’; has a satisfactory performance in finite samples. The results also indicated that the
robust test statistics suggested in [2] may perform well under local parametric misspecification.
Moreover, heteroskedasticity specified in the form of a skedastic function seems to be not affecting
the performance of these tests. The simulation results also showed that the test statistics suggested
in [7] and [4] can be over-sized under local parametric misspecification.

In future studies, our testing approach can be extended to other variants of spatial models. First,
our approach can be easily extended to the cross-sectional spatial models that have higher order
spatial lags in the dependent and the disturbance terms. Second, our approach can be used to
develop similar tests for testing the presence of spatial dependence in the static and dynamic spa-
tial panel data models. Finally, our testing approach can be considered for the matrix exponential
spatial models suggested in the literature. All of these extensions can be explored in future studies.

Appendix
In this section, we provide only the proof of Theorem 1. Other theorems can be proved similarly,
so we omit their proofs. Consider the mean value expansions of \/nSy(6), v/nS,(8) and v/nS.(6)
around 6y, when both H)} and H? hold:

Vi) = iy o) - Zog, - 2505 OB s o), (6.1)
Vi, (0) = Vs, (00) - S0, - 0505 0D s ), (62)
Vi, 0) = s, o) - 2505, - B0 OB s ) (63

Our Assumption 2 ensures that

\fS,\(H:) = /nS\(0o) + T (00)0x + Irp(00)6, — Jm(eo)\/ﬁ(’? —70) +0,(1), (6.4)
VS, (0) = vnS,(0) + Jpx(00)0x + T, (00)3, — T (00) /(T = 70) + 0,(1), (6.5)
\/>S (9) \/ﬁS’Y(HO) + Jw\(00>5>\ + ']7;)(60)50 - J"W(QO)\/E(:Y - 70) + Op(1)7 (6'6)

Note that v/nS,(f) =0 holds in (6.6) by definition. Then, solving (6.6) for /n(5 — 7o) and substi-
tuting the resulting equation into (6.4) and (6.5), we obtain

VASA(0) = (1, =10 O0)560)) (VA ) + B0+ T (B8 40, (61
VS, 0) = (1, =Ty 80)7560)) (Ve (00} 4 Ty 6013, + T 00 0,1 (09

We first show how the adjusted score function that has a zero asymptotic mean can be derived.
We then determine the asymptotic distribution of the adjusted score function. The asymptotic
distribution of \/n.Sy(#) can be determined from (6.7) by using the asymptotic normality of score
functions given in Assumption 2. Thus, it follows that

VISA(0) % N [Jn(80)0x + Jrp(60)3,, B (60)], (6.9)
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where

By (6h) = K\ (o) + JM(HO)J{WI (00)K 1 (80) T3 (80) T3, (60)
— K (00) 5 (00) I, (00) = Tay (00) T} (00) K (G- (6.10)

Similarly, from (6.8), we obtain
VS,(8) % N [,4(00)3, + Tor (00)8x, By (6)] (6.11)
where

B, (60) = K,,(00) + JPV(QO)J;}(90)[(77(00),]%1(GO)J/'M(QO)
B KPW(HO)J_WI(HO)J, (90) - Jpv(QO)JA,_yl (HO)K'W(HO)- (6-12)

v Y

Under Hp, the result in (6.11) shows that J;i(@o)\/ﬁsp(é) N N[d,, B,(0o)]- Then, using (6.9)
and this last result, an adjusted score function that has zero asymptotic mean in the local presence
of py can be derived as

VIS (0) =/ (S(8) = 11(8)1,2(0)S,(0) ) (6.13)

Next we show how to determine the asymptotic distribution of \/ﬁSj(é) For this purpose, we
consider (6.7) and (6.8) as a combined system

7 —1 V/nS,(60y)
VISA(O)\ _ (=T (00) T3} (80) 1OY [V
<\/ﬁSp(§)> N <—Jm(90)JJ$(eo) 0 1> fSA(zOS) (6.14)

J/\~7(00)5>\ + JAP'W(HU)(SP)
1).
" <Jp'7(00)5p +ka‘7(00)5>\ +0p( )

The joint asymptotic distribution of \/nSy () and v/nS,(6) can now be determined from (6.14) by
using the asymptotic normality of score functions in Assumption 2. Thus, we have

(o) o [t rtos) (o Bees)]. e

where

B~ (00) = K\ (o) + JM(GO)JA(GO)Kw(eO)JJJ(QO)J;V(QO)
— Ky (00)J5, (00) I, (00) — e (00) T (0) Eya (o). (6.16)

By (80) = Kxp(00) — Iy (00) 7 (00) K- o (80) — Ky (60) T (80) T, (6o)
+ JM(QO)J»;Yl (QO)KW(HO)J«;; (‘90)va(90)7 (6~17)

B,..(8y) and B,).,(fy) are defined similarly. Under our assumptions, we have
7 _ Sy (0
VAS3(0) = (1, =y O0)4060) (VENE) 4,0 (6.19)
Then, using (6.15), under H} and HF, we obtain

VnS;(0) < N [0, D (60)], (6.19)
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where

D/\-"/(GO) = BXV(QO) + JAP"Y(GO)J;:i(00>BP"‘/(60)J;~$ (QO)JM'V(GO)
- JAP-W(HO)J,)_.i (QO)BP)\"Y(HO) - BAP"Y(HO)J/)_"i(HO)JP)\'“/(HO)' (620)

Now, consider the asymptotic distribution of \/n.S3(f) under H) and HE. Using (6.15) and (6.18),
we can derive that

VS5(0) L N [(Jaq(B0) = Trpn (B0) T52(80) Toay (60)) Gxs Dy (60)] (6.21)

Thus, LM, 2 X3(¥,) by Theorem 8.6 of White [24] on the asymptotic distribution of quadratic
forms, where 91 = 6% (J.,(6o) — J,\p.W(HO)JP__;(90)Jp,\.7(6’0))2 /D (0o) is the non-centrality parame-
ter.
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