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Abstract

In this paper, we consider the Leonardo numbers which is defined by Catarino and Borges. Using Binet’s formula of this sequence, we
obtain new identities of the Leonardo numbers. Also , we give relations among the Fibonacci, Lucas and Leonardo numbers. Finally, using
the matrix representation of Leonardo numbers, we obtain the some identities of Leonardo numbers.
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1. Introduction

Sequences of integers have an important place in the literature. The most famous of these sequences are the Fibonacci and Lucas sequences.
Fibonacci sequence is defined by the following recurrence relation for n > 2,

Fi=F-1+F-2, (L.1)
with the initial conditions Fp = 0, F; = 1. Similarly, Lucas sequence is defined by the following recurrence relation for n > 2,
Ly=L, 1+Ly 2, (1.2)

with the initial conditions Ly =2, L; = 1. These sequences corresponds to the sequences A000045 and A0O00032 of the on-line encyclopedia
of integers sequences in [7]. The characteristic equation of recurrences (1.1) and (1.2) is

AZ—A—1=0. (1.3)

The Binet’s formula of the {F,} and {L,} sequences are

o — B
Fn == ﬁ, (1.4)
and
L,=a"+B", (1.5)

where o and 8 are roots of characteristic equation (1.3).
Also, we give some identities between Fibonacci and Lucas numbers as

Fu1+Fip1 =Ly, (1.6)
Ly + Lyt =5k, (L.7)
Fn+Ln:2Fn+17 (1.8)
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Fy—Lyp=—2F, 1, (1.9)
Foim+ (=1)"Fyp = Linky, (1.10)
Fim— (=1)"Fp_ = FyLn, (1.11)
Lytm~+ (=1)"Ly—m = LinLn, 1.12)
Lysm— (=1)"Ly_p = SFyFy, (1.13)
LysnLnk — LnLnsnx =5 (—1)"" iR, (1.14)
FoinFoik = FaFoinik = (—1)" FyFg, (1.15)
FnFy = Byt = (= 1) Fsion i (1.16)
Fomit Fant = Fop 1 + Fn s (1.17)
LopLoy = 5(F2 +F2,) +4(—1)"", (1.18)
Loy —2(=1)"=5F?, (1.19)
Fonin = Fpp1Furr — F1 Fuy, (1.20)
FuFyiiFupa = Fpy + (1" Fup, (1.21)
FpFy—FyF = (— D)8 FryFp oy (1.22)

for f,g,h and k integer such that f + g = h+k, [5, 8, 10]. More information about Fibonacci and Lucas numbers can be found in [5, 10].
Some of studies related to Fibonacci like numbers can see in [3, 4, 9].

Leonardo numbers are introduced and given some properties by Catarino and Borges in [1]. Leonardo sequence is defined by the following
recurrence relation for n > 2,

Len=Lep 1 +Lep_o+1, (1.23)

with the initial conditions Ley = Le; = 1. Such sequence corresponds to the sequence A001595 in the on-line encyclopedia of integers
sequences in [7]. Also, there is an equation following between Leonardo numbers

Le,y1 =2Le,—Le,_p, n>2. (1.24)
The characteristic equation of recurrence (1.24) is

AP-2A%+1=0. (1.25)
The Binet’s formula of the {Le,} sequence is

2an+1 _zﬁnJrl _OH’B
a-p

where o and B are roots of characteristic equation (1.25).

Len = (1.26)
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From (1.4) and (1.26), It is clear that
Lep, =2F,11— 1. (1.27)

The first few terms of Fibonacci, Lucas and Leonardo numbers are as the following table

n JJOo 1 2 3 4 5 6 7 8 9 10
F, O 1T 1 2 3 5 8 13 21 34 55
Ly |[2 1 3 4 7 11 18 29 47 76 123
Le, || 1 1 3 5 9 15 25 41 67 109 177

Also, Catarino and Borges obtain generating function, Cassini, Catalan and d’ Ocagne identities of Leonardo numbers in [1]. In [2], the
authors have defined incomplete Leonardo numbers and given some properties of incomplete Leonardo numbers. In [6], the author have
defined generalized Leonardo numbers which are considered Asveld’s extension and Horadam’ s generalized sequence. In [11], the authors
investigate the two-dimensional recurrences relations of Leonardo numbers from its one-dimensional model.

Motivated above papers, we obtain another identities for Leonardo numbers. Also, we give matrix representation of Leonardo numbers.

2. Main Results

In this section, we define negative Leonardo numbers. Then, we obtain the some identities of Leonardo numbers. Also, we give matrix
representation of Leonardo numbers.

Theorem 2.1. For n > 2, the following identity holds
Le = (—1)"(Lepo+1)—1, 2.1)
where Le,, is nth Leonardo number.

Proof. Using (1.27) and F_, = (71)”Jrl F,, we have

Le_, = 2F ,;1—1
= 2(-D)"F1—1
— (1) (Lepat D) — 1.
O
Theorem 2.2. For n > 1, the the following identities are true
Lep_1+Leyr1 = 2Lpp1 -2
Le, +2F, = Ley,
Le,+F,+L, = 2Le,+1,
L’ +Lei = 2(Leyyir—Lenia+1),
where F,,, L, and Le,, are nth Fibonacci, Lucas and Leonardo numbers, respectively.
Proof. Let’s prove the last given identity. Using (1.27), we have
Let, +Lep = (2F— 1)+ (2F —1)
4Fypy3 —4F 3 +2
= 2 (Lez,H_z —Leyio+ 1) .
Similarly, we can have other identities. O

Theorem 2.3. For n is nonnegative integer, then the following identity is true
Leyt1Fut1 — LenFy = LepFpy) + Fy,
where F,, and Le, are nth Fibonacci and Leonardo numbers, respectively.

Proof. Using (1.4) and (1.26), we have

2an+27iﬁj-;27a+ﬁ) (an+;:gn+l) B <2an+17(2xﬁj_;7a+ﬁ) <a;:gn>

Considering Binet’s formula (1.5), we obtain

Leyt1Fut1 — LenFn = (

2L 4(=1)"—L,—L,_
Len+1Fn+1_LenFn: 2n+2 + ( 5) n n 2.

From (1.7), (1.19) and (1.27), the result is clear. O
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Theorem 2.4. For m,n are nonnegative integers and m > n, Then
2 2
Ley n—Ley =2 2Fmi2Fon — Lepin+Lep—p),
where F,, and Le;, are nth Fibonacci and Leonardo numbers, respectively.

Proof. Using (1.5) and (1.26) in left hand side (LHS), we have

4
(LHS) = g (L2m+2n+2 - L2m—2n+2 - Lm+n+2 - Lm+n +Lm—n+2 +Lm—n) .

Then, considering (1.7), (1.13) and (1.27), we obtain

Léd,, —Lek =2 (2P 2P — Leyin +Lep—n) .

O
Theorem 2.5. For m and r are nonnegative integers and m > r + 4. Then, the following identity holds
LemsrLenr—2+Lem—rLey o =Lek, 1 +Les | —Lepyr—a—Ley g +8(—1)"""—2.
Proof. Using (1.26) to left hand side (LHS) , we have
(LHS) _ (2am+r+1 _ iﬁ:n;rﬂ _ OCJrﬁ) (2a1n+r—l 7(2xﬁj1;r—l o 0‘+ﬁ>
20—t _ppm—r+l _ g 201 _ppm—r—1_q 4
( = ) = ?)
From (1.5), we have
(LHS) = % (2Loms2r +2Lom—2r — 2Lty — 2Lm—r — Ling 42 — Lin—rs2 — Lintr—2 — Lp—r—2 + 5+ 12(=1)"7")..
Then, considering (1.6), (1.7) and (1.12), we obtain
(LHS) = % (4LomLor — 10yt y — 10Ly—p 424 (—1)"""+10)
where L, is nth Lucas numbers. If we use identities (1.9), (1.18) and (1.27), the result is clear. O
Now, let’s give the equality that gives the product of two even Leonardo numbers.
Theorem 2.6. For n and m are nonnegative integers, m > n—+ 1. Then
LeywLery = (Lemin+1)* + (Ley—n—1 +1)* — Lezy — Legy — 1,
where Ley, is nth Leonardo number.
Proof. Using (1.17) and (1.27), we obtain
LeypLeyy = (2Fyui1—1) (2Font1 — 1)
= 4Fui1Fong1 —Leyn —Ley, — 1
= 4 (Fn%+,1+| + F,ﬁ,n) —Ley,, —Ley, — 1.
From (1.27) again, the result is achieved. O

Theorem 2.7. For n,r and s are nonnegative integers, then
LepyrLenis—LepLen s =4(—1)""V F.Fy— Leyyr — Leyys + Len + Leny ris,
where F,, and Le,, are nth Fibonacci and Leonardo numbers.

Proof. Using (1.27) to left hand side (LHS), we have

(LHS) (2Fn+r+1 - 1) (2Fn+s+1 - 1) - (2Fn+1 - 1) (2Fn+r+s+1 - 1)

4 (Fotri1Futst1 = Fov1 Furist1) = 2 (Fart + Fastt = Fat — Furist1) -

In the last step, taking n+ 1 instead of n, # = r and k = s in (1.15), we obtain

(LHS) = 4(=1)""VF,Fy —Len s — Leps s+ Len + Lep s rys.
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Theorem 2.8. For m,n are nonnegative integers and m > 1, n > m, then the following identities are true

Leyim+ (_ 1)mLen—m
Lepym—(—1)"Ley—m

Ly (Ley+1)—1—(=1)",
Lys1 (Lem1+1) =1+ (=1)",

where L, and Le,, are nth Lucas and Leonardo numbers.
Proof. From (1.10), (1.11) and (1.27), the proof is clear.
Theorem 2.9. For n,m > 1, the following identity is true
Le,1Leyr)—Ley_1Le,_y =2Ley 41 —Leyn — Ley
where Le,, is nth Leonardo numbers.

Proof. 1f we consider (1.27) in LHS, we obtain

LHS = (2Fu2—1)(2F2—1)—(2F,—1)(2F,—1)
2(2Fm+2Fn+2 —2FpFy —Fnt2+Fn—Fpio +Fn)~

Using (1.20) and (1.27), the result is clear.

Theorem 2.10. For m > 1 and n > m+1, then the following identities are true

Fyleyw —Fyle, = (=1)"(Lep_jm—1+1)—Fy+ Fp,
F.Ley+Fyley, = Leyiym1+FLey | —Fy+1,

where F,, and Le,, are nth Fibonacci and Leonardo numbers.

Proof. Let’s prove the first given identity. If we use (1.27), then

FyLewm —FpLen = Fy(2Fpi1—1)—Fp(2F,1 —1)
= 2(FyFps1 — FuFui1) — Fn+ Fp.

Taking m =n, k =1 and n =m+1 in (1.16), the result is clear. The other identity can be obtained in a similar way.

Theorem 2.11. For n and k are nonnegative integers, then
LeZ, o — Let =2 (2P aps2Fok — Legyoi + Ley)

where Le,, and F,, are nth Leonardo and Fibonacci numbers.

Proof. From (1.5) and (1.26), we obtain

22k _pgnt2k+l _ o 2 20+ gt _ g 2
Leyi o —Ley = < A +ﬁ) —( A +B)
a—j a—j

4
5 (Lontak+2 — Lont2 — Lygoks2 — Lygor +Lpg2 + L),

where L, is nth Lucas number. Afterwards, taking 2n+ 2k + 2 instead of n and m = 2k in (1.13), also using (1.7) and (1.27), we have

Ley o — Lep = 4 (Fayois2Fok — Fyoirt + Fur).

Using (1.27), we have

Lep 5 — Lep = 4Fp o2 Fox — 2Ley o+ 2Ley.

Now, we present identity that gives product of three consecutive Leonardo numbers.

Theorem 2.12. For n > 0, the following identity holds
LenLen 1Lenss = (Leniy + 1) (Leﬁ+1 2Ly A (1) 1) —Lé2,,,

where Le, and L,, are nth Leonardo and Lucas numbers
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Proof. Firstly, let’s find the value of Le, Le,, 1 expression. Using Binet’s formulas of Leonardo and Lucas numbers, we have

2an+l_2 "+I—OC+ 2an+2_2 n+2_a+

aters = ( i) )
_ 4(L2n+3+(_1)n)_Z(Ln+2+Ln+Ln+3+Ln+l)+5
5 .

Taking n+ 2 instead of n and m =n+1 in (1.13), we obtain

LeyLey1 = 4F, 1 2F, 11— Leyia,

where F;, is nth Fibonacci number. Then

LepLey 1Ley iy = (4F,0F, 11 — Leyin) Leyya.

From (1.27), we have

LenLeyy1Ley o = 8Fys1 FyioFyys —4FoFpi1 — Lea .

Lastly, taking n+ 1 instead of n in (1.21) and (1.6), (1.27), the result is clear. O

Theorem 2.13. For m,k and s are nonnegative integers , m > k and m > s, then
LeyiLem i — LemssLem s = 4(—1)""! ((— D F2— (—1)f F,3> ¥ Lepys+Lem—s — Leys — Lep i
where Le,, and F,, are nth Leonardo and Fibonacci numbers.

Proof. Using (1.26) to left hand side (LHS) , we have

LHS — 2am+k+l 72Bm+k+l _ OH"ﬁ 2amfk+l 72Bm,k+1 B OC+[)’
oa—p a—p
20T _ppmtstl _ g4 B 2005+ _pgm=stl _ g 4 B
) ( a—Pp > ( a-B ) :

If we consider (1.5), (1.7) and (1.19), we obtain

LeyiiLen i —LemisLey—s = 4(—1)"""! ((—1)s - (—1)ka2> +2F s+t + 2Fn—sp1 = 2Pkt — 2P g1

From (1.27), the result is clear. O
Theorem 2.14. For k+m = s +t, the following identity holds

LeyLey, — LesLey = 4 (—1)" Fy_Fy_, — Ley — Ley, + Les + Ley,

where F,, and Le,, are nth Fibonacci and Leonardo numbers.

Proof. Using (1.26), we have

2(xk+172ﬁk+170¢+ﬁ 206m+]72ﬁm+1705+ﬁ 20£S+]72ﬁs+170t+ﬁ 2at+172ﬁl+l,a+ﬁ
a—f a—f a—f a—f '
Considering (1.5), (1.7) and (1.13), we obtain

LeyLe,, —LegLe; = (

LeyLey — LegLe; = 4 (Fys\ Fpst — Fys1 Frt) — 2Fist — 2Fps1 +2Fs 1 +2F 1.
Taking f=k+1,g=m+1,h=s+1and k=1t+1in (1.22), we have
LeyLey, — LesLey = 4(—1)" Fy_F,_, — Ley — Ley, + Leg + Le;.
O

Now, we give the matrix representation of Leonardo numbers. Afterwards, we have several identities by the matrix Q. The matrix Q
associated with Leonardo numbers is defined by

2 10
o= o o 1
-1 0 0

By easy induction, we can see that

1 Le,ip—1 Leyip—1 Le,—1
Q' = 3 1—Le, 1—Ley,—y 1—Ley,—n |. (2.2)
1—Leyt 1—Le, 1—Le,
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Theorem 2.15. Let n > 1 be an integer. The following equality holds

L€n+3 L€n+2 Len+1 L€3 Lez L61
Lenin Leyi1  Ley =| Lep; Ley Ley o". 2.3)
Leytq Le, Le,— Ley Ley Le_j

Proof. For the proof, we use induction method on n. The equality hold for n = 1. Now suppose that the equality is true for n > 1. Then we
can verify for n+ 1 as follows

Les Ley Leg Les Ley Le;
Ley Ley Ley |Q"! = Le; Ley Ley | Q"0
Le1 Leo Le_ 1 Lel Leo Le_ 1
Lenys Lepin  Leptd 2 10
= Le, n Leyi Ley, 0 0 1
Le,y1 Le, Le,_ -1 0 0

Lepya Lenys Lepyo
Leyi3 Lenys  Leyy
Len+2 Len+1 Le,

O

Using the matrix Q, we can obtain some interesting properties of Leonardo numbers. Now, let’s give the several identities of Leonardo
numbers.

Corollary 2.16. For n,m > 1, the following identity is true

LeyLey, 1 +Le,_1Ley = Lepy1Lep 1 —2Leyn — 1. 2.4)

Proof. From the identity """ = Q" Q™ and matrix equality, the result is clear. O

Taking m = n in (2.4), we obtain following identity

I
Lez =5 (Leﬁ+1 —2Le, |Len— 1) .

Using n+ 1 instead of m in (2.4), we have another identity as

1
Lezni = 5 <2Len+1 (Len+1) —Le? — 1) .

From (2.3), we have

L€n+3 LE,H,Z L€n+1 L€3 Lez Lel
Leyio Leyr1  Ley, |=| Lex Ley Ley ||Q%].
Leytq Le, Le,_ Ley Ley Le_y

Therefore, we have Cassini’s identity for Leonardo numbers as

Le,% —Le,_1Leyy1 =Ley,_1—Ley,_» +4(_1)n .
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