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Abstract

In the reliability analysis, when the reliability of a repairable consecutive-k-out-of-n system is considered, the
components are generally supposed to have an equal failure rate. In practice, this assumption may fail. Therefore,
in this paper it is adopted that the lifetime of each component are random variables, exponentially distributed, with
different failure rates. The time required to repair is an exponential random variable and each component after
repair is as durable as new. In this paper, we proposed a model for the state transition probability of this repairable
system when components have unequal failure rates. The system mean time to first failure was also studied.

Keywords: Repairable consecutive system, Markov process, Mean time to first failure.

Farkh Hata Oranh Dogrusal Ardisik n-den 2 Cikish Tamir Edilebilir F
Sistemin Analizi

Oz

Giivenilirlik analizinde, tamir edilebilir ardisik n-den k-¢ikish sistemin giivenilirligi elde edilirken genellikle
bilesenlerin esit hata oranlarina sahip oldugu varsayilir. Uygulamada bu varsayim hatali olabilir. Bu nedenden
dolay1 bu ¢aligmada her bir bilesenin 6mrii farkli hata oranlarina sahip iistel tesadiifi degisken olarak ele alinmistir.
Tamir i¢in gerekli siire iistel tesadiifi degisken olarak tanimlanmistir ve tamirden sonra her bir bilesen yeni bir
bilesen kadar iyi durumdadir. Bu ¢alismada, bilesenlerin esit olamayan hata olasiliklarina sahip olduklarinda bu
tamir edilebilir sistemin durum gegis olasiliklar1 i¢in bir model &nerilmistir. Ayrica sistemin ilk ortalama
arizalanma siiresi de incelenmistir.

Anahtar kelimeler: Tamir edilebilir ardisik sistem, Markov siireci, {1k ortalama arizalanma siiresi.

1. Introduction

As the technology develops it becomes more complicated to deal with the reliability analysis of systems
consisting of the mixture of series and parallel connected components. To overcome this problem, more
convenient and more reliable consecutive k-out-of-n (Con-k-n) and related systems are proposed. These
systems are called linear and circular taking into account the connection structures of the components
in the system. In addition, if the system is designed on the functioning, it is called G system, and if the
system is designed on the principle of failure, it is called F system. A Con-k-n: F system consists of n
components, and this system fails if at least k consecutive components fail [1]. This system was
presented by Kontoleon [1] in 1980. On the other hand, a Con-k-n: G system works if at least k
consecutive components work. Both of them can be either linear or circular. In the literature, there are
many studies on such system structures mentioned above. For further reference, see [2-8], among others.
However, in most of these studies, the system is designed as a non-repairable system. There is limited
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number of studies on repairable consecutive-k-out-of-n systems (Rep-Con-k-n) in the literature. A linear
Rep-Con-2/n: F system considering generalized transition probability (GTP) is studied by [9]. A linear
Rep-Con-(n-1)/n: G system is analyzed by [10]. Later on, Rep-Con-k-n: G system with k > n/2 is
considered by [11]. Assigning different priorities to the failed components, a circular Rep-Con-2-n: F
systemis studied by [12]. The work [9] is generalized by [13]. In literature, the components are generally
supposed to have an equal failure rate. But this assumption is not justified in many situations. For
example, components of the same brand that were made in different factories or times show varying life
spans. Also because components may have been used in different systems and they may have worn out
differently. Some recent works on k-out-of-n systems are in Navas et al. [14], Wang et al. [15], Gokdere
and Giiral [16], Gokdere et al. [17].

A Rep-Con-2-n: F system with Markov dependence was investigated by [18]. Then, a system
with 1-step Markov dependence was analyzed by [19]. Later on, a system with (k-1)-step Markov
dependence was considered by [20].

In this paper, a linear Rep-Con-2-n: F system is analyzed under the assumption that components
do not have equal failure rates. A new model is developed for the state transition probabilities (STP) in
the system. The mean time to first failure (MTTFF) of this system is obtained.

The organization of this paper is as follows. In Section 2, at first the preliminary assumptions
are given and then the concept of STP is defined. In Section 3, a general methodology is presented for
MTTFF of the repairable system and dynamic performance probabilities of the irreparable system,
respectively. In Section 4, the numerical results are given for a special linear Rep-Con-2-n: F system
with five components. In the last section, we summarize what we have done in the article.

2. Material and Method

For the linear Rep-Con-2-n: F system, first, we suggest the following model assumptions. Then, the
state of the system at time t, N(t), is given. Finally, we obtain some mathematical formulations for the
STP. To start with, we give the following definition.

Let {N(t),t = 0} be a continuous-time homogeneous Markov process with state space Q. Also
let pe(n) be the probability that the process starts in the mth case of state & under the condition that the

state of the system at time t is equal to ¢ and defined as
peim) = P{Itis in case m of state |N(t) = £} (1)

where ¢ = 1,2, ..., Mg and M is the number of all cases for given state & € Q. Let pg ) ;(At) be the
probability that the process starting in the mth case of state & will be in state j in time At and defined as

peim)j(At) = P{N(t + At) = j|Itis in case m of state ¢ at time t}. (2)

Then, the GTP from & to j in time At is defined as

Mg
pgi(Bt) = P(N(t + At) = jIN() = &} = Z Pem) P& m); (AD), (3)
m=1
where
Mg
Z Pem) = 1. (4)
m=1

2.1. Model Assumptions

Assumption 1. In the system all components are new at the beginning.
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Assumption 2. The lifetimes of component ¢ (¢ = 1,2, ..., n) have an exponential distribution Exp(/lg)
whose probability density function is as follow

—Agt
ro = 120 )

Assumption 3. There is only one repairman. Because of this, at the same time, only one component can
be repaired.

Assumption 4. The repair discipline is first in first out. Moreover, repair completely restores all
properties of failed components.

Assumption 5. The probability of failure of two or more components at the same time is zero.
Assumption 6. The repair time of the failed components has a constant failure rate y;

_ fue™#t t>0
9 () {0 t<0 ©)

where & = 1,2, ...,n.
Assumption 7. The components will not fail after the system fails.

2.2. Model Analysis

According to the assumptions, we have

(0, The system works when all components work at time ¢
-1, The system works when one component fails at time ¢
-2, The system works when two components fail at time ¢
N(t) =< —d, The system still works when d components fail at time ¢ (7
2, The system fails when two components fail at time ¢
3, The system fails when three components fail at time ¢

\d +1, The system fails when d + 1 components fail at time ¢

where d = [(n + 1)/2] is the greatest integer function. When the lifetimes of every component and the
time required to repair are exponentially distributed, then {N(t),t =0} is a continuous-time
homogeneous Markov process with finite state space Q ={0,—1,-2,-3,...,—d,2,3,...,d + 1}.

Obviously, W = {0,—1,—2, -3, ..., —d} is the set of working state, while F = {2,3,4, ...,d + 1} is the
set of failed state.

Example 1. Consider a linear consecutive-2-out-of-3: F repairable system with different failure rate, then
the state of the system at time t can be wrote down in the form

(0, The system works when all components work at time ¢

—1, The system works when one component fails at time ¢t

N(t) = J —2, The system works when two components fail at time ¢
2,  The system fails when two components fail at time t

3, The system fails when three components fail at time ¢.

Based on the results presented above, the state space Q = {0, —1, —2,2, 3}, the set of working
state is W = {0, —1, —2} and the set of failed state is F = {2, 3}.
By using the definition and the model assumptions, we have:
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Yr=1 A At + O(AY), j=-
poj(At) = {1 —X}_; Ak At + O(At), j=0 (8)
0(At), for all other j values
where j € Q.
p-i—e-1)(At) = uAt + 0(At), 9

where & = 1,2,...,d.

pP—i—(e+1)(AL) = [((f + 1) Ypac+n) Hf:f )lul)/zpa(f) Hlil lul] At + 0(Ab), (10)

where }; ,a(e) denotes the summation over (ul, Uy, .., u;) of (1,2, ...,n) under the conditions u, — u; >
2,u3 —up; 2 2,..us —usqg = 2and & =1,2,...,d — 1. When & = 1, then

3 n
S [0

pa@®) =1 u=1
3 $+1 &+1 &
@0 = (23 3 [ o Ty []o /3 T Jaufarowo, a2
m=1 pb(m) [=1 m=1 pc(m) [= pa(®) 1=1

where ¥ ppem and X peem denote the summation over (ug,ug, .., ugq) of (1,2,..,m) under the
conditions  u, —u; =2, U3 —U; =2, . Up —Un_1 22, Ups1—Un =1, Upiz — Uns1 =
2, Uspy —usp =2 and up —ugp 22, Uz — Uy 22,0 — Umoq 2 2, Upgr — U = 1, Upyp —
Ums1 = 1, Upmys — Umaz = 2,..., Usqq — Ug = 2 respectively. Also where, & = 1,2, ...,d.

poe—e(A8) = 1= (p_g_(g+1)(A8) + p_g(z+1y(AL) + p)At + O(AD), (13)

where § = 1,2, ...,d.

p-gi(At) =0(At), j # - -1, -+ 1,§+1,-¢ (14)
where é,j € Q.
(ayAt+0(At), j=§&-1
R [ A
kO(At), for all other j values
where

-1
2352 Tpvom [Th_, 2 ul

a= (16)
(€= 1) (Z52 peom Tz Ay + 2252, o T, Ay )

and

, 26— z)z 2 X poem 15 1Aul+<f—1>zfnizpc<m)nl e )

2357 Spoem TTiy Ay + (€ = 1) (2572 Zpeem [T, A4y
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And also where § = 34, ...,d.
Using the equations listed above for the STP in the system, we can obtain ¥ as follows:

¥ = (Y5, (18)

where W is the transition rate matrix,

pej(At)
Ve = Jim =0 19)
and

1—pj;(At)
iy = m S @)

fori,jeQandi #j.
3. MTTFF of the Repairable System
In the following, by using matrix ¥, we shall obtain the MTTFF of the linear Rep-Con-2-n: F system
with independent and identically distributed components under the condition that components have
different life spans.
Forj € Q,
p;(©) = PIN(D) = j}. (21)

Then, we can obtain as follows [17]:

ACEDW RGN (22)

keQ
for pp(0) =1, p;(0) =0, j = 0and j € Q. Let P(t) = (po(©), p-1 (1), ..., p—a(®), p2(©), ..., pa+1 (1)).
Then, using matrix ¥ , we can rewrite the above expression in the matrix form as follows:
P'(t) = P()¥, (23)
with the initial condition P(0) = (1,0, ...,0).
To obtain the MTTFF of the system by using the Laplace transform of the system’s reliability

R(t), we consider {N(t),t > 0} asa {N(t),t > 0} with finite state space O = {0,-1,-2, ..., —d}.
Now let

p;(®) = P{N(®) =j}, (24)

for j € Q. Then, the system reliability is

R(t) = Z p;(©). (25)

jeq
For R(t), the matrix W is redefined as follows:

P = (¥g)), (26)
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foré,jeQand & #j.
Let P(t) = (po(®), p_1(8), ..., _a(t)). Then, it is easy to derive the following systems of
differential equations

P'() = POY, (27)

with the initial condition P(0) = (1,0, ...,0).
Now, using the Laplace transform in (27), with the help of the initial condition P(0) we have
the Laplace transform of R(t) as follows

R*(s) = Z p; (). (28)
jeq
Thus the MTTFF of the system is as follow
MTTFF = logs_o R*(s). (29)
4. Special Model: The Linear Rep-Con-2-5: F System

Based on previous definitions, we know Q = {-3,-2,—-1,0,2,3,4}, W={-3,-2,—1,0} and F =
{2, 3,4} of the linear Rep-Con-2-n: F system.
The matrix W is:

Yo,  Yo,-1) 0 0 0 0 0
u 1P(—1,—1) 1/1(—1,—2) 0 1/)(—1,2) 0 0
0 u Yi-2-2) Y(-2-3) 0 Y(-23) 0

W= (l/)fj) =| 0 0 u Y(—3-3) 0 0 Y34 (30)
0 U 0 0 —u 0 0
0 0 Y3,-2) 0 Y32 —H 0
0 0 0 0 0 7 —u
where

Y0 = —(A1 + 2, + 43 + A4 + 1s5),

1,0(()__1) = 3.5 + A4 +A3 + /12 +2.1 y

22244423+ A1 A4 + A1 A5+ Ap A3+ A Ag + Ap A5+ A3 A4+ A3 A5+ A4 A5)

V(-0 = A5 +Ag+ Az + A5+ 7, ’

Il) _ 2 A3+ A A4+ A As+ A Ay + A5 A5+ A3 A5)
(-1-2) = As+Ag+As+ A5+, :

’P PR st A At Ashads 20 tha Al A Asa A Aads HApdhs +ApRads) +30a sl
(-2-2) = TH™ Ay Az + A1 Ag+Ag Ag + A5 Ag+ A Ag+ A3 A5

” B 34,4315
(=2,-3) 7 3 At A At A As +Ag g + A A+ s s |

Yez—3) = —(Ay + 44) —u,

_ 2(A4 A+ A5 A3+ 2324+ A4 A5)

V1) = Mt AptAztAgtas
" /11/12/13+/12/13/14+/13/14/15+z(,11,12,14+,11/12/15+/11/13/14+/11/14/15+/12/13/15+/12/1415)
(=23) = Ai Azt A gt Ay As + A5 A0 + 25 As+ A3 A5
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Y34 =2+ A4,

¢ _ A Ao A4+ A A A5+ A3 A3 A5+ A A3 Ay + A1 Ag A5+ A5 A4 05
(3:=2) = 3 2 s A s Ay + s Ay Ag +2(Ay g Ag+ A Ay A+ Ay Az Ag+ s Ag Ay + A1 Ag Ae+ ApAgdg) H

and

. M A A A A s A A H A A A+ A A As H Ap As A+ A A Ag + A1 Ag A+ Ap Ay A
(32) T 3 22 5 AaAg+ A g As +2(Ag A Ag + A1 g As + Ag Aads+ A Aag + Ag Agds+ Az Aghg) T

In the following, we study MTTFF of the linear Rep-Con-2-5: F system consisting of
components with unequal failure rates.

4.1. The Repairable System’s MTTFF

Let B(t) = (5o (t), p_1(t), p_2(t), p_3(t)). Then the Laplace transform on both sides of (27) is given
by

=1+ 5p5(s) = P(o,0)po(s) +upZyi(s),

spZ1(s) =P ,-1)po(S) + P-1,-1)pZ1(s) + upZy(s),
spZy(s) = P(1,-2)pZ1(S) + P (—2-2)pZ2(s) + upZ;(s),
sp23(s) = P(_a-3)p22(S) +P(_3-3)p23(s).

With the initial condition P(0) = (1,0,0,0). The solutions are

* _ 1p(—2,—3) *
Pls(s) = 2= mpTa(s),

* _ (57 ¥(—2-2) _ Y(—2,-3)1 ) *
p=1(s) ( P(-1,-2) Ve1,-2)(5—P(=3,-3)) P=2(s),

* _ (5—1/’(—1,—1))(5—1/’(—2,—2)) (5—1/’(—1,—1))¢(—2,—3)14 u ) *
po(s) _( Yo~ W(-1,-2) Yo-¥(-1-2)(5-¥(=3-3))  Po-1) P=(5),

* (G ¥0,0) Y1) 5-Y2-2)  (=¥0,0) (=¥ 1,-1))P2-3H
P—z(S) = - —
Yo, ~n¥P(-1,-2) Y(o,-1)¥(-1,-2)(S—W(=3,-3))

_ (Yeolr  (s=Pz-2)H n Y23k )
Y(o,-1) Y(-1,-2) Y(-1,-2)(5—P(=3-3))

Thus, for the linear Rep-Con-2-5: F system, from (28) and (29), the MTTFF is given by

MTTFF = [0, -n¥(-1,-2)(W-2-3) = Y-3-3) + Yz-2¥(-3-5P0-1 — ¥-1-1)
+ (¢(—1,—1)1/J(—2,—3) + Y1,-2)¥(=3-3)
- ¢(o,—1)¢(—2,—3))#] [1/1(0,0)l/J(—1,—1)l/J(—2,—2)1/J(—3,—3) (31)
- (¢(0,—1)¢(—2,—2)1/J(—3,—3) +Y0,0¥1-0¥(-2-3)
+ ¢(0,0)¢(—1,—2)¢(—3,—3))H + l/’(o,—1)l/’(—2,—3)#2]-_1
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Note that, if x = 0 and in the system, all components have equal failure probability, A, we find
the MTTFF to be % This result is equal to equation (13) in [9]. The MTTFF under different values of
u and the parameters A are shown in Table 1.

Table 1. MTTFF under different values of p and the parameters A

L A, | A | A, | A | u | MTTFF
0 | 0.7000

1| 07722

2 | 0.8585

it Y P37 0.0538
4 [ 1.0555

1.1615

7121 221 2 0.4526
313 3] 3|3 0.2762
a4 4 434 0.1982
515 555 0.1544
5 711 1 [ 1 1] 5 [07506
115 111 0.5808
1115 11 0.6170
111151 0.5808
11111115 0.7506
0.2712

& | 02808

7 1 02907

S|4 31 2 1 mg 1703009
9 | 03112

10 | 03217

5. Conclusions

In this paper, we have studied linear Rep-Con-2-n: F system. In the system, the components are assumed

to have unequal failure rates. In particular, we have introduced mathematical formulations for the STP

in the system. In [9, p.606], a clear formula of the coefficients a and b were not given. It was stated that

only these coefficients should meet the following two conditions:

0<ab<1 and a+b=1 (32)

In this paper, the explicit formulas of the coefficients a and b were obtained for the case that

the components in the system have independent but non-identical exponential distributions. Equation

for one performance characteristic for the system which is the MTTFF is developed when n = 5.
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