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Abstract

In this study, the representation formulas of non-null curves are primarily expressed in four dimensional semi-Euclidean
space EJ and the non-null normal curves in E5 are examined and some certain results of describing the nun-null normal
curve are presented in detail in Ey. In addition, some mathematical conditions are expressed for a curve given in four
dimensional semi-Euclidean space E5 to be a nun-null normal curve as theorems.
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E3 YARI OKLID UZAYINDA NON-NULL NORMAL EGRILER

Ozet

Bu calismada, dncelikle non-null egrilerin temsil formiilleri dért boyutlu E5 yart Oklid uzayinda ifade edildi ve Ej 'teki
nun-null normal egriler incelenmis ve normal egriyi tammlayip bazi kesin sonuglar ayrintil olarak E5 'de ifade edilmigtir.
Ayrica, E5 dért boyutlu yart Oklid uzayinda verilen bir egrinin normal bir egri olabilmesi icin bazi matematiksel kosullar
teorem olarak ifade edildi.

Anahtar Kelimeler: E yar1 Oklid uzayi, Frenet catis1, normal egri
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curves in the four dimensional space E5 and he studied
the Serret- Frenet formulae of the curve in E; and
investigated these formulas for the quaternionic
Bertrand curves. In [5], the explicit parameter equations
of spacelike rectifying curves in E whose projection
onto spacelike, timelike were given. In [6], they gave
some conditions for non-null osculating curves in E. In
[7], the author gave some characterizations of spacelike
normal curves with spacelike, timelike or null principal
normal in the Minkowski-space E3. The curves for which
the position vector always lie in their normal plane, are
for simplicity called normal curves. By definition for a
normal curve, the position vector § satisfies following
equation
B(s) =AN(s) + uB(s),s €l cR,

for some differentiable functions A,u [7]. In [8], the
authors defined normal curves in Minkowski space-time
E; and they characterized the spacelike normal curves in
E;. The rectifying and the osculating curves in null cone
were examined by authors, [10, 11]. By using some
differential geometry concepts in references [9] and [12],
the normal curves in E5 are expressed.

1. Introduction

Since ancient times, curves have been studied. The
importance of curves began long before they were the
subject of mathematical study. They can be considered in
countless examples of their decorative use in art and in
many objects from prehistoric times to the present. The
mathematicians of ancient times were curious about
curved lines. They first called them the "lines" but then
soon they replaced the word "line" with the term "curve"
and started using a phrase "straight line" for the line that
is not curved or bent. A line which is not straight with no
sharp edges is called a curve. It is a smoothly flowing line.
In mathematics a curve is an object similar to a line which
does not have to be straight. Also, the curve theory has
been a fascinating subject for differential geometers.

In [1], the authors defined special curves in semi
Euclidean 4-space. In [2], the authors examined the
notion of the ivolute-evolute curves for the curves lying
the surfaces in Minkowski 3-space by using the Darboux
frame of the curves. In [3], the helix and slant helices
were investigated using non-degenerate curves in term
of Sabban frame in de Sitter 3-space or Anti de Sitter 3-
space M3 (80). In [4], the author defined
characterizations of semi-real quaternionic Bertrand

137


mailto:fb_fat_almaz@hotmail.com
mailto:mihribankulahci@gmail.com

Fatma Almaz, Mihriban Alyamag Kiilahci
Non-Null Normal Curves in the Semi-Euclidean Space Ej

2. Preliminaries

Let E} denote the 4 —dimensional pseudo-Euclidean
space with signature (2,4), that is, the real vector space
R* endowed with the metric {, ) which is defined by

(,)=g=—dx?—dx?+dx3 +dxi,
where (x4, x5, X3, X,) is a rectangular coordinate system
of Ex. A vector v of E5 is said to be
i) spacelike, if v = 0 or (v,v) > 0,
ii) timelike, if v # 0 and (v, v) < 0,
iii) null (or lightlike), if v # 0 and (v, v) = 0.

The norm of a vector v is givenby || v ||= ‘g (v, V)| and

two vectors v and w are said to be ortogonal if g(v,w) =
0. An arbitrary curve x(s) in E5 can locally be spacelike,
timelike or null. A spacelike or timelike curve x(s) has
unit speed, if g(x’,x") = +1.
It is well known that pseudosphere,
pseudohyperbolic space and lightlike cone
hyperquadrics in EZ, respectively as follows
a) The pseudo-Riemannian sphere S3(x,,7) centered at
Xo € E5, with radius r > 0 of E is defined by
S3(x0,7) = {x € Ef:{x — x0,x — %) = 7%}
b) The pseudo-hyperbolic space H3(x,,7) centered at
Xy € E5, with radius r > 0 of E is defined by
H3(xg,7) = {x € E}: {x — xg,x — xq) = —1%}.
The pseudo-Riemannian sphere S3(x,,7) is diffeomorfic
to R? X S and the pseudo-hyperbolic space H; (x,,7) is
diffeomorfic to ST x R?.
c) The hyperbolic space H3(x,, 7) is defined by
H3(x,7) = {x € E}:{x — x9,x — x) = —7%,%; > O}.

where the radius is > 0 and the centre of hyperquadric
isxq,[12].
Let {T,N, B;, B,} be the non-null Frenet frame moving
along a unit speed non-null curve B in Ej, where the
frame is consisted of the tangent, the principal normal,
the first binormal, the second binormal vector field,
respectively. Then, the Frenet equations are given as

T'=kN;N' = —€y€,k,T + k,By; (2.1a)

B] = —€,€6,k,N + k3B,; B; = —€,63k3B;, (2.1b)
where the following conditions are satisfied:

g(T,N) = g(T,By) = g(T,B;) = g(N,By) =
g(N,B,) = g(B1,B;) = 0;
g(T,T) = €9, g(N,N) = €1,9(By1, By) = €,,9(B2, B;) = €3
€ €{-11},iel ={0,123},

the
are

[9,12].

Let B be a non-null curve in E5. It is defined that § is the

normal curve in EJ, if its position vector according to

selected origin lies on the orthogonal complement T+.

The orthogonal complement T! is non-degenerate

hyperplanes of EJ, spanned by {N,B;,B,}. From

definition, the position vector of a normal curve f in Ey

satisfies

B(s) = u(s)N(s) + y(s)B,(s) + 0(s)B,(s) or

g(B,T) =0, (2.2)

for some differentiable functions u,y,6 fors € I c R.
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3. Representation formulae of non-null
curves in E}
Let B:1 - E be a non-null curve in E5 with arc length
parameter s. Then, for § = (B4, f2, B3, Bs), one gets
L= —pf— B3+ B3 +Bi,
then, if the previous equation is written as 52 + (I —
B2) = B2 — 2, one can write

ﬁ1+im _

B2—B4 .
=— =x+ iy, 3.1
»84-+»82 Bl_i l—B%
B1ti ’l—ﬁ§ _ Ba+Bs 1 (3.2)
»82_»84 Bl_i l—B% x—iy )
and
ﬁz + ﬁ4 = h. (3.3)

Then, from (3.1), (3.2), (3.3), the following equations can
be written.
Pr+iyl—pi=h(x+iy)Ba+ps=h (34a)

By — iyl =B = h(x — iy); B — B = —h(x* + ¥?),
(3.4b)
and from (3.4), one obtains

h 2 2
B1 = hx; B, =E(1_x -y
h
Bz =212 —R2y% By = 5 (1+x% +y%),

Hence, the curve S can be written as follows

h
B(s) = (hx,5 (1 — x? —y?), £y/12 — h?y?,

2@ +x%+y?), (3.5)
and since B:1 - E} is a non-null curve in EJ with arc
lenght parameter s, one writes

’ = (hx' h 2 It 2 ’ _Zyy,hz
B'(s) = (hx',5 (=2xx" — 2yy )'\/12—773/2'
S(Zxx’ +2yy");
y'h?)?
12 — h2y?2
+h%(xx' + yy')?;
l2 _ h2y2 — _(hxl)Z(IZ _ h2y2) + (yyth)Z;
0= h4(y2y12 _ y2x72) + h2(y2 _ l2x12) _ 12_
Therefore, by making the necessary calculations for h(s),
one gets the following expressions
2.,12 + yzer;B — yz _ lzxrz_

A=yy
,—Bi\/32+4Al

Here, h(s) satisfiesh = + -

we can give the following theorem.

Theorem 1. Let B:1 — E; be a non-null curve in E5 with
arc lenght parameter s. Then, the curve [ can be written
as

1=—(hx")? — h?(xx' +yy')? +

=constant. Hence,

hx,

h
5(1 _x2 _yz)'

BG&)=| | @z nyr |

h
5(1+x2 +y?)

for some functions x, y, h, where
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—B++/BZ+4Al

h=+
24

=constant.

4. The non-null normal curves in E}
In this section, some theorems for non-null normal
curves are given in E.
Theorem 2. Let B be a unit speed non-null normal curve
in Ef with ki, ky ks # 0 for each s € I € R. Then, the
following statements hold:
a) The principal normal, the first binormal and the second
binormal components of the position vector of the curve
are given respectively by

9. == () (1)
96.B) = () (4.1b)
98, B) = = (f 42 ds). (4.10)
In this case, the vector equatlon is given as
_ -1 k1 B
B0 = () V) + (kzk) )
1 k1k3 ds) B
_E< K2k, 5) 2(5).

b) The distance function | =|| B |l is constant.
c) The curvatures ky, k,, ks satisfy the following equality

k kY kik
—é, k_j +e (kfllcz) + €56,6; (k3 f k;kz ds) =0. (4.2)

Proof. (a) Let 8 be a unit speed non-null normal curve in
Ef, with non zero kq,k,, k. From definition, for the
position vector of the curve f using the Frenet equations
(2.1) and the equation (2.2), one gets

! kZ.u'
_ U /
T - (_Eoelklﬂ)T + (_ €€ k )N + +]/ Bl +
VE1€2K7 —e36,k50
(ksy + 6")B,. (4.3)
By using equation (4.3), one can write
—€pE ki =1;
(W —yei62kr)e, = 0;
(kop + 7' — €36:k30)€; = 0; (4.4)
(kgy + 9’)63 = O
and therefore, one has
-1 K =1 [ kiks
K= eo€rky V= eoezk%kz - eoezf d (4.5)

Finally, using (2.2) and (4.5) we easily obtaln (4.1).
Conversely, assume that the statement (a) holds, by
derivative of the equations (4.1) with respect to s and
using (2.2), respectively. One obtains g(B(s),T) = 0.
(b) From (4.4), one can write
K =vyei€2kay Y = €362k30 — kopt; 0" = —kgy (4.6)
and multiplying the first equation with yu, the second
equation with y, the last equation with 6 in (4.6),
respectively, and adding, one obtains
E1up’ + €27y + €300’

= Y€rkopt — YELR L + VESK3O

— vesks0,
where £ is non-null normal curve. Hence, one get

epup’ + ey +€300' =0 (4.7)
and consequently, one writes
U+ e,y% + €;0% = d?;d € R} (4.8)

From (4.5) and (2.2), one can write
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2= B II*= uPe; + y%e, + 0%, (4.9)
and using together with (4.8) and (4.9), one can say
[ =constant. Conversely, the proof is obvious.

(c) Using the third equation in (4.4) and the expressions
in (4.5), one can find equation (4.2).

Conversely, assume that the statement (a) holds (4.2)
andlet C € Eﬁ‘ be a vector field, one writes

C= +< ! )N ki B
=F €o€1ky €o€xkk, )

kiks

+ <f coe K2k, ds) B,
and by taking the previous equation and using (2.2) and
(4.2), one obtains €’ = 0, which means that £ is non-null
normal curve.
Theorem 3. Let 5:1 - E5 be a non-null normal curve in
E7 given by B(t) = Q(t)w(t), where 2(t) is an arbitrary
positive function and w(t) a unit speed curve in EJ. Then,
the following expressions hold:
a) w is a non-null normal curve.
b) The pair {8, w} is an evolute-involute pair.

0 Q) =

Proof. Let B:1 » E5 be a non-null normal curve in E5
given by

B(t) = QA()w(t). (4.10)
By derivative of the equation (4.10) with respectto s, one
writes

B'=0w+ Qo' (4.11)
Furthermore, the unit tangent vector of f is given as
follow

\/: =constant.

Qf Q

where ¢ is the speed of f. Differentiating (4.12), one
obtains

T,} = (%) w + ((%) + %) o' + gw”. (4.13)
Furthermore, let {Tw,Nw,Blw,Bzw} be an orthonormal
frame in E; satisfying as follows
(", T,) = (T, Ty,) = (k’Ng, To,) = 0;

(0", Ny) = (T, Ny,) = ki’€y;

(w",B,y,) = (T, By,) = (kiN,,By,) = 0; (4.14)
<(IJ”, BZw) = (TUS’BZw> = (k?Nw’BZw> = 0.
Hence, decomposition of w” with respect to

{Te, Ny, By, B>, }, one gets
w" = (0", T,)T, + (0", Ny)N, + (0", By, )B;,,

+ (", By, )Ba,,
by using (4.14) into previous equation, one gets

w'" =k{YN,, (4.15)
by using (4.15) into (4.13), the following equation is
found
KENg =T) = (%) w+ ((g) + %) T, + %k{"Nw. (4.16)
By definition, 8 is a non-null normal curve in E;. one
writes (T,;, ,8) = (0. Furthermore, taking the scalar
product of (4.16) with T, and w is non-null normal curve,

one writes (T,,, w) = 0. Therefore, the following equation
is written
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B =((2) +&
kB (N, T,) = ((f) + f)EO. (4.17)
If the pair {f, w} is an evolute-involute pair, one writes
(N[;,TZ) = 0. Hence, one gets

Q’+Q’E+Q§’—0=>Q—+ D-DelR*

§ §? BNE '
Example 1. We consider a non-null normal curve f with
arc length given by

B(s) = (0

1

! 4\/sinhsz(sinh2 s+coshZs)

coshs,

1 1
1- sinhs cosh?s
\/ /(sinhZs+coshZ2s) ’ sinhs,/(sinhZs+cosh2s) )

where s€ (— 5771,7?").

Hence, the graphics of this non-null normal curve and
rotational surfaces generated by using non-null normal
curve are given as follows

~

Figure 2: Rotational surfaces generated by the non-null

normal curves according to parameters S€E
S5t 7w
(—7,7) and s € (—m,m).

5. Conclusion
In this paper, the non-null normal curves in EJ are
examined and some certain results of describing the non-
null normal curve are presented in detail. As a first
instance, it is explored that the conditions of being nun-
null normal curve in pseudo Euclidean space and some
characterizations are given. Also, for the non-null normal

140

curve and the surface of rotation formed by using this
curve the graphics are given as example.
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