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THE GENERALIZED LUCAS HYBRINOMIALS
WITH TWO VARIABLES
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ABsTRACT. Ozdemir defined the hybrid numbers as a generalization of com-
plex, hyperbolic and dual numbers. In this research, we define the generalized
Lucas hybrinomials with two variables. Also, we get the Binet formula, gen-
erating function and some properties for the generalized Lucas hybrinomials.
Moreover, Catalan’s, Cassini’s and d’Ocagne’s identities for these hybrinomi-
als are obtained. Lastly, by the help of the matrix theory we derive the matrix
representation of the generalized Lucas hybrinomials.

1. INTRODUCTION

Many researchers have studied on applications of the Fibonacci and the Lucas
numbers for a long time in engineering, arts, physics and nature. These sequences
have taken a huge interest of many authors.

The Fibonacci numbers are defined recursively by

Fn: n—1+Fn—2

for n > 2 with initial values F; = 0 and F} =1 .

The Lucas numbers are defined with the same recurrence relation of the Fi-
bonacci numbers with initial values Lo =2 and L1 =1 .

For the variable z, Catalan defined the Lucas polynomials with the recurrence
relation

Ly(x) =aLp_1(x) + Lp—2(x), n>2

with Lo(z) = 2 and Ly (z) = = [4].
Bergum and Hoggatt studied on the generalized Lucas polynomials and defined
these polynomials recursively by
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Va(z,y) = 2Va1(2,y) + yVa-a(z,y), n>2
with the initial conditions Vy(z,y) = 2 and Vi (z,y) = z [1].
After that, Swamy obtained some identities and properties for the generalized
Lucas sequence [7].
The first few terms of this sequence are

n Va(z,y)
0 2
1 x
2 2 + 2y
3 z3 + 3y
4 2t + 42y + 292
5 2 + 53y + bxy?
6 284 6xty + 92292 + 293
For simplicity, we will use V,, instead of V,,(x,y).

The characteristic equation of this sequence is

v —av—y =0

/2% + 4y ﬁ_x—\/x2+4y
2 T 2 '

with the roots

(1)

Lemma 1. [7] The roots o and B defined in satisfy the following properties

s a+t+pf=ux
e a— =12+ 4y
s afi=—y

Lemma 2. [7/For n > 0 the Binet formula for the generalized Lucas polynomials
18

Vo =a"+ 5"
The hybrid numbers were defined by Ozdemir as a generalization of complex, hy-
perbolic and dual numbers [5]. The set of hybrid numbers is

K={a+bi+ce+dh: a,bc,d e R}.

Let Z1 = a1 4+ byt + c1e + dih and Zy = as + bat + coe + doh be any two hybrid
numbers. Then the main operations on hybrid numbers are defined as follows:

Zl :ZQ if and only if ay :ag,bl :bQ,Cl :CQ,dl :dg
Z1—|—ZQ:(a1+a2)+(b1+b2)i+(cl+62)5+(d1 +d2)h
Zl—ZQZ(a1—a2)+(b1—b2)i+(01—Cg)&‘-‘r((h—dz)h
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sZ1 = sai + sbyi + scie + sdih, where s € R.

By using the following multiplication table, one can find the product of any two
hybrid numbers:

1 ) € h
1)1 ) € h
1|1 -1 1—h|e+i
ele| h+1 0 —
h|h|—-c—1i € 1

By using the elements of integer sequences as coefficients of hybrid numbers, many
authors defined new type of hybrid numbers ( [8,|9}3}2,/10}/11,|12}/14]). The most
exciting studies among the cited works are the Fibonacci hybrid numbers and the
Lucas hybrid numbers which were defined as

FHn = Fn + iFn+1 + EFn+2 + th+3

and
LHn = Ln + ZLn_;’_l + SLn+2 + th+3

respectively.
After that, for n > 0 Szynal-Liana and Wloch [13] defined the Fibonacci and the
Lucas hybrinomials as

FHn(x) = Fn(.’L‘) + iFn+1(l‘) + €Fn+2($) + ]’LFn+3($)
and
LH,(x) = Ly(x) + iLpt1(z) + €Lpy2(x) + hLpis(z)

respectively.

2. MAIN RESULTS

Definition 3. Forn > 0 the Lucas hybrinomials with two variables x and y, called
the generalized Lucas hybrinomials defined by

VHn(.'E, y) = Vn + iVn+1 + EVn+2 + hvn_;,_g
where V,, is the nth generalized Lucas polynomial.
For simplicity, we will use V H,, instead of V H,,(z,y).

Theorem 4. For the variables © and y, the generalized Lucas hybrinomials provides
the recurrence relation

VH,=a2VH, 1+yVH, 2, n>2
with the initial conditions
VHy=2+iz +e(x? + 2y) + h(z3 + 3zy) and
VH; =x+i(z? + 2y) +e(2® + 3zy) + h(z? + 422y + 2¢?).
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Proof. For n = 2,we get
VHy =a2VH;+yVH
=z (x4 i(z? + 2y) + e(2® + 3zy) + h(a* + 422y + 2y?))
+y (2 + iz + e(z® + 2y) + h(z® 4 3zy))
= 2% + 2y + (23 + 3wy) + e(z? + 422y + 2y?) + h(z® + 523y + Sxy?)
=Vo +1V3 +eVy + hVs.

For n > 2, using the definition of the generalized Lucas polynomials, we obtain
VH, =V, +iV,11+eVuta+ hVn+3

= (aVho1 + yVa—2) +i(xVy + y V1)
+e (@Vnt1 +yVa) + h(2Vigz + yVis1)
=2 (Vo1 + iV, + eV + hViyo)
+y (Voo + Vi1 + Vi + AV,41)
=aVH, 1+yVH, 5.
So, the proof is completed. O

For y = 1, we obtain the Lucas hybrinomials.
For x = y = 1, we obtain the Lucas hybrid numbers.

Theorem 5. For any integer n > 0, the Binet formula for the generalized Lucas
hybrinomials is defined as

VH, =a"(1+ia+ea®+ ha’) + (14 if + 62 + h3%)
2 4 _ 2 4
W and g= LV T \/;“H/

Proof. Using the definition of the generalized Lucas hybrinomials and the Binet
formula for the generalized Lucas polynomials, we get
VHn = Vn + iVn+1 + EVn+2 + hVn+3

=a" + " +i (a4 B e (a2 4 ) p b (a4 g O
= a™(1 +ia+ea® + ha®) + (1 +i8 + eB* + h3?)

where o =

For expressing the notations simply, let
a =1+ia+ea’+ ha?
B =1+4i8+eB*+hp.

Then, we can write the Binet formula for the generalized Lucas hybrinomials as

o~

VH, = a"a+ "f.

Theorem 6. The generating function for the generalized Lucas hybrinomials is
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S VH, "
n=0

~ 2+idz+e(a® 4 2y) + h(a® + 3zy) + (x4 2y + exy + h (z%y + 2y2))t
N 1—at —yt2 ’

Proof. Suppose that the formal power series representation of the generating func-
tion for the generalized Lucas hybrinomials is

G(t) = S VH " = VHy + VHt + VHt? +- - @)
n=0

Then, multiplying the equation by —axt and —yt? respectively, we have
—G(t)at = =V Hozxt — VHyxt? — VHoat® — - - -
and
—G(t)yt?> = —VHoyt?> — VHyyt> — VHayt* — - - -
By using the above equations and the fact that for n > 2 the coefficients of t"
are zero by the recurrence relation of the generalized Lucas hybrinomials, we obtain
G(t) (1 —at —yt*) = VHo + (VH, — VHox)t. (3)
Finally, by substituting V Hy and V H; in the equation (3)), we get
2+ iz +e(a® 4 2y) + h(2® + 3ay) + (—x + 2y + exy + h (2%y + 2y%) )t
B 1—at — yt? '

G(t)
O

Lemma 7. [6/For any integer n > 2, the generalized Lucas polynomials provides
the summation formula

n—1

Vi Vo1 —x—2
ZV’": +y 1—Z y.

m=1

Theorem 8. For any integer n > 2, the generalized Lucas hybrinomials provides
the summation formula

”iVH _ VH, +yVH, - VH —yVH
" z+y—1 '

m=1

Proof. By using the definition of the generalized Lucas hybrinomials, we have
n—1
> VH,=VH +VHy+---+VH, 4
m=1

=Vi+iVa+eVs+hVi
+Vo+iVs+eVy+hVs
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+ an—l + i‘/n + 5‘/n+1 + hVn+2

=Vit Vot -+ Vo

+iVa+ Vet -+ V,+ (Vi = V)]
+eVs+Vat -+ Vi +(Vi+Vo—Vi—V3)]
FhVa+ V4 A Vio + (Vi + Vo + V3 = Vi = Vo — V3)]

By using the previous lemma, we have

n—1

Vo V1 —z—2
S VH, = Y T
m=1

z+y—1
Va Vo—x—2
+i< +1t+Yy z y__%>
z+y—1
Va Va1 — o — 2
+€< 2T Yy — @ y—Vf—%)
z+y—1
Vi Voigo — 2 —2
+h( +3 T YVni2 — yW‘é%)-
rz4+y—1

Substituting V7, V5, V3 and making the fractions common denominator, we obtain

Va Vi1 —ax—2
i = Yoo =
— z+y—1
4 Vor1+yVp—z—2y—z(z+y—1)
z4+y—1
1
(Vo + YV — o — 2y — ~1
+€x+y_1ﬂﬂa+y p—r—2y—z(z+y—1)
—(2*+2y) (z+y — 1))
1
h———— (V, Vits — o — 2y — -1
+ x+y71(*3+y t2—r—2y—z(z+ty—1)

—(2*+2y) (z+y—1) — (2 +3zy) (z+y—1)).

Finally, we get the result as

SfVH Vit Vi + eViga + Vs
— B r+y—1
Vn—l + ﬂ/n + 5‘/n+1 + hVn+2
+y
z+y—1

~ oy o1 @i (e 2y ) +e(a® 4 3ay +y(e® + 2))

+h(zt + 42y + 20° + y (z° + 3zy)))
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- VHn + yVHn_l — VH1 — yVHO
N z4+y—1 '

O

Theorem 9 (Catalan Identity). For the nonnegative integers n and r with n > r,
we have

VH,_ ,VHyr — (VH,)? = (—y)" ap (g - 1) + (—y)" Ba (g - 1) .

Proof. By using the Binet formula for the generalized Lucas hybrinomials, we have

VH, VH,, — (VH,)’
— ( n— rA+ﬁn Tﬁ) ( n+r/\_|_/6n+7‘/6) (ana_’_ﬁn/’é) (ana_i_ﬁn/ﬂ\)
_ anfrﬁn—&-r/\ﬁ +Bn r n+rﬂa "ﬂ"aﬁ —B"Q”B&

(2 o (51

- (G ) o (33).

Theorem 10 (Cassini Identity). For any nonnegative integer n, we have

VH, Vs - (V) = ()68 (2 - 1) + (B (§ 1)

Proof. Since the Cassini identity is a special case of the Catalan identity, by taking

r =1 in the Catalan identity theorem can be proved easily. O

Theorem 11 (d’Ocagne Identity). For the nonnegative integers m and n with
m > n, we have

VHmVHn+1 - VHm+1VHn = (—y)n (a — B) (ﬁm*"Ba a™™ rL’\ﬁ)

Proof. By using the Binet formula for the generalized Lucas hybrinomials, we have
VH,VH,11 —VH,1WH,

= (ama+5"B) (a"+1a+5"1B) - (amHia + ﬂm“ﬁ) (@ + 5"B)
= @Mt HIG2 | amEn e 4 fman 1 Ba 4 g
_gmtntlg? _ o/”“ﬁ”aﬁ _ Bmﬂa'”ﬁa _ 6m+n+1ﬁ
— (amgmrl — am+1gn) aB + (Bman+! — gmtly )ﬂa
=a™B" (B~ a)af + " (a — B) Ba
= (=y)" (@ = B) (8" "Ba — amap).
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Theorem 12. For any nonnegative integer n, we have

VH,o VH,| [VHy VH| [z 1]"
VH,,1 VH, | |VH VHy| |y 0

Proof. We prove the theorem using induction method on n.
For n = 0, the result is obvious.
Assume that for any n > 0 the theorem holds

VH,o VH,| [VHy VH| [z 1]"
VH!H-l VHrL N VHl VHO Y 0 .

We must show that for n + 1 the theorem holds

VHnis VHuyo] [VHy, VH{] [z 11"
VH, o VHy,1| |VH1 VHo| |y O '

By using the induction hypothesis, we have

|:VH2 VHl] [w 1]”“ [V H, VHl} {x 1]"{:5 1}

VH, VHyl||y 0 VH, VH|ly 0 |y 0
- _VHn+2 VHn+1 x 1
N _VHn+1 VHn Y 0

_ _$VHn+Q +yVHn+1 VHn+2
o L l'VHn+1 +yVHn VHn+1

_ [VHyi3 VHpio
_VHn+2 VHn+1

which completes the proof. O

3. CONCLUSION

In the present work, we define the generalized Lucas hybrinomials with two vari-
ables  and y. Then, Binet formula, generating function and some properties of the
generalized Lucas hybrinomials are obtained. Moreover, we obtain Catalan, Cassini
and d’Ocagne identities for these hybrinomials. Finally, we derive the generalized
Lucas hybrinomials by the help of matrix theory.
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