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New Refinements of Hadamard Integral Inequality via k-Fractional
Integrals for P- Convex Function

M. Emin Özdemira

aBursa Uludağ University, Education Faculty, 16059, Campus, Bursa, Turkey

Abstract. In this study, we use k-fractional integrals to establish some new integral inequalities for p-
convex function. These integral inequalities includes some new estimations for Hadamard inequality via
k-fractional integrals.

1. Introduction

A function ρ[ε, ε′] ⊂ R → R is said to be convex if whenever u, v ∈ [ε, ε′] and t ∈ [0, 1], the following
inequality holds:

ρ(tu + (1 − t)v) ≤ tρ(u) + (1 − t)ρ(v).

We say that ρ is concave if (−ρ) is convex. If ρ is both convex and concave, then ρ is to be said affin function.
The affine functions are in the form ε1u + ε′1,for suitable constants ε1, ε′1.

This definition has its origins in Jensen’s results and has opened up the most extended, useful and
multi-disciplinary domain of mathematics, namely, convex analysis. Convex curves and convex bodies
have appeared in mathematical literature since antiquity and there are many important results related to
them.

The following double inequality is well known in the literature as Hadamard’s inequality:
Let ρ : [ε, ε′] ⊂ R → R be a convex function defined on an subinterval of real numbers, η, η′ ∈ [ε, ε′]

and η < η′, we have

ρ

(
η + η′

2

)
≤

1
η′ − η

η′∫
η

ρ(u)dx ≤
ρ(η) + ρ (η′)

2
. (1)

Both inequalities hold in the reversed direction if ρ is concave. In [7], there are many inequalities associated
with (1.1) for different function types.

The definition and basic elements about the subject are following.
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Definition 1.1. [12] Let ρ ∈ L1[ε, ε′]. The Riemann Liouville integrals Jαε+ f and Jαε′− f of order α > 0 with ε ≥ 0 are
defined by

Jαε+ f (u) =
1

Γ (α)

∫ u

ε
(u − t)α−1 f (t) dt , u > ε

and

Jαε′− f (u) =
1

Γ (α)

∫ ε′

u
(t − u)α−1 f (t) dt , u < ε′

respectively where Γ (α) =
∫
∞

0 e−uuα−1du. Here is J0
ε+ f (u) = J0

ε′− f (u) = f (u) .

In the case of α = 1 the fractional integral reduces to the classical integral.

Definition 1.2. [12] Let ρ ∈ L1[ε, ε′]. The right and the left k−Riemann Liouville integrals J
α
k −1
ε+ ρ and J

α
k −1
ε′− ρ of

order α > 0, k > 0 with ε > 0 are defined by

Jα,ka+ ρ (u) =
1

kΓk (α)

∫ u

ε
(u − t)

α
k −1 ρ (t) dt , u > ε

and

Jα,kε′−ρ (u) =
1

kΓk (α)

∫ ε′

x
(t − u)

α
k −1 ρ (t) dt , u < ε′

Definition 1.3. [7] We say that ρ:I → R is a P-function, or that f belongs to the class P(I), if ρ is a non-negative
function and for all u, v ∈ I, t ∈ [0, 1], we have

ρ(tu + (1 − t)v) ≤ ρ(u) + ρ(v).

P(I) contain all nonnegative monotone convex and quasi convex functions.

Definition 1.4. [12] Let real function f be defined on some nonempty interval I of real line R: The function f is said
to be quasi-convex on I if inequality

ρ(tu + (1 − t)v) ≤ sup{ρ(u);ρ(v)} (QC)

holds for all u; v ∈ I and t ∈ [0; 1]

In [14], M.Zeki Sarıkaya et.all proved the following inequality with connected (1.1) for fractional integrals
using the definition of convexity:

f
(

a + b
2

)
≤

Γ (α + 1)
2 (b − a)α

[
Jαa+ f (b) + Jαb+ f (a)

]
≤

f (a) + f (b)
2

(2)

The aim of this paper is to rewrite inequality written in type (1.2) for the Riemann-Liouville k−fractional,
using the P-convex function. In a way, it is a continuation of my previous works. see[12]

In [12] , we obtained the following lemma for k−Riemann Liouville fractional integrals.

Lemma 1.5. Let ρ: I ⊂ R → R be a function on I ,where η, η′ ∈ I with t ∈ [0, 1] . If ρ ∈ L
[
η, η′

]
, then for all

η ≤ u < v ≤ η′ and α > 0 we have:

ρ (u) + ρ (v)
v − u

+
αΓk (α)

(v − u)
α
k −1

[
Iα,ku+ ρ (v) + Iα,kv− ρ (u)

]
(3)

=

∫ 1

0
(1 − t)

α
k ρ′ (tu + (1 − t) v) dt

+

∫ 1

0
(1 − t)

α
k ρ′ ((1 − t) u + tv) dt.
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for each u, v ∈ [η, η′].
Recently, Mathematicians have been published a huge amount papers for fractional order operators using the

various convex functions, see [1–6, 8–11, 13, 15–18]

2. MAIN RESULTS

Theorem 2.1. Let ρ: S ⊂ R→ R be a function on I ,where η, η′ ∈ S with t ∈ [0, 1] . If ρ′ ∈ L
[
η, η′

]
,

for all η ≤ u < v ≤ η′ and α, k > 0. If ρ′ is p−convex on [u, v]. Then we have the
inequality ∣∣∣∣∣∣ρ (v) + ρ (u)

v − u
+

αΓk (α)

(v − u)
α
k −1

[
Iα,ku+ ρ (v) + Iα,kv− ρ (v)

]∣∣∣∣∣∣ ≤ 2
k

α + k

[∣∣∣ρ′ (u) + ρ′ (v)
∣∣∣] . (4)

Proof. By using properties modulus and the identity in (1.3) with the p convexity of ρ′∣∣∣∣∣∣ρ (v) + ρ (u)
v − u

+
αΓk (α)

(v − u)
α
k −1

[
Iα,ku+ ρ (v) + Iα,kv− ρ (v)

]∣∣∣∣∣∣
≤

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ (tu + (1 − t) v)

∣∣∣ dt +

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ ((1 − t) u + tv)

∣∣∣ dt.

J1 =

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ (tu + (1 − t) v)

∣∣∣ dt

≤

∫ 1

0
(1 − t)

α
k
[∣∣∣ρ′(u)

∣∣∣ +
∣∣∣ρ′(v)

∣∣∣] dt =

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′(u)

∣∣∣ dt +

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′(v)

∣∣∣ dt

=
[∣∣∣ρ′(u)

∣∣∣ +
∣∣∣ρ′(v)

∣∣∣] k
α + k

and

J2 =

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ ((1 − t) u + tv)

∣∣∣ dt

≤

∫ 1

0
(1 − t)

α
k
[∣∣∣ρ′(u)

∣∣∣ +
∣∣∣ρ′(v)

∣∣∣] dt =

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′(u)

∣∣∣ dt +

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′(v)

∣∣∣ dt

=
[∣∣∣ρ′(u)

∣∣∣ +
∣∣∣ρ′(v)

∣∣∣] k
α + k

Then adding J1 and J2 we get the (2.1) inequality.

Corollary 2.2. when α = k = 1 in (2.1) we obtain the inequality∣∣∣∣∣ρ (v) + ρ (u)
2 (v − u)

+

∫ v

u
f (t) dt

∣∣∣∣∣ ≤ [∣∣∣ρ′ (u) + ρ′ (v)
∣∣∣] .

Theorem 2.3. Let ρ: I ⊂ [0,∞)→ R be a differentiable mapping on I ,where η, η′ ∈ I with t ∈ [0, 1] . If ρ′ ∈ L
[
η, η′

]
,

for all η ≤ u < v ≤ η′ and α, k > 0. If
∣∣∣ρ′∣∣∣q is p−convex on [u, v] and q > 1 with 1

p + 1
q = 1 Then we have the
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inequality

|J| ≤ 2
k

α + k

[∣∣∣ρ′ (u)
∣∣∣q +

∣∣∣ρ′ (v)
∣∣∣q] 1

q . (5)

where

J =
ρ (v) + ρ (u)

v − u
+

αΓk (α)

(v − u)
α
k −1

[
Iα,ku+ ρ (v) + Iα,kv− ρ (v)

]
Proof. If we use the lemma (1.3) in view of the properties of modulus and Power Mean inequality with
p−convex of

∣∣∣ρ′∣∣∣q on [u, v], we have

|J1| =

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ (tu + (1 − t) v)

∣∣∣ dt

≤

(∫ 1

0
(1 − t)

α
k dt

) 1
p
(∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ (tu + (1 − t) v)

∣∣∣q dt
) 1

q

=

(∫ 1

0
(1 − t)

α
k dt

) 1
p
(∫ 1

0
(1 − t)

α
k
(∣∣∣ρ′ (u)

∣∣∣q +
∣∣∣ρ′ (v)

∣∣∣q) dt
) 1

q

=
(
α

α + k

) 1
p
(∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ (u)

∣∣∣q dt +

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ (v)

∣∣∣q dt
) 1

q

=
(
α

α + k

) 1
p
[(

α
α + k

) ∣∣∣ρ′ (u)
∣∣∣q +

(
α

α + k

) ∣∣∣ρ′ (v)
∣∣∣q] 1

q

=
(
α

α + k

) 1
p
[(

α
α + k

) (∣∣∣ρ′ (u)
∣∣∣q +

∣∣∣ρ′ (v)
∣∣∣q)] 1

q

=
(
α

α + k

) 1
p
(
α

α + k

) 1
q (∣∣∣ρ′ (u)

∣∣∣q +
∣∣∣ρ′ (v)

∣∣∣q) 1
q

=
(
α

α + k

) (∣∣∣ρ′ (u)
∣∣∣q +

∣∣∣ρ′ (v)
∣∣∣q) 1

q

Similarly

J2 =

∫ 1

0
(1 − t)

α
k
∣∣∣ρ′ ((1 − t) u + tv)

∣∣∣ dt

≤

(
α

α + k

) (∣∣∣ρ′ (u)
∣∣∣q +

∣∣∣ρ′ (v)
∣∣∣q) 1

q

Now, then we obtain

|J| ≤ |J1| + |J2| = 2
(
α

α + k

) (∣∣∣ρ′ (u)
∣∣∣q +

∣∣∣ρ′ (v)
∣∣∣q) 1

q

which proof the inequality (2.2) .

Theorem 2.4. Let ρ:
[
η, η′

]
→ R be a differentiable mapping on

[
η, η′

]
,where η < η′ such that ρ′ ∈ L

[
η, η′

]
If∣∣∣ρ′∣∣∣q is p−convex on [u, v] and η ≤ u < v ≤ η′ and . p > 1 ,with t ∈ [0, 1] . Then we have the∣∣∣∣∣∣ρ (v) + ρ (u)

v − u
+

αΓk (α)

(v − u)
α
k −1

[
Iα,ku+ ρ (v) + Iα,kv− ρ (v)

]∣∣∣∣∣∣ (6)

≤ 2
(

k
αp + k

) 1
p [∣∣∣ρ′ (u)

∣∣∣q +
∣∣∣ρ′ (v)

∣∣∣q] 1
q .
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where 1
p + 1

q = 1, k > 0, α > 1.

Proof. By using the identity that is given in (1.3) with classic hölder inequaliy for each term and the definition
p−convex of

∣∣∣ρ′∣∣∣ , we have ∣∣∣∣∣∣ρ (v) + ρ (u)
v − u

+
αΓk (α)

(v − u)
α
k −1

[
Iα,ku+ ρ (v) + Iα,kv− ρ (v)

]∣∣∣∣∣∣
≤

(∫ 1

0
(1 − t)(

α
k )p dt

) 1
p
(∫ 1

0

∣∣∣ρ′ (tu + (1 − t) v)
∣∣∣q dt

) 1
q

+

(∫ 1

0
(1 − t)(

α
k )p dt

) 1
p
(∫ 1

0

∣∣∣ρ′ ((1 − t) u + tv)
∣∣∣q dt

) 1
q

≤ 2
(

k
k + αp

) 1
p [∣∣∣ρ′ (u)

∣∣∣q +
∣∣∣ρ′ (v)

∣∣∣q] 1
q .

which proof the inequality (2.3) .

Corollary 2.5. Under conditions of Theorem 3 we have∣∣∣∣∣∣ρ (v) + ρ (u)
2 (v − u)

+
αΓk (α)

2 (v − u)
α
k −1

[
Iα,ku+ ρ (v) + Iα,kv− ρ (v)

]∣∣∣∣∣∣ ≤ [∣∣∣ρ′ (u)
∣∣∣q +

∣∣∣ρ′ (v)
∣∣∣q] 1

q

Proof. Since
lim

p→∞ 2
(

k
αp+k

) 1
p

= 2 the result is clear.
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[2] Budak H, Usta F, Sarıkaya MZ, Özdemir ME. On generalization of midpoint type inequalities with generalized fractional integral operators,

RACSAM, https://doi.org/10.1007/s13398-018-0514-z
[3] Dahmani Z. New inequalities in fractional integrals, International Journal of Nonlinear Science, 9(4) (2010), 493-497.
[4] Dahmani Z, On Minkowski and Hermite-Hadamard integral inequalities via fractional integration, Ann. Funct. Anal. 1(1) (2010), 51-58.
[5] Dahmani Z, Tabharit L, Taf S. Some fractional integral inequalities, Nonl. Sci. Lett. A., 1(2) (2010), 155-160.
[6] Dahmani Z, Tabharit L, Taf S. New generalizations of Gruss inequality using Riemann-Liouville fractional integrals, Bull. Math. Anal.

Appl., 2(3) (2010), 93-99.
[7] Dragomir SS, Pearce CEM. Selected Topics on Hermite-Hadamard Inequalities and Applications, RGMIA Monographs, Victoria Univer-

sity,2000. ONLINE: http://rgmia. vu. edu. au/monographs.
[8] Gorenflo R, F. Mainardi F. Essentials of fractional calculus, (2000).
[9] Oldham K, J. Spanier J. The fractional calculus, Academic Press, New York- London, (1974).
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