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Abstract

In this paper we study the non-geodesic non-null biharmonic curves in 3-dimensional hyperbolic
Heisenberg group with a semi-Riemannian metric of index 2. We prove that all of the non-geodesic
non-null biharmonic curves in such a 3-dimensional hyperbolic Heisenberg group are helices.
Moreover, we obtain explicit parametric equations for non-geodesic non-null biharmonic curves
and non-geodesic spacelike horizontal biharmonic curves, respectively. We also show that there do
not exist non-geodesic timelike horizontal biharmonic curves in 3-dimensional hyperbolic

Heisenberg group with a semi-Riemannian metric of index 2.
Keywords: Biharmonic curves, Horizontal curves, Heisenberg group.

3-boyutlu Heisenberg Grubun Biharmonik Egrileri Uzerine

Ozet

Bu calismada indeksi 2 olan bir semi-Riemann metrige sahip 3-boyutlu Heisenberg grubun
jeodezik olmayan non-null biharmonik egrileri ¢alisildi. Bu sekildeki bir 3-boyutlu Heisenberg
grubun jeodezik olmayan non-null biharmonik egrilerinin helis oldugu ispatlandi. Ayrica sirasiyla
jeodezik olmayan non-null biharmonik egriler ve jeodezik olmayan spacelike yatay biharmonik
egriler icin agik parametrik denklemler elde edildi. Indeksi 2 olan bir semi-Riemann metrige sahip
3-boyutlu Heisenberg grup iizerinde jeodezik olmayan timelike yatay biharmonik egrilerin var

olmadig gosterildi.

Anahtar Kelimeler: Biharmonik egriler, Yatay egriler, Heisenberg Grup.



Introduction

In 1964, Eells and Sampson [8] introduced the notion of biharmonic maps as a natural
generalization of the well-known harmonic maps. Thus, while a map ¥ from a compact

Riemannian manifold (M, g) to another Riemannian manifold (N, k) is harmonic if it is a critical

point of the energy functional E(¥) = %fM |d¥|*v,, the biharmonic maps are the critical points of
the bienergy functional E,(Y¥) = %fM |T(‘P)|2vg.

In a different setting, Chen [6] defined biharmonic submanifolds M c E™ of the Euclidean
space as those with harmonic mean curvature vector field, that is AH = 0, where A is the rough
Laplacian, and stated that any biharmonic submanifold of the Euclidean space is harmonic, that is
minimal.

If the definition of biharmonic maps is applied to Riemannian immersions into Euclidean
space, the notion of Chen’s biharmonic submanifold is obtained, so the two definitions agree.

Harmonic maps are characterized by the vanishing of the tension field (W) = traceVd¥,
where V is a connection induced from the Levi-Civita connection VM of M and V¥ is the
pull-back connection. The first variation formula for the bienergy derived in [15, 16] shows that the
Euler-Lagrange equation for the bienergy is

7,(P) = —J(z(¥)) = —A1(¥) — traceR" (d¥,7(¥))d¥ = 0,
where A = —trace(V'V¥ — V) is the rough Laplacian on the sections of W~'TN and
RN(X,Y) = [Vx, Vy] — Vx,y) is the curvature operator on N. From the expression of the bitension
field t,, it is clear that a harmonic map is automatically a biharmonic map. Non-harmonic
biharmonic maps are called proper biharmonic maps.

Of course, the first and easiest examples can be found by looking at differentiable curves in
a Riemannian manifold. Obviously geodesics are biharmonic. So, non-geodesic biharmonic curves
are more interesting. Chen and Ishikawa [5] showed non-existence of proper biharmonic curves
in Euclidean 3-space E3. Moreover they classified all proper biharmonic curves in Minkowski
3-space E3 (see also [13]). Caddeo, Montaldo and Piu showed that on a surface with non-positive
Gaussian curvature, any biharmonic curve is a geodesic of the surface [2]. So they gave a positive
answer to generalized Chen’s conjecture. Caddeo et al. in [3] studied biharmonic curves in the unit
3-sphere. More precisely, they showed that proper biharmonic curves in §3 are circles of geodesic

curvature 1 or helices which are geodesics in the Clifford minimal torus.
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On the other hand, there are several classification results on biharmonic curves in arbitrary
Riemannian manifolds. The biharmonic curves in the Heisenberg group are investigated in [4] by
Caddeo et al. They showed that biharmonic curves in the Heisenberg group are helices, that is
curves with constant geodesic curvature k; and geodesic torsion k,. The authors in [17] studied
non-geodesic horizontal biharmonic curves in 3-dimensional Heisenberg group. The same authors
obtained some results for the Heisenberg Group with left invariant Lorentzian metric and
investigated biharmonic curves in 3-dimensional Lorentzian Heisenberg group (see [18], [19]) . In
[9] Fetcu studied biharmonic curves in the generalized Heisenberg group and obtained two families
of proper biharmonic curves.

In contact geometry, it is well known that a simply connected 3-dimensional Sasakian
space form of constant holomorphic sectional curvature 1 is isometric to S3. So in this context J.
Inoguchi classified in [14] the proper biharmonic Legendre curves and Hopf cylinders in a
3-dimensional Sasakian space form and in [10] the explicit parametric equations were obtained. In
[7], the authors showed that every non-geodesic biharmonic curve in a 3-dimensional Sasakian
space form of constant holomorphic sectional curvature is a helix. T. Sasahara [21], analyzed the
proper biharmonic Legendre surfaces in Sasakian space forms and in the case when the ambient
space is the unit 5-dimensional sphere S° he obtained their explicit representations. A full
classification of proper biharmonic Legendre curves, explicit examples and a method to construct
proper biharmonic anti-invariant submanifolds in any dimensional Sasakian space form were given
in [11]. Furthermore, D. Fetcu [12] studied proper biharmonic non-Legendre curves in a Sasakian
space form.

Motivated by these circumtances, in the present paper we associate a semi-Riemannian
metric of index 2 with a 3-dimensional Heisenberg group and study the non-null biharmonic
curves in such a 3-dimensional Heisenberg group (for short, 7£3). Section 1 is devoted to the some
basic definitions. We also define and characterize a cross product in 3-dimensional Heisenberg
group 3. In section 2 we investigate the necessary and sufficient conditions for a non-null curve
in 3-dimensional Heisenberg group #3 to be non-geodesic biharmonic. In section 3 we prove
that a non-geodesic non-null curve parametrized by arclenght in 3-dimensional Heisenberg group
H3 with the vanishing third component of the binormal vector field cannot be biharmonic. In
section 4, we study the non-geodesic non-null biharmonic helices in 3-dimensional Heisenberg

group with a semi-Riemannian metric of index 2. Moreover, we obtain explicit parametric

60



equations for non-geodesic non-null biharmonic curves in #£;. In the last section, we give explicit
examples of non-geodesic spacelike horizontal biharmonic curves and prove that there do not exist

non-geodesic timelike horizontal biharmonic curves in 3-dimensional Heisenberg group ;.

1. Preliminaries

1.1. Biharmonic Maps

Let (M, g) and (N, h) be Riemannian manifolds and ¥: (M, g) — (N,h) be a smooth
map. The tension field of ¥ (see [8]) is given by t(¥) = traceVd¥, where Vd¥ is the second
fundamental form of ¥ defined by Vd¥(X,Y) = Vid¥(Y) — d¥(V¥Y), X,Y € [(TM). For any
compact domain Q € M, the bienergy is defined by [15, 16]

Ex(¥) =3, [t() [y,
Then a smooth map W is called biharmonic map if it is a critical point of the bienergy functional
for any compact domain Q@ € M. We have for the bienergy the following first variation formula
[15, 16];
%Ez(‘l‘t; D=0 = J, <2(P)w >y,
where v, is the volume element, w is the variational vector field associated to the variation {'¥';}
of ¥ and
7,(¥) = —J(1,(¥)) = —=A't(¥) — traceR" (d¥, 7(¥))d¥.
7,(¥) is called bitension field of ¥. Here A" is the rough Laplacian on the sections of the
pull-back bundle ¥~'TN which is defined by
AV =—3m (VEVEV - Vowe V)V ET(PTITN),
where V¥ is the pull-back connection on the pull-back bundle ¥~'TN and {e;}7, is an
orthonormal frame on M. When the target manifold is semi-Riemannian manifold, the bienergy
and bitension field can be defined in the same way.

Let M be asemi-Riemannian manifold and y:I — M be a non-null curve parametrized by

arclenght. By using the definition of the tension field we have
a
t(y) = Vhdy(;) = VT,
ds

where T =y In this case biharmonic equation for the curve y reduces to (see also [20])
7,(y) = V3T — R(T,V:T)T = 0.
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1.2. 3-dimensional Heisenberg group with a semi-Riemannian metric of index 2

Consider R3 with the group law given by
XX=F+x,5+y,Z+z—%y+5x), (1)
where X = (x,y,2), X = (%,7,2).
Let H3 = (R3g) be 3-dimensional Heisenberg group endowed with the

semi-Riemannian metric g of index 2 which is defined by
g = (dx)? + (dy)? — 5 (dz + 2ydx — 2xdy)>. )
Note that the metric g is left invariant.

We can define an orthonormal basis for the tangent space of 3 by

a 5}

a a a
e1=——2y£, e2=@+2x—,

which is dual to the coframe
o' =dx, 0%=dy, 6°=-dz+ydx—xdy.
Proposition 1.2.1: For the covariant derivatives of the Levi-Civita connection of the left-invariant

metric g defined above, we have

Velel = O, Velez = e3, Vele3 = —éy,
Vezel = —e3, Vezez = 0, Veze3 = —eyq, (4)
Ve,e1 = —e3, Vg6, =—e€;, Vee3=0,

where {eq, e,, e5} is the orthonormal basis for the tangent space given by (3).

Also, we have the following bracket relations

le1, e2] = 2e3, [e1,e3] = [es, €3] = 0. )
The curvature tensor field of V is given by

R(X,Y)Z = VyVyZ — VyVyZ — Vi Z,
while the Riemannian-Christoffel tensor field is

R(X,Y,Z,W) = g(R(X,Y)Z,W),
where X, Y, Z, W € T(TH3}). If we put
Rape = R(eq, €p)ec,

where the indices a, b, c take the values 1, 2, 3. Then the non-zero components of the curvature

tensor field are
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{R121 = 3e;, Ry, =3e;, Ry31 = —e3,
Ri33 = —ey, Ry3y; =e3, Ry33 = —ey.

(6)

Now we shall define a cross product on 3-dimensional Heisenberg group #; for later use

Definition 1.2.2: We define a cross product A on #; by

X AY = —(aybs — azby)e; — (a1b; — azby)e; + (a1b, — azby)es,
where {e;,e,,e;} is an orthonormal basis of H; given by (3) and X = a,e; + aye, + azes,
Y = bie; + bye, + byes € T(T(H3)).

Theorem 1.2.3: The cross product A on 73 has the following properties:
() The cross product is bilinear and anti-symmetric (X AY = =Y A X).
(i) X AY isperpendicular both of X and Y.

@il) e Ney;=e3 e, Nes =—eq, e3Ne; = e,.
(ivy, (XAY)AZ=gX2)Y —g(Y,2)X.
(V) Define a mixed product by
(X,Y,2) = g(X AY,Z),
then we have
(X,Y,Z) = —det(X,Y,Z)
and
X,Y,2) =(Y,Z,X) = (Z,X,Y).
(vi) XAYANZ+ XY AZD)ANX+(ZAX)ANY =0,
forall X, Y, Z € I'(T(33)).

2. Biharmonic curves in 3-dimensional Heisenberg group with a semi-Riemannian metric

of index 2

An arbitrary curve y:1 - 3, y = y(s), in 3-dimensional Heisenberg group H; is
called spacelike, timelike or null (lightlike), if all of its velocity vectors y'(s) are respectively

spacelike, timelike or null (lightlike). If y(s) is a spacelike or timelike curve, we can
reparametrize it such that g (y'(s),y'(s)) = ¢, where ¢ =1 if y is spacelike and e = —1 if y

is timelike, respectively. In this case y(s) is said to be unit speed or arclenght parametrization.

Let y:1 - H; be a non-null curve parametrized by arclenght and {T,N,B} be the
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orthonormal moving Frenet frame along the curve y in #3 such that T = y’ is the unit vector
field tangent to y, N is the unit vector field in the direction VT normal to y and B =T A N.
The mutually orthogonal unit vector fields T, N and B are called the tangent, the principal

normal and the binormal vector fields, respectively. Then we have the following Frenet equations

VTT = klgzN,
VTN = _klng + k283B, (7)
VTB = _kzgzN,

where & = g(T,T), & =g(N,N) and &3 = g(B,B). Here k, =|t(y)| =|V;T| is the
geodesic curvature of y and k, is its geodesic torsion.
From (7) we have
V3T = (—3kiky&16,)T + (kie; — kie; — kykZes)N
+(2ky ka3 + kykye,65)B. (8)
Using (6) one obtains
R(T,VyT)T = ky&;[(—&z85 — 4€,B3)N + (4e3N3B3)B], ©)
where T =T,e; + Tye, + Tze3, N = N;e; + Nye, + Nze; and B=T AN = Bye; + Bye, +
Bse;. Hence we get
T,(y) = (=3kikie16,)T + (kie; — kiey — kykZes + kyes + 4k, BZ)N
+(2k ka3 + kykyey65 — 4ky€,65N3B3)B. (10)

Theorem 2.1: Let y: 1 - 33 be a non-null curve parametrized by arclenght. Then y is a
non-geodesic biharmonic curve if and only if

k, = constant # 0,
k%glgg + k% =1+ 4833%, (11)
k, = N3Bj.

Proof. From (10) it follows that y is biharmonic if and only if

klkyl = 0,
k{gz - kfgl - klk%g3 + k1€3 + 4'le§ = O,
Zkikz + klkrz - 4'k1N333 == 0

If we look for non-geodesic solution of the above system we complete the proof.
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Corollary 2.2: If k; =constant= 0 and k, = 0 for a non-null curve y:1 - #; then y isa

non-geodesic biharmonic curve if and only if k% = &, (&5 + 4B3%) and N;B; = 0.

Proposition 2.3: Let y:1 - H; be a non-geodesic non-null curve parametrized by arclenght. If

k, is constant and N3;B5; # 0, then y is not biharmonic.

Proof. By using (4) and (7) we have
VT = (T, — 2T,Ts)ey + (T, — 2Ty Ts)e, + Tse; (12)
= k,&,N,
which implies that
Ty = kyi&,Ns.
If we put T5(s) = k,F(s) and f(s) = F'(s) we get f(s) = &,N5(s). Then we can write
T = /& + k?F2coshp e; + /&, + k#F2sinhp e, + k,Fes.
From (12) we calculate

kiFf

€1+k%F2

k2Ff
£1+k%F2
+(kq fes. (13)
By taking into account the definition of the geodesic curvature k; and the last equation one can see
that

VT = kye,N = coshf ++/&; + k2F2(B — k,F)sinhf |e,

+ sinhf + /& + k2F2(B — k,F)coshp |e,

\/—slsz—slf 2—€2k%F2

£1+k%F2

B'—kF =tk (14)

If we write (14) in (13) we get

—g185—81f 2—g,k?F2

sinhp + —2

coshpf |e;
\/€1+k%F2 £1+k%F2
\/—8182—£1f z—Ezk%Fz

81+k%F2

&N = i\/

k,Ff

€1+k%Fz

+( £

coshf +

sinhf e, + f e;.
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Since B =T A N, from the definition of the cross product in H; we have

By =+ &5y/—&18, — &1f 2 — £,k3F2, (15)

On the other hand from the Frenet equations we obtain

g(VrN,e3) = ki& T3 — ky&3Bs3.
Using (4) since N = N,e; + N,e, + N3;e; we also have

g(VrN,e3) = =Nz — B,

which implies that

—N; — By = ky&;T; — k,&3Bs5. (16)
By writing N5 = &,f, T3 = k. F and (15) in (16) we get
(f +Kk2e165F)es

k2 - i
\/—Slgz—glfz—gzk%Fz

+ ((:3 - i 8183 % + 83. (17)
3

Now assume that y is biharmonic. Then from the third equation in (11) we write k, = N3B; # 0

which gives

By writing the last equation in (17) and then by integrating we obtain

k22 = i 81833'3% + 2k2€3 + c, (18)
where ¢ is a constant. Also, from the second equation in (11) we have

By comparing (18) and (19) we get
k22(4‘ ; 81) - 8k2€3 = C,
where C = F &, + k? &5 + 4c is a constant, which implies that k, is also a constant. Hence we

obtain a contradiction with the assumption k, # 0. This completes the proof.

Theorem 2.4: Let y: 1 - H3 be a non-geodesic non-null curve parametrized by arclenght. Then

y is biharmonic if and only if

k, = constant # 0,

k, = constant,

N3;B; =0,

kZeie5 + k3 =1+ 4¢3B2,

(20)
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3. Biharmonic helices in 3-dimensional Heisenberg group with a semi-Riemannian metric

of index 2

A non-null curve in a semi-Riemannian manifold having constant both geodesic curvature
and geodesic torsion is called helix. Now we shall investigate the biharmonicity conditions of a
helix in 3-dimensional Heisenberg group. For any helix in ;, the system (11) reduces to

{k%glg3 + k% =1 + 4€3B§,

NyB; =0, (21)

which implies that B; must be a constant.

Proposition 3.1: Let y:1 — #3 be a non-geodesic non-null curve parametrized by arclenght with
B; = 0. Then we have &; = —e, and B is a timelike vector field, where &; = g(T,T) and
& = g(N,N).
Proof. Assume that y:1 — 3} is a non-geodesic non-null curve parametrized by arclenght and
v '(s) = T(s). If y is a spacelike curve then we can write

T = cosha;coshf;e; + cosha;sinhf; e, + sinha; e;. (22)
where a; = a,(s) and S; = B1(s). From (4) the covariant derivative of the unit tangent vector
field T of y, is

VT = (a’lsinhalcoshﬁl + cosha; sinhp, (B — 25inha1)) e,

+ (a’lsinhalsinhﬁl + cosha; coshp; (B; — Zsinhal)) e, + (aycoshay)e;
=k,&,N.
By using the definition of cross product in 3 we also obtain

cosh?a, (B;—2sinha; e,
k4 )

B; =
Now let B; = 0. From the last equation above, since cosha; # 0 then f; — 2sinha; = 0. Thus
we have
VT = a;(sinha,coshB;e; + sinha,sinhp;e, + cosha,es). (23)
We can assume that a; = 0 ( when a; = 0 then we have VT = 0, which implies that y is a
geodesic). Hence we get
ke, = g(VyT,V;T) = (a’l)z(sinhza1 — cosh?a,) = —(a’l)z. (24)

If N isspacelike then k; = 0, which is a contradiction.
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By a similar way, for a timelike curve y, its tangent vector field can be expressed by
T = sinha,coshf,e; + sinha,sinhf,e, + cosha,e;, (25)
where a, = a,(s) and B, = B,(s). From (4) we get
VT = (a'zcoshazcoshﬁz + sinha,sinhf, (B, — 2cosha2)) e,
+ (a’zcoshazsinhﬁz + sinha,coshf, (B, — 2cosha2)) e,

+(aysinha,)e;
= k1£2N.
Next, we have

sinh?a, (B3 —2cosha,) c
2-

B; =TiN, — TN, = Ky

Now assume that B; = 0. If sinha, = 0 then T = e3, thatis, y is a geodesic. So one must have
B, — 2cosha, = 0.
Thus we get
VT = a,(cosha,coshf,e; + cosha,sinhf,e, + sinha,es). (26)
Here we can assume that a, # 0 without loss of generality (when a, = 0 then ¥ becomes a
geodesic again). Then from (26) it follows that
ke, = g(V;T,VT) = (a’z)z(coshzaz — sinh?a,) = (a’z)z. (27)

If N istimelike then k,; = 0, which is a contradiction again. This completes the proof.

Proposition 3.2: Let y:1 — 3 be a non-geodesic non-null curve parametrized by arclenght with
B; = 0. Then k5 = 1 and y cannot be biharmonic.
Proof. Assume that y:1 — 35 is a non-geodesic non-null curve parametrized by arclenght and
¥ (s) = T(s). If y is a spacelike curve then from Proposition 3.1 and (24), N must be timelike
and k; = +a; # 0. Using (22), (23), the first Frenet equation and the definition of cross product
in 7 it follows that

N = F(sinh a;cosh B,e; + sinh a;sinh e, + cosh a;e3),

B =T x N = %(sinh B, e, + cosh B;e,).
From (4) we also have

VrN = F[(ajcosh ajcosh B — sinh B )e;

+(aycosh a;sinh B — cosh B )e, + a;sinh a;es],
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which implies that
k, =g(VyN,B) = —1.
Similarly, if y is a timelike curve then from Proposition 3.1 and (27), we have N is
spacelike and k, = +a5 # 0. Using (26) and the first Frenet equation one obtains
N = *(cosh a,cosh B,e; + cosh a,sinh B,e, + sinh a,es),
B =T X N = %(sinh B,e; + cosh B,e,).
After a straightforward computation we get
V;N = +[(a; sinh a, cosh B, + sinh 8, e,
+(a,sinh a,sinh B, + cosh B, )e, + aycosha,es].
which gives
k,=g(VrN,B) = —1.
The proof is completed.

Thus we have:

Corollary 3.3: Let y: 1 - H; be a non-geodesic non-null biharmonic helix parametrized by
arclenght. Then
B; = constant # 0,
kiejes + k3 =1 + 4e3B3, (28)
N; = 0.
Lemma 3.4: Let y: 1 —» H; be a non-geodesic non-null curve parametrized by arclenght. If
N; = 0 then
T(s) = cosh aycosh f(s)e; + cosh aysinh S(s)e, + sinh aye; (29)
or
T(s) = sinh Yycosh p(s)e; + sinh Jysinh p(s)e, + cosh Yyes, (30)
where «a,, 9, € R.
Proof. Let T be the tangent vector field of y:1 » 3 given by T = T,e; + T,e, + Tze; and
g(T,T) = &. By using (4) we have
V,T = (T, —2T,Ty)e, + (T, — 2T T3)e; + Ty e;
= k&N,

which implies that N; = 0 if and only if T; = constant. Then we complete the proof.
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Theorem 3.5: The parametric equations of all non-geodesic spacelike biharmonic curves y of
H; are
x(s) = écoshaosinh(as +b) + ¢y,
y(s) = icoshaocosh(as +b) + ¢y, (31)
. 1
z(s) =2 (smhao —- (coshao)z) s

+ %coshaocosh(as +b) — Zaﬂcoshaosinh(as + b) + ¢,

where a = sinha + /5(sinhag)?+ 1, b, ¢; ER, (1 < i <3).
Proof. Assume that y:I — H3 be a spacelike non-geodesic curve. Then its tangent vector field is
given by (29). From Gram-Schmidt procedure we have
N(s) = sinhf(s)e; + coshf(s)e;.
By taking covariant derivative of the vector field T we get
VT = coshay(B ' — 2sinhay)(sinhf e; + coshf e,) = k,&;N,
where
ki = |coshay(B " — 2sinhay)|. (32)
Taking into account the cross product in #£5 one obtains
B(s) =T(s) X N(s)
= sinhaycoshf(s)e; + sinhaysinhf(s)e, + coshayes. (33)
Moreover,
VrN = coshfB (B — sinhay)e; + sinhS (B — sinha,)e, + cosha,e;.
From the second Frenet equation, it follows that
k, = sinha,(f " — 2sinha,) — 1. (34)
Then y is a spacelike non-geodesic biharmonic curve if and only if

{,B' = constant # 2sinha, (35)

—ki+k3=1-—4B3
By substituting (32), (34) and B; = cosha,, in the second equation of (35) we get
(B)? — 2B '(sinhay) — 4 — 4(sinhay)? = 0

which gives

B’ = sinha, + /5(sinhay)? + 1 = q,
that is,
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B(s)=as+b, bER.
To find a differential equation system for the non-geodesic spacelike biharmonic curve y(s) =

(x(s),y(s),2z(s)), by using (3) we first note that

9=l (36)

ad
__el+ye3, o7 >

= =e —Xxe
ox 2 3

ay
Therefore since T = Z—’S', we have the following differential equations system
Z—j = coshaycosh(as + b),

Z—Z = coshagsinh(as + b),
& 2sinhag + 2cosha(sinh(as + b)x(s) — cosh(as + b)y(s)).

ds

Integrating the system gives (31). The proof is completed.

Theorem 3.6: The parametric equations of all non-geodesic timelike biharmonic curves y of #;

are
X(s) = ésinhz?osinh(éis + E) +d,,
7(s) = = sinhdycosh(@s + b) + s, (37)
Z(s) =2 (coshﬁo — é (sinhﬁo)z) s

2d; . ~ =\ 2dy . S fa T
+ 7smh19()cosh(as + b) - 7s1nh19051nh(as + b) + ds,

where & = coshd + /5(coshdy)2 — 1, b, d; €R, (1 <i < 3).
Proof. The tangent vector field of a non-geodesic timelike biharmonic curve y:1 - 33 can be
given by (30). From Gram-Schmidt procedure we have
N(s) = sinhp(s)e; + coshp(s)e,,
which implies that N is a timelike vector field. If we take the covariant derivative of the tangent
vector field T it is easy to see that
VT = sinhdy(p — 2coshd,) (sinhp e, + coshp e,)
=ki&,N
and
ky = |sinhdy(p " — 2coshdy)|. (38)
Also we have
B(s) =T(s) X N(s)
= coshyycoshp(s)e; + coshyysinhp(s)e, + sinhd,es. (39)
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In this case it is obvious that y is a spacelike vector field. From (4) we get
VrN = coshp(p ' — coshdy)e; + sinhp(p — coshdy)e, + sinhd,e;.
It follows that
k, = coshdy(B " — 2coshd,) + 1. (40)

Then y is biharmonic if and only if

{p' j conzstant + 2cozsh190, (41)
—ki+k; =1+4Bj3.
Using (38), (40) and B; = sinhd, in the second equation of (41) we get

(p)? —2p'(coshdy) + 4 — 4(coshdy)?> = 0
which gives

p’ = coshdy + /5(coshdy)? — 1 = @,
that is,
p(s)=ds+b, beR.

Since T = Z—’S/, from (36), the differential equations system for the non-geodesic timelike

biharmonic curve y(s) = (X(s),J(s), Z(s)) is the following

% = sinhﬁocosh(ds + 15),

Z—Z = sinhﬁocosh(ds + 5),

Z—j = 2coshd, + 2sinh190(sinh(ds + E)J?(s) - cosh(ds + 15)37(5)).
If we integrate the above system we obtain (37).

From Theorem 3.5 and Theorem 3.6 we also have

Corollary 3.7: Let y: 1 - H; be a non-geodesic non-null curve parametrized by arclenght with

N; = 0. Then we have &; = —e; and N is a timelike vector field, where ¢; = g(T,T) and
&3 = g(B,B)

4 Horizontal Biharmonic curves in 3-dimensional Heisenberg group

2

Let (x,y) = H(,) be anon-integrable two dimensional distribution in R} = Rixy

y X R,
defined by H = ker w, where w is a 1-formon R3. The distribution H is said to be the horizontal
distribution. A curve y = y(s), y(s) = (x(s),y(s),z(s)) is called horizontal curve if y'(s) €

H, (), forall s. By using (36), for a non-null curve y in 3-dimensional Heisenberg group we can
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write

V() =Xty +2() =X e +Y e +wl (g (42)

Then y is a horizontal curve if
Y'(s) =x'()e; + ¥ (Sey, (43)
w(y'(s)) = 2(s) +2x'(5)y(s) — 2x()y (s). (44)

Theorem 4.1: The parametric equations of all non-geodesic spacelike horizontal biharmonic
curves y in H; are
x(s) = tsinh(ts + b) + ¢,
y(s) = tcosh(xs + b) + ¢, (45)
z(s) = +2s + 2c;cosh(xs + b) + 2¢,sinh(+s + b) + c;,
where b, ¢c; €R, (1 <i <3).

Proof. Let y:1 - 3 be a non-geodesic spacelike horizontal biharmonic curve. Since the
tangent vector field of y can be written as T = T,e; + T,e, + Tze; then from (29) and (43) we
have

T5; = sinhay = 0. (46)

By using the last equation in (31) we complete the proof.

Theorem 4.2: There does not exist a non-geodesic timelike horizontal biharmonic curve in 3.
Proof. Assume that y:1 - 33 is a non-geodesic timelike horizontal biharmonic curve. Then we
have N; =0 and T; = 0. Since y is a timelike curve then Corollary 3.7 implies that N is a
timelike and B is a spacelike vector field. Using (4) we have

g(V;T,e5) =T;, g(VrN,e3) = Ny —ToN; + TN, g(VrB,es) = By —ToB +T\B,.  (47)

On the other hand from the Frenet formulas one can easily see that

g(VrT,e3) = —kN3, g(VrN,e3) = kT3 + koB;, g(VrB, e3) = —k,Ns. (48)
It follows from the definition of the cross product in H.3, (47) and (48) that
k2 = 1

Substituting the last equation in (19) we get
—k{ = 4B3,

which is a contradiction. The proof is completed.
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