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TESTING HOMOSKEDASTICITY IN CROSS-SECTIONAL SPATIAL AUTOREGRESSIVE 
MODELS

Osman DOĞAN*, Süleyman TAŞPINAR**

Abstract 

In this paper, we suggest an outer-product-of-gradient (OPG) variant of Lagrange multiplier (LM) test statistic for testing 
homoskedasticity in cross-sectional spatial autoregressive models. We use the OPG method to estimate the asymptotic 
variance of the score functions in a quasi-maximum likelihood (QML) setting. We use the OPG variance estimate to develop a 
robust test statistic in the local presence of spatial parameters. Under some general assumptions, we establish the asymptotic 
distribution of our test statistic under the null and local alternative hypotheses. In a Monte Carlo simulation, we investigate 
the finite sample size and power properties of our test. Our simulation results show that our tests perform well in finite 
samples.  

Keywords: Spatial autoregressive models, Homoscedasticity, Heteroscedasticity, OPG test, Inference.

Jel Codes: C12, C13, C15.

YATAY KESİT MEKÂNSAL OTOREGRESİF MODELLERDE EŞİT YAYILIMIN TEST EDİLMESİ
Öz

Bu çalışmada, yatay-kesit mekânsal otoregresif modellerde eşit yayılımı test etmek için Lagrange çarpanı (LM) test istatistiğinin 
bir dış ürün gradyanı (OPG) varyantını öneriyoruz. Skor fonksiyonlarının asimptotik varyansını sözde-maksimum olabilirlik 
(QML) metodu altında tahmin etmek için OPG yöntemini kullanıyoruz. Mekansal parametrelerin yerel varlığında dirençli 
bir test istatistiği geliştirmek için OPG varyans tahmincisini kullanıyoruz. Bazı genel varsayımlar altında, test istatistiğimizin 
asimptotik dağılımını sıfır ve yerel alternatif hipotezler altında gösteriyoruz. Bir Monte Carlo simülasyonunda, testimizin 
sonlu örnek boyutunu ve güç özelliklerini araştırıyoruz. Simülasyon sonuçlarımız, testlerimizin sonlu örneklerde iyi çalıştığını 
göstermektedir.

Anahtar Kelimeler: Mekansal otoregresif modeller, Eşit yayılım, Farklı yayılım, OPG testleri, Çıkarım.

Jel Kodları: C12, C13, C15.
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1.Introduction 

In this paper, we consider a spatial model that has a spatial lag in the dependent variable and the disturbance 
terms, and develop an outer-product-of-gradient (OPG) variant of Lagrange multiplier (LM) test statistic for 
testing the presence of homoskedasticity in the disturbance terms. As in Breusch & Pagan (1980), we assume 
that heteroskedasticity is induced by some exogenous variables through an unknown function such that the 

variance of the ith disturbance term has the form σi
2 = σ0

2h(zi
′α0), where h is an unknown function and zi is the 

p × 1 vector of heteroskedasticity inducing exogenous variables with the matching parameter vector α0. Under 
the assumption that h(0) = 1, the presence of homoskedasticity can be tested by testing the null hypothesis 
H0
α: α0 = 0. We use the quasi-maximum likelihood (QML) framework to develop our suggested OPG test for 

testing H0
α: α0 = 0, and then establish its asymptotic distribution under the null and the local alternative 

hypotheses. 

Our approach is based on the fact that the score-type functions of spatial models forms a martingale 
difference array. This inherent martingale structure allows us to estimate the asymptotic variance of score-type 
functions by the OPG method. We use this OPG estimate of variance term to form a score-type test statistic for 
testing 𝐻0

𝛼: 𝛼0 = 0. To make our statistic robust to the presence of spatial dependence in the dependent variable 
and/or the disturbance terms, we first show how to adjust the standard score functions. We then determine the 
asymptotic variance of the adjusted score functions to form a quadratic test statistic that has an asymptotic chi-
squared distribution with 𝑝 degrees of freedom under the null hypothesis. Our suggested test has two important 
properties: (i) it is a valid test in the local presence of spatial parameters, and (ii) its computation only requires 
the OLS estimator of a linear regression model. We design a Monte Carlo simulation to investigate the finite 
sample size and power properties of our test statistic. The results show that our test statistic has good finite 
sample properties. 

In the literature, the martingale structure of the score-type functions in spatial models is explored in Kelejian 
& Prucha (2001, 2010) to develop a central limit theorem for spatial processes. Born & Breitung (2011) use the 
OPG variance estimate of score-type functions to derive simple test statistics for testing the presence of a spatial 
lag term in the spatial auto-regressive and spatial error models.1 The simple test statistics suggested in Born & 
Breitung (2011) are equivalent to the one-directional LM tests derived in Burridge (1980) and Anselin  (1988) 
when the disturbance terms are homoskedastic. To improve the finite sample size and power properties of LM 
tests, Baltagi & Yang (2013a, 2013b) suggest the standardized OPG variants of one-directional LM tests by 
correcting the mean and the variance of the standard LM test statistics. In the context of standard panel data 
models, the literature shows that we can improve the performance of the standard LM tests through the 
standardizing process, especially when the asymptotic critical values are used to implement the test (Baltagi et 
al., 1992; Koenker, 1981; Moulton & Randolph, 1989). The simulation results in Baltagi & Yang (2013a, 2013b) 
show that the standardized OPG variants for testing spatial dependence can also perform relatively better in 
finite sample. Jin & Lee (2018) suggest the OPG variants of 𝐶(𝛼)-type tests (Neyman, 1959) in the ML and 
generalized method of moments (GMM) settings for testing the presence of spatial dependence in cross-
sectional spatial autoregressive models. 

As shown in the preceding paragraph, the bulk of literature on testing in spatial econometrics focuses on 
testing the presence of spatial dependence in spatial models. Testing homoskedasticity in the disturbance terms 
of a spatial model has not received much attention in the spatial econometric literature. However, it is important 
to test the presence homoskedasticity in spatial models, since most of the estimators suggested in the literature 
are formulated under the assumption that the disturbance terms are homoskedastic (Kelejian & Prucha, 2010; 
Lee, 2004, 2007; Lin & Lee, 2010; Taşpınar et al., 2019). Anselin  (1988) specifies heteroskedasticity through a 
skedastic function and develops an LM test for testing the presence of homoskedasticity in cross-sectional spatial 
autoregressive models. Baltagi et al. (2020) suggest an adjusted quasi-score method for constructing diagnostic 
tests for homoskedasticity in spatial cross-sectional, static and dynamic panel models. In comparison to the 
testing approaches in Anselin  (1988) and Baltagi et al. (2020), our approach is relatively simple since the 
computation of our test does not require the estimation of spatial parameters.  

 

                                                            
1 There is a growing literature on spatial econometric models. Among others , see Anselin ( 1988), LeSage & Pace (2009) and Elhorst (2014). 
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The rest of this paper is organized as follows. In Section 2, we state our spatial model and show how 
heteroskedasticity is induced through some exogenous variables. In Section 3, we show how our OPG variant of 
LM test can be systematically derived under some general assumptions. We establish the asymptotic distribution 
of our test under both null and local alternative hypotheses. In Section 4, we describe our Monte Carlo design 
and report the simulation results. In Section 5, we conclude and suggest some directions for future studies. Some 
technical details and simulation results are collected in an appendix. 

2. Model Specification  

We consider the following cross-sectional spatial autoregressive model. 

 𝑌 = 𝜆0𝑊𝑌 + 𝑋𝛽0 + 𝑈, 𝑈 = 𝜌0𝑀𝑈 + 𝑉, (2.1) 

where 𝑌 = (𝑦1, 𝑦2, ⋯ , 𝑦𝑛)
′ is the 𝑛 × 1 vector of observations on the dependent variable, 𝑋 is the 𝑛 × 𝑘 

matrix of observations on the exogenous variables with matching parameter vector 𝛽0, 𝑈 = (𝑢1, 𝑢2, … , 𝑢𝑛)
′ is 

the 𝑛 × 1 vector of regression disturbance terms, and 𝑉 = (𝑣1, 𝑣2, ⋯ , 𝑣𝑛)
′ is the 𝑛 × 1 vector of innovation 

(disturbance) terms. The spatial weights matrices that specify spatial dependence among spatial units are 
denoted by 𝑊 and 𝑀. The scalar parameters 𝜆0 and 𝜌0 in (2.1) are called the spatial parameters as they measure 
the degree of spatial dependence among the elements of 𝑌 and 𝑈, respectively. As in Baltagi et al. (2020), we 
assume that the elements of 𝑉 have independent distributions with mean zero and variances specified by the 

skedastic function 𝜎𝑖
2 = 𝜎0

2ℎ(𝑧𝑖
′𝛼0), where ℎ is an unknown smooth function and 𝑧𝑖 is the 𝑝 × 1 vector of 

heteroskedasticity variables with the matching parameter vector 𝛼0. The model is stated with the true parameter 
vector 𝜃0 = (𝛽0

′ , 𝜎0
2, 𝜆0, 𝜌0, 𝛼0

′ )′, and we use 𝜃 = (𝛽′, 𝜎2, 𝜆, 𝜌, 𝛼′)′ to denote any other parameter vector values 
in the parameter space. 

When 𝛼0 = 0 holds, we get 𝜎𝑖
2 = 𝜎0

2ℎ(0). To get a homoskedastic model when 𝛼0 = 0, following Baltagi et 
al. (2020), we further assume that the heteroskedasticity function ℎ satisfies ℎ(0) = 1. Then, the null hypothesis 
for testing homoskedasticity against heteroskedasticity can be stated as 

 𝐻0
𝛼: 𝛼0 = 0. (2.2) 

Our goal, as shown in the next section, is to develop a robust OPG test in the local presence of 𝜆0 and 𝜌0. Let 

𝜙0 = (𝜆0, 𝜌0)
′. Consider the null and local alternative hypotheses 𝐻0

𝜙
: 𝜙0 = 0 and 𝐻1

𝜙
: 𝜙0 = 𝛿𝜙/√𝑛, where 𝛿𝜙 

is a non-stochastic vector of constants. Our suggested test statistic for testing 𝐻0
𝛼 will be valid irrespective of 

whether 𝐻0
𝜙

 or 𝐻1
𝜙

 holds. 

3.The Robust OPG Test 

Let 𝑆(𝜆) = 𝐼𝑛 − 𝜆𝑊, 𝑅 = 𝐼𝑛 − 𝜌𝑀 and 𝐻(𝛼) = Diag(ℎ(𝑧1
′𝛼), ℎ(𝑧2

′𝛼),⋯ , ℎ(𝑧𝑛
′ 𝛼)), where Diag(⋅) forms a 

diagonal matrix from a given input vector. Then, the likelihood function of the model can be derived as 

ln𝐿(𝜃) = −
𝑛

2
ln(2𝜋𝜎2) + ln|𝑆(𝜆)| + ln|𝑅(𝜌)| −

1

2
ln|𝐻(𝛼)| −

1

2𝜎2
𝑉′(𝜃)𝐻−1(𝛼)𝑉(𝜃),  (3.1) 

where 𝑉(𝜃) = 𝑅(𝜌)𝑆(𝜆)𝑌 − 𝑅(𝜌)𝑋𝛽 and | ⋅ | denotes the determinant operator. Let 𝑆𝑎(𝜃) =
𝜕ln𝐿(𝜃)

𝜕𝑎
 for 𝑎 ∈

{𝛽0, 𝜎0
2, 𝜆0, 𝜌0, 𝛼0} and ℎ̇(𝑥) =

𝑑ℎ(𝑥)

𝑑𝑥
. Using (3.1), under both 𝐻0

𝛼 and 𝐻0
𝜙

, it can be shown that 

 
𝑆𝛽(𝜃0) =

1

𝜎0
2 𝑋

′𝑉(𝜃0),  𝑆𝜎2(𝜃0) =
1

2𝜎0
4 𝑉

′(𝜃0)𝑉(𝜃0) −
𝑛

2𝜎0
2 ,  

 

 
𝑆𝜆(𝜃0) =

1

𝜎0
2 𝑉

′(𝜃0)𝑊𝑌, 𝑆𝜌(𝜃0) =
1

𝜎0
2 𝑉

′(𝜃0)𝑀𝑉(𝜃0), 
(3.2) 
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 𝑆𝛼(𝜃) =

1

2𝜎0
2 ℎ̇(0)∑(

𝑛

𝑖=1

𝑣𝑖
2 − 𝜎0

2)𝑧𝑖 , 
 

where ℎ̇(0) is a constant term which will vanish from our test statistic. Let 𝑆(𝜃0) =

(𝑆𝛽
′ (𝜃0), 𝑆𝜎2(𝜃0), 𝑆𝜆(𝜃0), 𝑆𝜌(𝜃0), 𝑆𝛼

′ (𝜃))
′
. Then, the score functions in (3.2) can be expressed as 

 

 

𝑆(𝜃0) =

(

 
 
 

𝛱1
′𝑉(𝜃0)

𝑉′(𝜃0)𝛷1𝑉(𝜃0) − 𝐸(𝑉
′(𝜃0)𝛷1𝑉(𝜃0))

𝑉′(𝜃0)𝛷2𝑉(𝜃0) − 𝐸(𝑉
′(𝜃0)𝛷2𝑉(𝜃0)) + 𝑉

′(𝜃0)𝛱2
𝑉′(𝜃0)𝛷3𝑉(𝜃0) − 𝐸(𝑉

′(𝜃0)𝛷3𝑉(𝜃0))
1

2𝜎0
2 ℎ̇(0)∑ (𝑛

𝑖=1 𝑣𝑖
2 − 𝜎0

2)𝑧𝑖 )

 
 
 

, (3.3) 

where 𝛱1 = 𝑋/𝜎0
2, 𝛱2 = 𝑊𝑋𝛽0/𝜎0

2, 𝛷1 = 𝐼𝑛/2𝜎0
4, 𝛷2 = 𝑊/𝜎0

2 and 𝛷3 = 𝑀/𝜎0
2. For any 𝑛 × 𝑛 matrix 𝛷, 

consider the following decomposition: 𝛷 = 𝛷𝑢 + 𝛷𝑑 +𝛷𝑙, where 𝛷𝑢 is the strictly upper triangular matrix, 𝛷𝑙 
is the strictly lower triangular and 𝛷𝑑 is the diagonal matrix. Thus, the quadratic form 𝑉′(𝜃0)𝛷𝑉(𝜃0) can be 
written as 𝑉′(𝜃0)𝛷𝑉(𝜃0) = 𝑉

′(𝜃0)(𝛷
𝑢 + 𝛷𝑙 +𝛷𝑑)𝑉(𝜃0) = 𝑉

′(𝜃0)𝜉(𝜃0) + 𝑉
′(𝜃0)𝛷

𝑑𝑉(𝜃0), where 𝜉(𝜃0) =
(𝛷𝑢′ + 𝛷𝑙)𝑉(𝜃0). Thus, we can express the zero-mean quadratic term 𝑉′(𝜃0)𝛷𝑉(𝜃0) − 𝐸(𝑉

′(𝜃0)𝛷𝑉(𝜃0)) as 

 
𝑉′(𝜃0)𝛷𝑉(𝜃0) − 𝐸(𝑉

′(𝜃0)𝛷𝑉(𝜃0)) =∑(𝑣𝑖𝜉𝑖 + (𝑣𝑖
2 − 𝜎0

2)𝜙𝑖𝑖)

𝑛

𝑖=1

=∑𝑔𝑖

𝑛

𝑖=1

(𝜃0), 
 

where 𝑔𝑖(𝜃0) = (𝑣𝑖𝜉𝑖 + (𝑣𝑖
2 − 𝜎0

2)𝜙𝑖𝑖), 𝜉𝑖  is the 𝑖th element of 𝜉(𝜃0) and 𝜙𝑖𝑖 is the (𝑖, 𝑖)th element of 𝛷. 
Thus, the zero-mean quadratic terms 𝑉′(𝜃0)𝛷𝑟𝑉(𝜃0) − 𝐸(𝑉

′(𝜃0)𝛷𝑟𝑉(𝜃0)) in (3.3), for 𝑟 = 1,2,3, can be 

expressed as 𝑉′(𝜃0)𝛷𝑟𝑉(𝜃0) − 𝐸(𝑉
′(𝜃0)𝛷𝑟𝑉(𝜃0)) = ∑ 𝑔𝑟𝑖

𝑛
𝑖=1 (𝜃0), where 𝑔𝑟𝑖(𝜃0) = (𝑣𝑖𝜉𝑟,𝑖 + (𝑣𝑖

2 − 𝜎0
2)𝜙𝑟,𝑖𝑖) 

and 𝜉𝑟,𝑖 is the 𝑖th element of 𝜉𝑟(𝜃0) = (𝛷𝑟
𝑢′ +𝛷𝑟

𝑙)𝑉(𝜃0). This exposition indicates that we can express 𝑆(𝜃0) in 

the following way: 

 
𝑆(𝜃0) =∑𝑔𝑖

𝑛

𝑖=1

(𝜃0), (3.4) 

where 𝑔𝑖(𝜃0) = (𝑔𝑖,𝛽
′ (𝜃0), 𝑔𝑖,𝜎2(𝜃0), 𝑔𝑖,𝜆(𝜃0), 𝑔𝑖,𝜌(𝜃0), 𝑔𝑖,𝛼

′ (𝜃0))
′
 with 𝑔𝑖,𝛽(𝜃0) = 𝛱1𝑖

′ 𝑣𝑖, 𝑔𝑖,𝜎2(𝜃0) =

𝑔1𝑖(𝜃0), 𝑔𝑖,𝜆(𝜃0) = 𝑔2𝑖(𝜃0) + 𝛱2𝑖𝑣𝑖, 𝑔𝑖,𝜌(𝜃0) = 𝑔3𝑖(𝜃0) and 𝑔𝑖,𝛼(𝜃0) =
1

2𝜎0
2 ℎ̇(0)(𝑣𝑖

2 − 𝜎0
2)𝑧𝑖. It follows that the 

sequence {𝑔𝑖(𝜃0), 𝔉𝑖} forms a martingale difference sequence (Baltagi et al., 2020; Jin & Lee, 2019; Kelejian & 
Prucha, 2001), where {𝔉𝑖} is the increasing sequence of 𝜎-fields generated by (𝑣1, ⋯ , 𝑣𝑖) for 𝑖 = 1,⋯ , 𝑛. 
Therefore, the variance of 𝑆(𝜃0), 𝐾 = Var(𝑆(𝜃0)) = ∑ 𝐸𝑛

𝑖=1 (𝑔𝑖(𝜃0)𝑔𝑖
′(𝜃0)), can be estimated by its sample 

analogue 𝐾 = ∑ 𝑔𝑖
𝑛
𝑖=1 (�̃�)𝑔𝑖

′(�̃�), where �̃� is a constrained consistent estimator of 𝜃0 under 𝐻0
𝛼 and 𝐻0

𝜙
. That is, 

1

𝑛
𝐾 =

1

𝑛
𝐾 + 𝑜𝑝(1). 

Let 𝐽𝑎𝑏 = −𝐸 (
𝜕2ln𝐿(𝜃0)

𝜕𝑎𝜕𝑏′
) for 𝑎, 𝑏 ∈ {𝛽, 𝜎2, 𝜆, 𝜌, 𝛼}. Let �̃� be the constrained estimator of  𝜃0 under 𝐻0

𝛼 and 𝐻0
𝜙

. 

Then, the sample analogues of 𝐽𝑎𝑏 terms under 𝐻0
𝛼 and 𝐻0

𝜙
 can be derived as 

 
𝐽𝛼𝛽 =

1

�̃�2
((𝑙𝑝

′ ⊗ �̃�)⊙ 𝑍)′𝑋, 𝐽𝛼𝜎2 =
1

2�̃�0
4 𝑍

′Diag(�̃��̃�′),  

 
𝐽𝛼𝜆 =

1

�̃�2
𝑍′((𝑊𝑌)⊙ �̃�), 𝐽𝛼𝜌 =

1

�̃�2
𝑍′((𝑊𝑌 −𝑊𝑋𝛽)⊙ �̃�), 
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𝐽𝛽𝛽 =

1

�̃�2
𝑋′𝑋, 𝐽𝛽𝜎2 =

1

�̃�4
𝑋′�̃�, 𝐽𝛽𝜆 =

1

�̃�2
𝑋′𝑊𝑌, 

 
𝐽𝜎2𝜎2 =

1

�̃�6
‖�̃�‖2 −

𝑛

2�̃�4
, 𝐽𝜎2𝜆 =

1

�̃�4
�̃�′𝑊𝑌, 𝐽𝜎2𝜌 =

1

�̃�4
�̃�′𝑀�̃�, 

 
𝐽𝜆𝜆 =

1

�̃�2
‖𝑊𝑌‖2 + tr(𝑊2), 𝐽𝜆𝜌 =

1

�̃�2
𝑌′𝑊′𝑀𝑠�̃�, 𝐽𝜌𝜌 =

1

�̃�2
‖𝑀�̃�‖2, 

where 𝑙𝑝 is the 𝑝 × 1 vector of ones, �̃� = 𝑉(�̃�) = 𝑌 − 𝑋𝛽, 𝑍 = (𝑧1, 𝑧2, ⋯ , 𝑧𝑛)
′ is the 𝑛 × 𝑝 matrix of 

observations on the heteroskedastic variables, 𝐴𝑠 = 𝐴 + 𝐴′ for any square matrix 𝐴, ⊗ denotes the Kronecker 
product, ⊙ denotes the Hadamart product, tr(⋅) is the trace operator, and ‖ ⋅ ‖ is the Euclidean norm. 

Let 𝛾 = (𝛽′, 𝜎2)′, and define 𝐽𝑎⋅𝑏 = 𝐽𝑎𝑎 − 𝐽𝑎𝑏𝐽𝑏𝑏
−1𝐽𝑏𝑎 and 𝐽𝑎𝑏⋅𝑐 = 𝐽𝑎𝑏(𝜃0) − 𝐽𝑎𝑐𝐽𝑐𝑐

−1𝐽𝑐𝑏 for 𝑎, 𝑏, 𝑐 ∈ {𝛾, 𝜙, 𝛼}. 

Our suggested test for testing 𝐻0
𝛼 is formulated with 𝑆𝛼(�̃�). In order to get an asymptotic null distribution for 

𝑆𝛼(�̃�) that is centered around zero in the local presence of 𝜙0, we need to adjust this score function. In our 
setting, it can be shown that the adjusted score function takes the following form (for details see the proof of 
Theorem 1). 

 𝑆𝛼
∗(�̃�) = 𝑆𝛼(�̃�) − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝑆𝜙(�̃�). (3.5) 

Note that 𝑆𝛼
∗(�̃�) reduces to the standard score function 𝑆𝛼(�̃�) when 𝐽𝛼𝜙⋅𝛾 = 0 holds. Assume that 𝐾 is 

partitioned into sub-matrices 𝐾𝑎𝑏 according to the dimensions of 𝑎 and 𝑏, where 𝑎, 𝑏 ∈ {𝛾, 𝜙, 𝛼}. Then, our 

suggested robust test statistic is formulated with 𝑆𝛼
∗(�̃�) and is given by 

 𝑇 = 𝑆𝛼
∗′(�̃�)�̃�𝛼⋅𝛾

−1𝑆𝛼
∗(�̃�), (3.6) 

where 

 �̃�𝛼⋅𝛾 = �̃�𝛼⋅𝛾 + 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾
−1 �̃�𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝐽𝜙𝛼⋅𝛾 − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾
−1 �̃�𝜙𝛼⋅𝛾 − �̃�𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝐽𝜙𝛼⋅𝛾, (3.7) 

with 

 �̃�𝛼⋅𝛾 = 𝐾𝛼𝛼 + 𝐽𝛼𝛾𝐽𝛾𝛾
−1𝐾𝛾𝛾𝐽𝛾𝛾

−1𝐽𝛾𝛼 − 𝐾𝛼𝛾𝐽𝛾𝛾
−1𝐽𝛾𝛼 − 𝐽𝛼𝛾𝐽𝛾𝛾

−1𝐾𝛾𝛼 , (3.8) 

 �̃�𝛼𝜙⋅𝛾 = 𝐾𝛼𝜙 − 𝐽𝛼𝛾𝐽𝛾𝛾
−1𝐾𝛾𝜙 − 𝐾𝛼𝛾𝐽𝛾𝛾

−1𝐽𝛾𝜙 + 𝐽𝛼𝛾𝐽𝛾𝛾
−1�̃�𝛾𝛾𝐽𝛾𝛾

−1𝐽𝛾𝜙, (3.9) 

 �̃�𝜙⋅𝛾 = 𝐾𝜙𝜙 + 𝐽𝜙𝛾𝐽𝛾𝛾
−1�̃�𝛾𝛾𝐽𝛾𝛾

−1𝐽𝛾𝜙 − 𝐾𝜙𝛾𝐽𝛾𝛾
−1𝐽𝛾𝜙 − 𝐽𝜙𝛾𝐽𝛾𝛾

−1�̃�𝛾𝜙, (3.10) 

 �̃�𝜙𝛼⋅𝛾 = 𝐾𝜙𝛼 − 𝐽𝜙𝛾𝐽𝛾𝛾
−1�̃�𝛾𝛼 − 𝐾𝜙𝛾𝐽𝛾𝛾

−1𝐽𝛾𝛼 + 𝐽𝜙𝛾𝐽𝛾𝛾
−1𝐾𝛾𝛾𝐽𝛾𝛾

−1𝐽𝛾𝛼. (3.11) 

To establish the asymptotic null distribution of our suggested test in (3.6), we need the following 
assumptions. 

Assumption 1: The disturbance terms {𝑣𝑖}𝑖=1
𝑛  are independent with means zero and variances 𝜎𝑖

2 =
𝜎0
2ℎ(𝑧𝑖

′𝛼0). Furthermore, 𝐸|𝑣𝑖|
4+𝜅 < ∞ for some 𝜅 > 0. 

Assumption 2: The spatial weights matrices 𝑊 and 𝑀 are uniformly bounded in both row and column sums 
in absolute value. 

Assumption 3: The exogenous variables in 𝑋 and 𝑍 are non-stochastic and are uniformly bounded, and the 

limit lim𝑛→∞
1

𝑛
𝑋′𝑋 exists and is non-singular. 

Assumption 1 specifies the distribution of the disturbance terms. We need the moment condition 𝐸|𝑣𝑖|
4+𝜅 <

∞ for some 𝜅 > 0 in order to use the central limit theorem in Kelejian & Prucha (2001, 2010)  for the linear and 
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quadratic forms of the disturbance terms. Assumptions 2 and 3 are standard assumptions in the spatial 
econometric literature, e.g., among others, see Kelejian & Prucha (2010) and Lee (2004). To show the asymptotic 
null distribution of their suggested tests,  Baltagi et al. (2020) further assume that 𝑆−1(𝜆) and 𝑅−1(𝜌) are 
uniformly bounded in both row and column sums in absolute value, uniformly in 𝜙 over a neighborhood of 𝜙0. 
In our setting we do not need this restrictive assumption as our vector of score functions and our expressions on 
𝐽𝑎𝑏(𝜃0) terms do not involve 𝑆−1(𝜆) and 𝑅−1(𝜌). 

The following theorem shows the asymptotic distribution of our test 𝑇 under 𝐻1
𝛼: 𝛼0 = 𝛿𝛼/√𝑛, where 𝛿𝛼 is 

a non-stochastic vector of bounded constants.  

 Theorem 1: Assume that Assumptions 1-3 hold. Then, under 𝐻1
𝛼: 𝛼0 = 𝛿𝛼/√𝑛 and irrespective of 𝐻0

𝜙
 and 𝐻1

𝜙
, 

it follows that 

 𝑇 ∼
𝐴
𝜒𝑝
2(𝜗), (3.12) 

where 𝜒𝑝
2(𝜗) is the chi-squared distribution with 𝑝 degrees of freedom and the non-centrality parameter 

 𝜗 = 𝛿𝛼
′ (𝐽𝛼⋅𝛾 − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝐽𝜙𝛼⋅𝛾)
′
𝐷𝛼⋅𝛾
−1 (𝐽𝛼⋅𝛾 − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝐽𝜙𝛼⋅𝛾)𝛿𝛼/𝑛. (3.13) 

Proof: See Appendix A. 

Theorem 1 shows that the asymptotic distribution of 𝑇 under 𝐻1
𝛼: 𝛼0 = 𝛿𝛼/√𝑛 is 𝜒𝑝

2(𝜗) irrespective of 

whether 𝐻0
𝜙

 or 𝐻1
𝜙

 holds. Thus, the asymptotic null distribution of our test, i.e, when 𝛿𝛼 = 0 holds, is 𝜒𝑝
2. That 

is, we can use the critical values from the 𝜒𝑝
2 distribution to implement our test.  Note that our test statistic 

simplifies significantly if 𝐽𝛼𝜙⋅𝛾 = 0 holds. In that case, the test statistic takes the following form 

𝑇 = 𝑆′(�̃�)�̃�𝛼⋅𝛾
−1𝑆(�̃�). 

The asymptotic distribution of this simplified version under 𝐻1
𝛼: 𝛼0 = 𝛿𝛼/√𝑛 will be 𝑇 ∼

𝐴
𝜒𝑝
2(𝜗), where 𝜗 =

𝛿𝛼
′ 𝐽𝛼⋅𝛾
′ 𝐵𝛼⋅𝛾

−1 𝐽𝛼⋅𝛾𝛿𝛼. However, this simplified version is invalid in our case since 𝐽𝛼𝜙⋅𝛾 ≠ 0. 

Remark 1: Our suggested test statistic in (3.6) is formulated with �̃� = (𝛽′, �̃�2, 0,0, 0′)′, which is the 

constrained estimator obtained under 𝐻0
𝛼 and 𝐻0

𝜙
. Note that under 𝐻0

𝛼 and 𝐻0
𝜙

, our model reduces to 𝑌 = 𝑋𝛽0 +

𝑉. Thus, we can use the OLS estimator 𝛽 = (𝑋′𝑋)−1𝑋′𝑌 and �̃�2 = �̃�′�̃�/(𝑛 − 𝑘) to calculate our test statistic. On 
the other hand, the test statistics suggested in Baltagi et al. (2020) require the estimation of 𝜙0 by a non-linear 
optimization routine. Thus, it is clear that our approach has a computational advantage over the approach 
suggested in Baltagi et al. (2020). 

4.Monte Carlo Simulations 

To investigate the finite sample size and power properties of our suggested test, we conduct Monte Carlo 
simulations in this section. We consider the following data generating process 

 𝑌 = 𝜆0𝑊𝑌 + 𝛽0𝑙𝑛 + 𝛽1𝑋 + 𝑈, 𝑈 = 𝜌0𝑀𝑈 + 𝑉,  

where 𝑙𝑛 is the 𝑛 × 1 vector of ones. We set 𝛽0 = 5, 𝛽1 = 1 and 𝑊 = 𝑀. The spatial autoregressive 
parameters take values from {0,0.1,0.2,0.5}. We use two specifications for the spatial weights matrix: (i) the rook 

contiguity and (ii) the queen contiguity. To this end, the 𝑛 spatial units are randomly allocated into √𝑛 × √𝑛 
square lattice graph. In the rook contiguity case, 𝑤𝑖𝑗 = 1 if the 𝑗’th observation is adjacent (left/right/above or 

below) to the 𝑖’th observation on the graph. In the queen contiguity case, 𝑤𝑖𝑗 = 1 if the 𝑗’th observation is 

adjacent to, or shares a border with the 𝑖’th observation. Both weights matrices are row normalized so that each 
row sums to unity. The sample size 𝑛 takes three values {169,361,529}. We generate 𝑋 according to 𝑋 ∼

𝑁(0𝑛×1, 𝐼𝑛). The heteroskedasticity is generated according to 𝜎𝑖
2 = 𝜎0

2exp(𝑧𝑖𝛼0), where 𝜎0
2 = 1, 𝑧𝑖 = 𝑥𝑖 and 

𝛼0 ∈ {0,1}. Thus, we will investigate the empirical size properties of our test under the case of 𝛼0 = 0, and the 
empirical power properties under the case of 𝛼0 = 1. The disturbance terms are drawn independently as 𝑣𝑖 ∼

𝜎𝑖𝜖𝑖, where (i) 𝜖𝑖 ∼ 𝑁(0,1) and (ii) 𝜖𝑖 ∼ (𝜒3
2 − 3)/√6. We set the number of repetitions to 1000 and use the 

nominal sizes {10%, 5%, 1%} to calculate the empirical rejection rates in all cases. 
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The Monte Carlo results are summarized in Tables 1-4 for the rook contiguity case. To save space, we present 
the results for the queen contiguity case in Appendix B. The empirical size properties of the proposed test can 
be evaluated from the results in Tables 1 and 2. The first row in the first panel of Table 1 shows that when there 
are no spatial effects the empirical size of the proposed test statistic is close the nominal levels chosen. In this 
panel, we observe that the test still performs well when there is spatial dependence in the error terms. As 
expected though, as the value of the 𝜌 becomes quite large, the test becomes oversized. The first rows in panels 
2, 3 and 4 can be used to evaluate the empirical size of the test when there is spatial dependence in the outcome 
variable. We observe that the empirical size of the test statistic is satisfactory but deteriorates as the value of 𝜆 
becomes large. The remaining rows in panels 2, 3 and 4 can be used to evaluate the size properties of the test 
when there is spatial dependence in the outcome variable and the error terms. We observe that the test statistic 
performs well. For example, when 𝜆 = 0.2, 𝜌 = 0.1 and 𝑛 = 361, at the 5% level, the empirical size of the test 
is about 6.1%. As expected though, when both 𝜆 and 𝜌 become very large, the test becomes oversized. The 
overall findings from Table 2 are similar, but the rejection rates are slightly higher when the error terms are 
generated from the chi-squared distribution as opposed to the standard normal distribution. Although the 
proposed test statistic is asymptotically robust to non-normality of the error terms, in finite samples its behavior 
may be affected when the sample size is quite small. The empirical power properties of the test statistic can be 
assessed from the results in Tables 3 and 4. In both tables, we observe that the proposed test has the satisfactory 
power and rejects the false null hypothesis with probability close to one. The results seem robust to non-
normality of the error terms as well. As expected, the empirical power of the test increases as the sample size 
increases. 

Table 1 Empirical size properties: Rook contiguity case and  𝝐𝒊 ∼  𝑵(𝟎, 𝟏) 

  n=169 n=361 n=529 

𝝀 𝝆 10% 5% 1% 10% 5% 1% 10% 5% 1% 

0 0 0.112 0.064 0.017 0.091 0.048 0.007 0.114 0.067 0.016 

0 0.1 0.107 0.056 0.008 0.102 0.045 0.01 0.114 0.056 0.013 

0 0.2 0.127 0.068 0.01 0.121 0.058 0.012 0.123 0.071 0.014 

0 0.5 0.195 0.128 0.045 0.168 0.095 0.029 0.169 0.104 0.041 

 

0.1 0 0.111 0.061 0.017 0.094 0.048 0.018 0.114 0.06 0.015 

0.1 0.1 0.115 0.063 0.014 0.113 0.058 0.017 0.106 0.065 0.015 

0.1 0.2 0.146 0.083 0.022 0.127 0.077 0.02 0.131 0.066 0.015 

0.1 0.5 0.193 0.12 0.044 0.197 0.133 0.049 0.191 0.128 0.031 

 

0.2 0 0.131 0.064 0.014 0.115 0.062 0.012 0.112 0.064 0.016 

0.2 0.1 0.127 0.07 0.017 0.114 0.061 0.009 0.12 0.061 0.018 

0.2 0.2 0.149 0.086 0.02 0.126 0.07 0.016 0.137 0.079 0.018 

0.2 0.5 0.214 0.142 0.064 0.203 0.135 0.052 0.208 0.135 0.054 

 

0.5 0 0.205 0.134 0.049 0.194 0.113 0.035 0.193 0.117 0.039 

0.5 0.1 0.215 0.135 0.052 0.205 0.134 0.048 0.215 0.134 0.05 

0.5 0.2 0.245 0.185 0.092 0.241 0.169 0.068 0.271 0.19 0.092 

0.5 0.5 0.495 0.427 0.303 0.489 0.406 0.271 0.473 0.4 0.266 
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Table 2 Empirical size properties: Rook contiguity case and  𝝐𝒊 ∼ (𝝌𝟑
𝟐 − 𝟑)/𝟔 

  n=169 n=361 n=529 

𝝀 𝝆 10% 5% 1% 10% 5% 1% 10% 5% 1% 

0 0 0.128 0.069 0.024 0.138 0.073 0.014 0.129 0.076 0.015 

0 0.1 0.162 0.085 0.026 0.142 0.082 0.017 0.136 0.069 0.02 

0 0.2 0.186 0.117 0.029 0.145 0.08 0.018 0.157 0.079 0.022 

0 0.5 0.22 0.144 0.056 0.181 0.108 0.035 0.18 0.096 0.021 

 

0.1 0 0.157 0.091 0.03 0.15 0.089 0.031 0.118 0.069 0.024 

0.1 0.1 0.139 0.082 0.025 0.14 0.082 0.022 0.135 0.072 0.019 

0.1 0.2 0.225 0.145 0.046 0.159 0.093 0.023 0.17 0.091 0.028 

0.1 0.5 0.243 0.157 0.058 0.242 0.158 0.068 0.225 0.148 0.064 

 

0.2 0 0.169 0.111 0.031 0.147 0.085 0.029 0.139 0.073 0.021 

0.2 0.1 0.211 0.136 0.037 0.16 0.084 0.025 0.146 0.081 0.024 

0.2 0.2 0.207 0.128 0.038 0.171 0.104 0.031 0.169 0.097 0.029 

0.2 0.5 0.322 0.248 0.113 0.279 0.195 0.093 0.256 0.178 0.084 

 

0.5 0 0.248 0.167 0.065 0.259 0.175 0.077 0.265 0.172 0.06 

0.5 0.1 0.307 0.213 0.115 0.278 0.191 0.082 0.283 0.185 0.076 

0.5 0.2 0.328 0.252 0.132 0.333 0.248 0.126 0.341 0.269 0.129 

0.5 0.5 0.586 0.52 0.391 0.542 0.459 0.344 0.535 0.448 0.316 

 
Table 3 Empirical power properties: Rook contiguity case and  𝝐𝒊 ∼ 𝑵(𝟎, 𝟏) 

    n=169 n=361 n=529 

𝝀 𝝆 10% 5% 1% 10% 5% 1% 10% 5% 1% 

0 0 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

0 0.1 0.999 0.995 0.995 1.000 1.000 1.000 1.000 1.000 1.000 

0 0.2 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

0 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

 

0.1 0 0.997 0.996 0.995 0.998 0.998 0.998 1.000 1.000 1.000 

0.1 0.1 0.995 0.994 0.993 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0.5 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

 

0.2 0 0.999 0.999 0.998 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

 

0.5 0 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
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Table 4 Empirical size properties: Rook contiguity case and  𝝐𝒊 ∼ (𝝌𝟑
𝟐 − 𝟑)/𝟔 

    n=169 n=361 n=529 

𝝀 𝝆 10% 5% 1% 10% 5% 1% 10% 5% 1% 

0 0 0.998 0.996 0.989 1.000 1.000 0.998 1.000 1.000 1.000 

0 0.1 0.998 0.998 0.993 1.000 1.000 0.998 1.000 1.000 1.000 

0 0.2 0.998 0.997 0.993 1.000 1.000 1.000 1.000 1.000 1.000 

0 0.5 1.000 0.999 0.990 1.000 1.000 1.000 1.000 1.000 1.000 

 

0.1 0 0.997 0.997 0.988 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0.1 0.999 0.998 0.986 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0.2 0.999 0.998 0.994 1.000 1.000 0.999 1.000 1.000 1.000 

0.1 0.5 1.000 1.000 0.997 1.000 1.000 1.000 1.000 1.000 1.000 

 

0.2 0 0.999 0.997 0.987 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.1 1.000 0.999 0.993 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.2 0.999 0.998 0.990 1.000 1.000 0.999 1.000 1.000 1.000 

0.2 0.5 0.999 0.999 0.997 1.000 1.000 1.000 1.000 1.000 1.000 

 

0.5 0 1.000 0.999 0.998 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.5 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

5.Conclusion 

It is important to test the presence of homoskedasticity in spatial models because the conventional 
estimators suggested in the literature are usually formulated under the assumption of homoskedastic 
disturbance terms. In this paper, we suggested an outer-product-of-gradient (OPG) variant of Lagrange multiplier 
(LM) test statistic for testing homoskedasticity in a spatial model that has a spatial lag term in the dependent 
variable and the disturbance terms. Our suggested test is simple to compute since its computation only requires 
the OLS estimator of a linear regression model. More importantly, the implementation of our test does not 
require knowing whether or not spatial dependence is present in the dependent variable and/or the disturbance 
terms. That is, our test statistic is robust to the (local) presence of a spatial lag in the dependent variable and the 
disturbance terms. We designed a Monte Carlo simulation to assess the finite sample properties of our suggested 
test. Our simulation results attest that our test statistic has good finite sample size and power properties.  

For a cross-sectional spatial autoregressive model, we first showed how to adjust the score function, and 
then how to determine the asymptotic variance of the adjusted score function to formulate a valid test statistic. 
The same approach can also be used to develop test statistics for some other popular spatial models, including 
(i) spatial models with endogenous weights matrices, (ii) higher order spatial autoregressive models, and (iii) 
matrix exponential spatial models. The same approach can also be used to develop test statistics for static and 
dynamic spatial panel data models with fixed or interactive effects. All of these extensions can be explored in 
future studies. 
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Appendix 

A. Proof of Theorem 1 

We start with the mean value expansions of 
1

√𝑛
𝑆𝛼(�̃�), 

1

√𝑛
𝑆𝜙(�̃�) and 

1

√𝑛
𝑆𝛾(�̃�) around 𝜃0 when both 𝐻1

𝛼: 𝛼0 =

𝛿𝛼/√𝑛 and 𝐻1
𝜙
: 𝜙0 = 𝛿𝜙/√𝑛 hold: 

 1

√𝑛
𝑆𝛼(�̃�) =

1

√𝑛
𝑆𝛼(𝜃0) −

1

𝑛

𝜕𝑆𝛼(𝜃)

𝜕𝛼′
𝛿𝛼 −

1

𝑛

𝜕𝑆𝛼(𝜃)

𝜕𝜙′
𝛿𝜙 +

1

𝑛

𝜕𝑆𝛼(𝜃)

𝜕𝛾′
√𝑛(�̃� − 𝛾0), (A.1) 

 1

√𝑛
𝑆𝜙(�̃�) =

1

√𝑛
𝑆𝜙(𝜃0) −

1

𝑛

𝜕𝑆𝜙(𝜃)

𝜕𝛼′
𝛿𝛼 −

1

𝑛

𝜕𝑆𝜙(𝜃)

𝜕𝜙′
𝛿𝜙 +

1

𝑛

𝜕𝑆𝜙(𝜃)

𝜕𝛾′
√𝑛(�̃� − 𝛾0), (A.2) 

 1

√𝑛
𝑆𝛾(�̃�) =

1

√𝑛
𝑆𝛾(𝜃0) −

1

𝑛

𝜕𝑆𝛾(𝜃)

𝜕𝛼′
𝛿𝛼 −

1

𝑛

𝜕𝑆𝛾(𝜃)

𝜕𝜙′
𝛿𝜙 +

1

𝑛

𝜕𝑆𝛾(𝜃)

𝜕𝛾′
√𝑛(�̃� − 𝛾0), (A.3) 

where 𝜃 lies between �̃� and 𝜃0. Under Assumptions 1-3, it can be shown that 
1

𝑛
𝐽𝑎𝑏 =

1

𝑛
𝐽𝑎𝑏 + 𝑜𝑝(1) for 𝑎, 𝑏 ∈

{𝛾, 𝜙, 𝛼}, e.g., see the proof of Theorem 2.1 in Baltagi et al. (2020). Then, the results in (A.1)-(A.3) can be 
expressed as 

 
 

1

√𝑛
𝑆𝛼(�̃�) =

1

√𝑛
𝑆𝛼(𝜃0) +

1

𝑛
𝐽𝛼𝛼𝛿𝛼 +

1

𝑛
𝐽𝛼𝜙𝛿𝜙 −

1

𝑛
𝐽𝛼𝛾√𝑛(�̃� − 𝛾0) + 𝑜𝑝(1),  (A.4) 

 
 
1

√𝑛
𝑆𝜙(�̃�) =

1

√𝑛
𝑆𝜙(𝜃0) +

1

𝑛
𝐽𝜙𝛼𝛿𝛼 +

1

𝑛
𝐽𝜙𝜙𝛿𝜙 −

1

𝑛
𝐽𝜙𝛾√𝑛(�̃� − 𝛾0) + 𝑜𝑝(1), (A.5) 

 
 
1

√𝑛
𝑆𝛾(�̃�) =

1

√𝑛
𝑆𝛾(𝜃0) +

1

𝑛
𝐽𝛾𝛼𝛿𝛼 +

1

𝑛
𝐽𝛾𝜙𝛿𝜙 −

1

𝑛
𝐽𝛾𝛾√𝑛(�̃� − 𝛾0) + 𝑜𝑝(1). (A.6) 

Note that 
1

√𝑛
𝑆𝛾(�̃�) = 0 holds in  (A.6) by definition. Then, solving (A.6) for √𝑛(�̃� − 𝛾0) and substituting the 

resulting equation into (A.4) and (A.5) yields 

 

1

√𝑛
𝑆𝛼(�̃�) = (𝐼𝑝,  −𝐽𝛼𝛾𝐽𝛾𝛾

−1)

(

 
 

1

√𝑛
𝑆𝛼(𝜃0)

1

√𝑛
𝑆𝛾(𝜃0)

)

 
 
+
1

𝑛
𝐽𝛼⋅𝛾𝛿𝛼 +

1

𝑛
𝐽𝛼𝜙⋅𝛾𝛿𝜙 + 𝑜𝑝(1),  (A.7) 

 

 
1

√𝑛
𝑆𝜙(�̃�) = (𝐼2,  −𝐽𝜙𝛾𝐽𝛾𝛾

−1)

(

 
 

1

√𝑛
𝑆𝜙(𝜃0)

1

√𝑛
𝑆𝛾(𝜃0)

)

 
 
+
1

𝑛
𝐽𝜙⋅𝛾𝛿𝜙 +

1

𝑛
𝐽𝜙𝛼⋅𝛾𝛿𝛼 + 𝑜𝑝(1), (A.8) 

where 𝐼𝑝 is the 𝑝 × 𝑝 identity matrix. Under Assumptions 1-3, it can be shown that 
1

√𝑛
𝑆(𝜃0) ∼

𝐴
𝑁(0, 𝐾/𝑛), e.g., 

see the proof of Theorem 2.1 in Baltagi et al. (2020). Then, the asymptotic distribution of 
1

√𝑛
𝑆𝛼(�̃�) can be 

determined from (A.7) by using the asymptotic normality of score functions. Thus, it follows that 

 1

√𝑛
𝑆𝛼(�̃�) ∼

𝐴
𝑁 (
1

𝑛
𝐽𝛼⋅𝛾𝛿𝛼 +

1

𝑛
𝐽𝛼𝜙⋅𝛾𝛿𝜙,  𝐵𝛼⋅𝛾/𝑛), (A.9) 
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where 

 𝐵𝛼⋅𝛾 = 𝐾𝛼𝛼 + 𝐽𝛼𝛾𝐽𝛾𝛾
−1𝐾𝛾𝛾𝐽𝛾𝛾

−1𝐽𝛼𝛾
′ − 𝐾𝛼𝛾𝐽𝛾𝛾

−1𝐽𝛼𝛾
′ − 𝐽𝛼𝛾𝐽𝛾𝛾

−1𝐾𝛾𝛼. (A.10) 

Using (A.8) and similar steps, we obtain 

 1

√𝑛
𝑆𝜙(�̃�) ∼

𝐴
𝑁 (
1

𝑛
𝐽𝜙⋅𝛾𝛿𝜙 +

1

𝑛
𝐽𝜙𝛼⋅𝛾𝛿𝛼 ,  𝐵𝜙⋅𝛾/𝑛), (A.11) 

where 

 𝐵𝜙⋅𝛾 = 𝐾𝜙𝜙 + 𝐽𝜙𝛾𝐽𝛾𝛾
−1𝐾𝛾𝛾𝐽𝛾𝛾

−1𝐽𝜙𝛾
′ − 𝐾𝜙𝛾𝐽𝛾𝛾

−1𝐽𝜙𝛾
′ − 𝐽𝜙𝛾𝐽𝛾𝛾

−1𝐾𝛾𝜙. (A.12) 

Under 𝐻0
𝛼, the result in (A.11) shows that 𝑛𝐽𝜙⋅𝛾

−1 1

√𝑛
𝑆𝜙(�̃�) ∼

𝐴
𝑁(𝛿𝜙,  𝐵𝜙⋅𝛾/𝑛). Then, using (A.9) and this last result, 

an adjusted score function that has zero asymptotic mean in the local presence of 𝜙0 can be derived as 

 
1

√𝑛
𝑆𝛼
∗(�̃�) =

1

√𝑛
(𝑆𝛼(�̃�) − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝑆𝜙(�̃�)). (A.13) 

Next, we show how to determine the asymptotic distribution of 
1

√𝑛
𝑆𝛼
∗(�̃�). To that end, we combine (A.7) and 

(A.8), and obtain 

 

(

 
 

1

√𝑛
𝑆𝛼(�̃�)

1

√𝑛
𝑆𝜙(�̃�)

)

 
 
= (

−𝐽𝛼𝛾𝐽𝛾𝛾
−1 𝐼𝑝 0𝑝×2

−𝐽𝜙𝛾𝐽𝛾𝛾
−1 02×𝑝 𝐼2

)

(

 
 
 
 

1

√𝑛
𝑆𝛾(𝜃0)

1

√𝑛
𝑆𝛼(𝜃0)

1

√𝑛
𝑆𝜙(𝜃0))

 
 
 
 

+(

1

𝑛
𝐽𝛼⋅𝛾𝛿𝛼 +

1

𝑛
𝐽𝛼𝜙⋅𝛾𝛿𝜙

1

𝑛
𝐽𝜙⋅𝛾𝛿𝜙 +

1

𝑛
𝐽𝜙𝛼⋅𝛾𝛿𝛼

)+ 𝑜𝑝(1), (A.14) 

where 0𝑎×𝑏 is the 𝑎 × 𝑏 matrix of zeros. Using 
1

√𝑛
𝑆(𝜃0) ∼

𝐴
𝑁(0, 𝐾/𝑛), the joint asymptotic distribution of 

1

√𝑛
𝑆𝛼(�̃�) and 

1

√𝑛
𝑆𝜙(�̃�) can be determined as 

 

(

 
 

1

√𝑛
𝑆𝛼(�̃�)

1

√𝑛
𝑆𝜙(�̃�)

)

 
 
∼
𝐴
𝑁

(

 
 
(

1

𝑛
𝐽𝛼⋅𝛾𝛿𝛼 +

1

𝑛
𝐽𝛼𝜙⋅𝛾𝛿𝜙

1

𝑛
𝐽𝜙⋅𝛾𝛿𝜙 +

1

𝑛
𝐽𝜙𝛼⋅𝛾𝛿𝛼

) ,  (
𝐵𝛼⋅𝛾/𝑛 𝐵𝛼𝜙⋅𝛾/𝑛

𝐵𝜙𝛼⋅𝛾/𝑛 𝐵𝜙⋅𝛾/𝑛
)

)

 
 
, (A.15) 

where 

 𝐵𝛼⋅𝛾 = 𝐾𝛼𝛼 + 𝐽𝛼𝛾𝐽𝛾𝛾
−1𝐾𝛾𝛾𝐽𝛾𝛾

−1𝐽𝛼𝛾
′ − 𝐾𝛼𝛾𝐽𝛾𝛾

−1𝐽𝛼𝛾
′ − 𝐽𝛼𝛾𝐽𝛾𝛾

−1𝐾𝛾𝛼, (A.16) 

 𝐵𝛼𝜙⋅𝛾 = 𝐾𝛼𝜙 − 𝐽𝛼𝛾𝐽𝛾𝛾
−1𝐾𝛾𝜙 − 𝐾𝛼𝛾𝐽𝛾𝛾

−1𝐽𝛾𝜙 + 𝐽𝛼𝛾𝐽𝛾𝛾
−1𝐾𝛾𝛾𝐽𝛾𝛾

−1𝐽𝛾𝜙, (A.17) 

𝐵𝜙⋅𝛾 and 𝐵𝜙𝛼⋅𝛾 are defined similarly. Using 
1

𝑛
𝐽𝑎𝑏 =

1

𝑛
𝐽𝑎𝑏 + 𝑜𝑝(1), the adjusted score function can be written as 

 
1

√𝑛
𝑆𝛼
∗(�̃�) = (𝐼2, −𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 )

(

 
 

1

√𝑛
𝑆𝛼(�̃�)

1

√𝑛
𝑆𝜙(�̃�)

)

 
 
+ 𝑜𝑝(1). (A.18) 
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Then, using (A.15) under 𝐻0
𝛼 and 𝐻1

𝜙
, we obtain 

 
1

√𝑛
𝑆𝛼
∗(�̃�) ∼

𝐴
𝑁(0, 𝐷𝛼⋅𝛾/𝑛), (A.19) 

where 

 𝐷𝛼⋅𝛾 = 𝐵𝛼⋅𝛾 + 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾
−1 𝐵𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝐽𝜙𝛼⋅𝛾 − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾
−1 𝐵𝜙𝛼⋅𝛾 − 𝐵𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝐽𝜙𝛼⋅𝛾. (A.20) 

Thus, the asymptotic distribution of 
1

√𝑛
𝑆𝛼
∗(�̃�) under 𝐻1

𝛼 and 𝐻0
𝜙

 can be derived as 

 
1

√𝑛
𝑆𝛼
∗(�̃�) ∼

𝐴
𝑁 (
1

𝑛
(𝐽𝛼⋅𝛾 − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝐽𝜙𝛼⋅𝛾)𝛿𝛼 ,  𝐷𝛼⋅𝛾/𝑛), (A.21) 

Then, using Theorem 8.6 of White (1994) on the asymptotic distribution of quadratic forms, we obtain 

𝑇 ∼
𝐴
𝜒𝑝
2(𝜗), where 𝜗 = 𝛿𝛼

′ (𝐽𝛼⋅𝛾 − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾
−1 𝐽𝜙𝛼⋅𝛾)

′
𝐷𝛼⋅𝛾
−1 (𝐽𝛼⋅𝛾 − 𝐽𝛼𝜙⋅𝛾𝐽𝜙⋅𝛾

−1 𝐽𝜙𝛼⋅𝛾)𝛿𝛼/𝑛 is the non-centrality 

parameter.  
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B. Additional Simulation Results 

Table 5 Empirical size properties: Queen contiguity case and  𝝐𝒊 ∼ 𝑵(𝟎, 𝟏) 

    n=169 n=361 n=529 

𝝀 𝝆 10% 5% 1% 10% 5% 1% 10% 5% 1% 

0 0 0.096 0.049 0.007 0.099 0.045 0.007 0.092 0.051 0.009 

0 0.1 0.113 0.062 0.013 0.111 0.054 0.009 0.099 0.049 0.007 

0 0.2 0.136 0.075 0.014 0.121 0.056 0.012 0.105 0.057 0.013 

0 0.5 0.139 0.074 0.023 0.152 0.088 0.018 0.125 0.08 0.019 

0.1 0 0.149 0.077 0.012 0.102 0.046 0.009 0.11 0.059 0.019 

0.1 0.1 0.125 0.065 0.018 0.125 0.067 0.012 0.105 0.062 0.016 

0.1 0.2 0.117 0.055 0.016 0.104 0.054 0.016 0.129 0.058 0.013 

0.1 0.5 0.148 0.085 0.021 0.163 0.097 0.026 0.156 0.091 0.021 

0.2 0 0.128 0.07 0.011 0.107 0.057 0.015 0.117 0.061 0.011 

0.2 0.1 0.118 0.06 0.011 0.118 0.064 0.015 0.109 0.058 0.015 

0.2 0.2 0.137 0.073 0.007 0.126 0.058 0.02 0.103 0.055 0.013 

0.2 0.5 0.152 0.094 0.032 0.154 0.082 0.022 0.175 0.11 0.033 

0.5 0 0.159 0.085 0.026 0.164 0.089 0.031 0.146 0.079 0.029 

0.5 0.1 0.169 0.101 0.025 0.194 0.124 0.045 0.165 0.1 0.033 

0.5 0.2 0.183 0.123 0.05 0.204 0.135 0.053 0.201 0.116 0.043 

0.5 0.5 0.333 0.267 0.156 0.335 0.254 0.128 0.327 0.239 0.132 

 

Table 6 Empirical size properties: Queen contiguity case and  𝝐𝒊 ∼ (𝝌𝟑
𝟐 − 𝟑)/𝟔 

    n=169 n=361 n=529 

𝝀 𝝆 10% 5% 1% 10% 5% 1% 10% 5% 1% 

0 0 0.17 0.099 0.044 0.129 0.069 0.012 0.114 0.067 0.013 

0 0.1 0.139 0.079 0.029 0.144 0.09 0.027 0.107 0.062 0.012 

0 0.2 0.159 0.088 0.026 0.134 0.072 0.027 0.13 0.076 0.02 

0 0.5 0.175 0.108 0.041 0.166 0.097 0.027 0.172 0.103 0.044 

0.1 0 0.134 0.071 0.025 0.117 0.079 0.023 0.122 0.065 0.02 

0.1 0.1 0.166 0.096 0.03 0.127 0.069 0.019 0.122 0.06 0.02 

0.1 0.2 0.157 0.084 0.026 0.138 0.067 0.021 0.135 0.075 0.023 

0.1 0.5 0.2 0.118 0.045 0.186 0.116 0.043 0.179 0.115 0.044 

0.2 0 0.174 0.105 0.037 0.144 0.081 0.024 0.117 0.064 0.022 

0.2 0.1 0.184 0.105 0.026 0.141 0.085 0.026 0.119 0.061 0.016 

0.2 0.2 0.202 0.134 0.042 0.16 0.086 0.029 0.149 0.088 0.022 

0.2 0.5 0.291 0.198 0.079 0.241 0.155 0.067 0.235 0.155 0.064 

0.5 0 0.231 0.145 0.063 0.19 0.111 0.038 0.197 0.122 0.034 

0.5 0.1 0.257 0.186 0.079 0.23 0.155 0.052 0.208 0.137 0.048 

0.5 0.2 0.328 0.256 0.106 0.261 0.184 0.082 0.264 0.176 0.08 

0.5 0.5 0.469 0.393 0.234 0.406 0.332 0.19 0.415 0.339 0.204 
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Table 7 Empirical power properties: Queen contiguity case and  𝝐𝒊 ∼ 𝑵(𝟎, 𝟏) 

    n=169 n=361 n=529 

𝝀 𝝆 10% 5% 1% 10% 5% 1% 10% 5% 1% 

0 0 0.996 0.995 0.994 1.000 1.000 1.000 1.000 0.999 0.999 

0 0.1 0.990 0.987 0.980 1.000 1.000 0.999 1.000 1.000 1.000 

0 0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0 1.000 1.000 0.996 1.000 1.000 1.000 1.000 0.999 0.999 

0.1 0.1 0.999 0.999 0.997 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0.2 0.999 0.998 0.995 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.1 1.000 0.999 0.998 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.2 1.000 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

 

Table 8 Empirical power properties: Queen contiguity case and  𝝐𝒊 ∼ (𝝌𝟑
𝟐 − 𝟑)/𝟔 

    n=169 n=361 n=529 

𝝀 𝝆 10% 5% 1% 10% 5% 1% 10% 5% 1% 

0 0 0.997 0.997 0.979 1.000 1.000 1.000 1.000 1.000 1.000 

0 0.1 0.995 0.992 0.989 1.000 1.000 0.998 1.000 1.000 0.999 

0 0.2 0.993 0.991 0.967 1.000 1.000 1.000 1.000 1.000 1.000 

0 0.5 1.000 0.999 0.988 1.000 1.000 0.999 1.000 1.000 1.000 

0.1 0 1.000 0.999 0.992 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0.1 0.994 0.992 0.985 1.000 1.000 0.998 1.000 1.000 1.000 

0.1 0.2 1.000 0.996 0.984 1.000 1.000 1.000 1.000 1.000 1.000 

0.1 0.5 1.000 1.000 0.993 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0 0.998 0.998 0.992 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.1 0.999 0.996 0.980 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.2 1.000 0.998 0.992 1.000 1.000 1.000 1.000 1.000 1.000 

0.2 0.5 1.000 1.000 0.998 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0 1.000 1.000 0.996 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.1 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.2 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 

0.5 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
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