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Abstract

In this paper, we investigate the existence of at least one solution on the closed interval for quadratic integral
equations with non-linear modification of the argument in Hélder spaces using the technique in the classical
Schauder fixed point theorem.
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1. Introduction

Integral equations arise naturally in various applications in describing numerous real universe problems. As well, quadratic
integral equations have numerous useful applications in describing uncountable events and problems of the real world. For
instance, quadratic integral equations are often applicable in the traffic theory, in the theory of radiative transfer, in the theory of
neutron transport and kinetic theory of gases. Several authors have comprehensively studied the integral equations and the
solution of them in this references [1, 2, 3,4, 5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]. Moreover, M.
Benchohra and M. A. Darwish et al. [1] study the existence of the unique solution, defined on a semi-infinite interval J : [0, o)
for the following quadratic integral equations with a linear modification of the argument

T
x(t)=f(t)+ (Ax)(t)/o u(t,s,x(s),x(as))ds, t €J.

where f:J — R, u:J x Jr x R? — R are given functions, 0 < & < 1, Jr = [0,T] and A : C(J;R) — C(J;R) is an appropriate
operator. Here C(J;R) denotes the space of continuous functions x : J/ — R.
This article concerns the entity of solutions of the following a quadratic integral equation of Fredholm type,

x(t) = (Tix) (1) + (o) (1) /0 lk(t,r)(Tgx)(T)dr, rel=[01. (1.1)

where k is given function, 77, T, T3 are given operators satisfying conditions specified later and x is unknown function.

2. Preliminaries

Let [a,b] be a closed interval in R, by Cla, b] we indicate the space of continuous functions defined on [a,b] equipped with the
supremum norm, i.e.,

¥/l = sup {|x(¢)| : 1 € [a,b]}



Numerical Solution of a Quadratic Integral Equation through Classical Schauder Fixed Point Theorem — 40/45

for x € Cla,b]. For a fixed o with 0 < a < 1, by Hy[a,b] we will indicate the spaces of the real functions x defined on [a, ]
and satisfying the Holder condition, that is, those functions x for which there exists a constant H¥* such that

e(t) —x(s)| < H |t — 5| 2.1)
for allz,s € [a,b]. It is well proved that Hy[a, b] is a linear subspaces of C[a, b]. Also, for x € H%[a,b], by H* we will indicate
the least possible stable for which inequality (2.1) is satisfied. Rather, we put

Hf:sup{mt)_x(s”:t,se[a,b] andt;«és}. (2.2)

|t —s[®
The space Hy [a,b] with 0 < oo < 1 may be equipped with the norm
X/l = x(a)| + HY

for x € Hy[a,b]. Here, H* is defined by (2.2). In [2], the authors demonstrated that (Hg[a,b],]-||,) with0 < o < 1isa
Banach space.

Lemma 2.1. For 0 < o < 1 and x € Hy[a,b], we have:

¥l < max (1, (b—a)®)|xllg-
In particular, the inequality ||x||., < ||x||,, is satisfied for a =0 and b = 1, [2].
Lemma 2.2. For 0 < o < < 1, we have

Hpgla,b] C Hyla,b] C Cla,b].

Furthermore, for x € Hgla,b], we have:

Il < max (1, (b= )~ |l .

Particularly, the inequality ||x||., < |lx||o, < |[x||g is satisfied for a =0 and b =1, [2].

Lemma 2.3. Let’s assume that 0 < a < B < 1 and E is a bounded subset in Hgla,b], then E is a relatively compact subset in
Hgla,b], [3].

Lemma 2.4. Assume that 0 < oo < B < 1 and by BE we indicate the ball centered at 6 and radius r in the space Hg [a,b], ie.,

B = {x € Hpla,b] : [|x[|g < r}. Then BP is a closed subset of Hyla,b], [3].

Corollary 2.5. Assume that 0 < oo < B <1 and Bf = {x € Hgla,b] : ||Ix[|g <7}, then BPisa compact subset in the space
Hygla,b), [3].

Theorem 2.6 (Schauder’s fixed point theorem). Let E be a nonempty, compact and convex subset of a Banach space (X, || -
convex and let T : E — E be a continuity mapping. Then T has at least one fixed point in E, [4].

),

3. Main Result

Theorem 3.1. Assume that the following conditions (i) — (iv) are satisfied:

(i) The operators Ty, T, : Hg[0,1] — Hg|0, 1] are continuous on Hg[0, 1] with respect to the norm || - || ,.. Also, Ty and T,
hold the inequalities

ITixllg < fillxllg) and [ T2x]|g < f2(IIxl[p)

for any x € Hg|0, 1], where o and 3 are the fixed constants satisfying 0 < o < B < 1 and the functions fi, f» : Ry — Ry
are nondecreasing on R .

(i) k:[0,1] x [0,1] = R is a continuous function such that there exists a constant kg > 0 satisfying
‘k(l‘,f) —k(S, T)‘ < kﬁ|t_s|ﬁ7

foranyt,s,t€0,1].
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(iii) The operators Tz : Hg[0,1] — C[0,1] is continuous on Hg[0,1] with respect to the norm ||-||,. Also, T5 holds the
inequality

13|, < f3(IIxl6)

for any x € Hgl0, 1], where & and B are the fixed constants satisfying 0 < o0 < B < 1 and the functions f3 : Ry — Ry is
nondecreasing on R, .

(iv) There exists a positive solution rq of the inequality

fi(r)+ Q2K +kg) fa(r) f3(r) <,

where the constant K is defined by
1
sup{/ |k(¢,T)|dT: 1 € [0,1]} <K.
0

Then the equation (1.1) has at least one solution x = x(t) belonging to space Hy |0, 1].

Proof. We take for arbitrarily fixed 7,5 € [0, 1], (t # s) and let us consider x € Hg|0, 1] and the operator F defined on the space
Hpgl0, 1] by the formula:

(F(0) = (10 (0)+ (B 1) [ K6,2)(T0) (1),
for 7 € [0, 1]. Then, in view of our assumptions we get
(FO () = ([0 + (B 1) [ Ko 0)(T)(@dr— (1) ()~ (1) (5) [ Ko, 2)(Ts2) )z
— (1) (0) — (Tix) (5) + (Tox) ( / k(t,7)(Tsx) (2)dT — (Tox) ( / k(s, 7) (T3x) (1)d
H0 () [ KD E @ (50 6) [ K0,0)(T) (e

— (1) (1) — (Tix) () + ((To) () — (Tx) ( / k(t,7)(Tsx)(1)d7

+ (Tax) (s) /Ol(k(t,r) —k(s,7))(B3x)(1)d7

and
|(Fx)(|ft)—s(|gX)(S>| < | (T1x) (|Z)_S(31X) (s)] " (sz)(t)sv?x |/ A
LS [ e o)kt 0 ()0 e < 12+ sl 3., [ kG
T Tl / WdT

IN

—s|B
Hp -+ Tl T+ [l sl | =g

< HE + Kl Xl g)K + Fa(lllp) (1l g g

=y, (K +kg) (Ixlp) f3(1xg). @)
This demonstrates that the operator F maps Hg [0, 1] into itself. Besides, for any x € Hgl0, 1], we get

(1) O+ 0)] [ 160,0)] () (1)l

| (Fx)(0)] )

O)f + (1 Tox]| [ T3x]] o K
)
)

T1x)
Tlx)
Tix)

)

Tlx

0)] + 17| g | T3[| .. K
0)+12(llxllg).f3(lx[l ) K- (32

AA/_\/_\
~ o~

ININ N IA
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By the inequalities by (3.1) and (3.2), we derive that

I[Fxllg IThxll g + (2K + kg ) f2(llxl[ g) f3(IIxl )

<
< Sfilllxllg) + (2K +kg) fa(llxll ) f3(llxll ) 3.3)
Since positive number ry is the solution of the inequality given in hypothesis (iv), from (3.3), we conclude that the inequality
[Fxllg < fi(ro) + (2K + kg) f2(r0) f3(ro) < ro (3.4)
holds. As a results, it follows that F' transforms the ball
B = {x € Hy[0,1): |1} < ro}

into itself. That is, F : Bgo — Bgo. Thus, we have that the set Bgo is relatively compact in Hy[0,1] for any 0 < a < f < 1.
Furthermore, Bﬁ is a compact subset in Hy[0, 1].

We will show that the operator F is continuous on BB with respect to the norm || - || ,, where 0 < ¢ < B < 1. Lety € BB be
an arbitrary point in BI3 Then, we get

(Fx)(t) — (Fy)(t) = ((Fx)(s) — (Fy)(s)) = (Tlx)(t)+(T2X)(t)/olk(taf)(Tsx)(T)dT
T~ B 0) [ kD) (T) (s
— (Tix) (s) = (Tax) (s) /0 (s, 7) (Tar) (2)d

HI) )+ (E)(6) [ K5, () (e (35)

for any x € BB and ¢, € [0,1]. The equality (3.5) can be rewritten as:

(PO = (F3)(0) = (FHD) = () = (Tx)(0) = (T)(6) = (T)(s) = (T)())
1 1
(1) () [ ke, 2)(Ta) (2)dT— (Toy) (1) [ ke, 0)(Tan)(2)de

HI) O [ K@@ (T 0) [ k1) T (2

() [ K DT (2T (T) ) [ K, (T (1)

() 6) [ K DB @ (B () [ K, T (@)dE. G)
By (3.6), we have

(Fx)(1) = (Fy)(8) = (Fx)(s) = (Fy)(s))

(Tix)(1) = (Thy) (1) = ((Tix) (s) — (Tay)(s))
1
+((Tox) (1) — (T2y) (t))/O k(t,7)(I3x)(T)dT

) ) /"kr ) (790)(1) ~ () (2) 7
—((Tax) (5) — (Tay) ( /ks‘L' ) (T3x)(

- () 5) /O (5. (T)(7) — () (D) . 67
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(3.7) yields the following equality:
(Fx)(t) = (Fy)(t)) = ((Fx)(s) = (Fy)(s)) = (Tix)(t) — (Tiy)(¢) — ((Tix)(s) — (T1y)(s))
H{((T2x) (1) — (Tay) (1)) = (Tax) (5) — (Tay) ( / K(t, ) (T30)(
+((Tax) (s) — (T2y) (s ))/l(k(f ) —k(s,7))(T3x)(1)d7T
+((Tay) (1) — (Toy) ( / k(t,7) ((T3x)(7) — (T3y)(7))dT

+(Tay) (s )/0 (k(z,7) —k(s, 7)) (T3x)(7) — (T3y)(1)) d7. (3.8)

Since |(T3x)(7)| < [|T3x]|., < f3([lx[|) and |(T3x)(7) — (T3y)(7)| < [|T3x — T3y, for all x,y € BEO and 7 € [0, 1], taking into
account (3.8) and hypotheses, we can write:

|[(Fx) (1) = (Fy) (1) = (Fx)(s) = (Fy)(s))]

|t —s|*

| (Thx) (1) = (Thy) (1) = ((T1%) (5) = (T1y) (5))]

[ sl

L@ (@) — (1) () — (Tox) (5) — (T2y) (5))

|t —s|*

IN

[ kel

| (T2x) (s) = (T2y) (s)]
+ |t g /\km k(s,7)||(Tsx) (¢)|d e

(T (T
+ L |t s|a2y '/ k{2, 9)]|(T3x) () — (Toy) (x)|d

IO Py 2) k(5,9 (730)(0) — () () e

[t—s|* Jo

IN

1
I\Tlx—T1y||a+IIsz—szHaHTs)CIIMKJrHsz—szlleTz)CIlw/0 kgt —sP~“dz

1
AT ol T = Toy K+ | oyl T =Tyl [ kple—s/P~az

[T1x = Tyl + K| Tox — Toyl[ o | T3x]|, + kg || Tox — Tol| | T3]
K| Doy o | T3x — T3y || + kg | T2 [l | T3 — T3
= |Tx—Tiyllg+ (K +kg) [ Tox — oyl o | T3x]| oo + (K + kp)[| T2y || o | T3x — T3¥((3.9)

IN

for all 7,5 € [0, 1] with z # 5. Besides, for x,y € BEO, we obtain following equality:

(FOO) - (F)(0) = (T10)(0)+ T 0) [ KODT0(EdE~ (1) 0)~ (1) 0) [ k05T (2)de
= (1))~ () (0)+ (B2) 0) [ K0, 2)(Ts2) (s
() 0) [ KODE) (e + () (0) [ K(0,7)(T0)(2)de
- (@) ) [ k07T (s
= (1) (0) (T) (0) + () 0) — (T2) 0)) [ K(0,2)(Ts2)

H)O) [ K0.2) (70)(0) ~ (T) @) 610
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By (3.10), we get that
[(Fx)(0) = (Fy)(0)] = [(Tix)(0) = (T1y) (0)[ +|(T2x) (0) — (T2y) (0)\1(‘/0.l |(T3x)(7)|d7

1
() O)1K [ 1(T32)(5) ~ (T)(0) e
1T1x = Thyll oo + [ Tox — Ty || oK | T3]l + 1 T2 || K[| T3x — T3
1Thx = Tyl + [|Tox — Toy|| o K| Tax |, + [| To¥l o K[| T3 — T3y .- (3.11)

[VANVAN

From (3.9) and (3.11), we have that

|[Fx—Fyll, = [(Fx—Fy)(0)|+Hf F,

|(Fx)(0) — (Fy)(0)] + sup { |(Fx)() = (Fy) (1) = (Fx)(s) = (Fy)(5))]

|t —s|*
2| Tix=Tiyllg + (2K + k)| Tox — Ty || o [| 3%l + (2K + kg ) | T2yl | T3x — T3y
2(|Tix = Tyl o + (2K + kg )| Tox — Toy || o | T3x]| oo + (2K +kp) | T2y | g1 T3x — T3
)

2|Tx— Tiyllg + (2K + kg Tox — Toyll o s Ixllp) + K+ kg) oIy Tox — Toylloe (3.12)

t,s €[0,1] andt;«és}

ININ A

oreover, since ||x||z < rp an < rg, we derive from (3.12) that the following inequality holds:
M i B dyﬁ derive f (3.12) that the following inequality hold.

I[Fx—Fyllg, < 2(Tix—Tiyllo+ 2K +kg)f3(r0) | Tox — Toyll + (2K +kg) f2(ro) | T3x — T3Y]|.... (3.13)

Since the operators 71,75 : Hg[0,1] — Hg[0, 1] and T3 : Hg[0,1] — CI[0, 1] are continuous on Hg[0, 1] with respect to the norm

|| - || > they are also continuous at the point y € Bgo. Let us take an arbitrary € > 0, then there exists the number § = d(¢g) > 0.
The inequalities

)
ITix=Tiylla < 2l Tox = Tlla < s

and
€

Tox—Tyll. < oo
1752 =Ty 3(2K +kg) f2(ro)

hold for all x € BEO. Then, taking into account (3.13), we derive the following inequality:
IFx—Fyl, < S+ 5+ 5=
x— —4+-+-=¢.
Ma=37T373

for all x € BEO with |x—yl||, < 0. Eventually, we infer that the operator F is continuous at the point y € BEO. Since y was

chosen arbitrarily, we conclude that F' is continuous on BE; with respect to the norm || - || . Because BEO is compact in H |0, 1],
by the classical Schauder fixed point theorem, we get the desired consequence. O

4. Conclusion

This article concerns the entity of solutions of the following a quadratic integral equation of Fredholm type,

x(t) = (T1x) (1) + (x) (t)/olk(t,r)(T3x)(‘L')dT, tel=|[0,1].

where k is given function, 77,1, T3 are given operators satisfying conditions specified later and x is unknown function.
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