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Abstract: In this study, determining the design principles of a technology-supported learning environment for teaching
vector spaces by taking into account the representation languages defined by Hillel (2000), Harel's (2000) pedagogical
principles and Sierpinska's (2000) thinking modes on Linear Algebra teaching were intended to be established. The research
is a design-based research and three cycles were conducted to determine the design principles for the learning environment.
The study group of the first cycle consists of 51, the second cycle's working group was 44, and the third cycle's study group
consisted of 11 teacher candidates. The data of the research were obtained by field notes and video recordings. By analyzing
the field notes and video recordings, design principles for the learning environment were determined after the first two cycles
in light of the literature. The third cycle was carried out with the determined design principles, and the design principles
were revised in line with the opinions of the teacher candidates and the course teacher after the application with the reports
obtained during the application process. Design principles in the light of the results obtained from the research are as follows
; the use of technology, usage of modes of description, tasks, worksheets, the role of the teacher and group work. It is
thought that a learning environment that will be created by paying attention to these design principles will contribute to the
pre-service teachers' differentiation and use of different languages, the development of thinking styles, and to meet the
principles of concreteness, necessity and generalizability.
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Oz: Bu galismada Lineer Cebir &gretimi iizerine Hillel’in (2000) tanimladig1 temsil dilleri, Harel’in (2000) pedagojik
prensipleri ve Sierpinska’nin (2000) diisiinme bigimleri géz oniinde bulundurularak vektor uzaylarinin 6gretimine yonelik
teknoloji destekli bir 6grenme ortaminin tasarim ilkelerinin belirlenmesi amaglanmistir. Arastirma, tasarim tabanli bir
arastirma olup 6grenme ortamina yonelik tasarim ilkelerinin belirlenmesi igin {i¢ dongii gergeklestirilmistir. Birinci dongiiniin
calisma grubunu 51, ikinci dongiiniin ¢alisma grubunu 44 ve iciincii dongiiniin ¢alisma grubunu 11 &gretmen aday:
olusturmaktadir. Arastirmanin verileri alan notlar1 ve video kayitlari ile elde edilmistir. Alan notlar1 ve video kayitlar1 analiz
edilerek literatiir 1518inda ilk iki dongii sonrasinda ¢grenme ortamina yonelik tasarim ilkeleri belirlenmistir. Belirlenen
tasarmm ilkeleriyle {giincii dongii gerceklestirilmis, uygulama siirecinde elde edilen raporlar ile uygulama sonrasinda
O0gretmen adaylart ve ders Ogretmenin goriisleri dogrultusunda tasarim ilkeleri revize edilerek son halini almistir.
Arastirmadan elde edilen sonuglar 15181inda tasarim ilkeleri; teknoloji kullanimi, temsil dillerinin kullanimi, ddevler, ¢aligma
yapraklari, 6gretmenin rolii ve grup caligmasi seklinde ortaya ¢ikmistir. Belirlenen bu tasarim ilkelerine dikkat edilerek
olusturulacak bir 6grenme ortaminin gretmen adaylarinin farkli dilleri ayirt etmesine ve kullanmasina, diisiinme bi¢imlerinin
gelisimine katki saglayacagi ve somutluk, gereklilik ve genellenebilirlik prensiplerinin karsilanmasinda yardimer olacagi
diigtiniilmektedir.

Anahtar Kelimeler: Lineer cebir, vektor uzaylari, 6grenme ortami, tasarim ilkeleri, teknoloji, tasarim tabanli aragtirma

Tiirkge siiriim i¢in tiklayiniz

1. Introduction

Linear algebra is animportant study area in mathematics that examines vectors, vector spaces, linear
transformations, linear equation systems and matrices. Linear algebra, which is widely used especially in
science, has applications in many fields such as anatomy, engineering, information systems, genetics, physics
and statistics. The fact that it is a course that offers students the opportunity to make mathematical abstraction is
shown among the reasons that make linear algebra important (Harel, 1989a; Kolman & Hill, 2008). Harel
(1989a) stated that it is a necessary course for many curricula, considering that the subjects in linear algebra have
the quality to be found in all areas of life as well as in themselves.

Linear algebra can be divided into two main sections, Matrix Algebra and Vector Spaces Theory. Matrix
Algebra includes matrices, operations in matrices and their properties, determinants and systems of linear
equations and solution methods. Theory of Vector Spaces includes concepts such as vector spaces, subspaces,
linear combination, stretching, linear dependence, linear independence, base and dimension. Due to its much
more abstract structure, vector spaces theory is the part that students have the most difficulties in linear algebra
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course (Dorier, 1995). According to Dorier (1995), the difficulties students have in learning linear algebra are a
result of its abstract and formal nature.

When the studies on teaching linear algebra are examined, it is seen that the emphasis is on vector spaces and
linear transformations (Britton & Henderson, 2009; Dogan, 2010; Donevska-Todorova, 2018; Dorier 1998;
Dorier, Robert, Robinet & Rogalski, 2000; Harel, 1987; Klasa, 2009; Sierpinska, Dreyfus & Hillel, 1999;
Stewart & Thomas, 2010). The reason why the researches on the subject are mostly on the theory of vector
spaces is that there are difficulties in learning and teaching because the concepts of vector spaces are abstract by
definition. Robert and Robinet (1989) determined the basic criticisms of students towards the lesson as the use of
formalism, the existing of many new definitions, and the inability to establish a relationship between previously
learned knowledge and new knowledge. Dorier et al. (2000) named this situation "the obstacle of formalism” and
stated that in many cases formalism was the cause of student difficulties.

Linear Algebra includes many new concepts and their properties. In this course, students are expected to
think and study on concepts in most general situations (V vector space, linear transformation classifications,
algebraic structures), not in specific situations (Rz, R®, 2x2 matrices, ...) (Hillel, 2000). In addition, students are
expected to define transformations on these structures and to use different modes of description. According to
Hillel (2000), linear algebra concepts have three different definitions and associated modes of description. Hillel
(2000) discussed the languages used in linear algebra under three headings as geometric mode, algebraic mode
and abstract mode. Vectors, operations on vectors and transformations in each mode have special definitions and
notations. For instance, a vector is represented as an arrow in geometric mode, a matrix of rows or columns
consisted numbers or symbols in algebraic mode, and an element of a vector space in abstract mode. These
modes of description co-exist, are sometimes interchangeable, but are certainly not equivalent (Hillel, 2000).
There is a transition consistently from one to the other. Understanding and tracking the transition from one to
another is one of the main reasons for difficulty for a student who cannot distinguish between this definition and
modes of description. Apart from modes of description, modes of reasoning may be needed for the development
of students' understanding of different definition and modes of description in linear algebra.

Sierpinska (2000) aims at identifying the characteristics of the students’ way of thinking in linear algebra.
She defined three modes coexisting in linear algebra: synthetic-geometric, analytic-arithmetic, and analytic-
structural. Sierpinska (2000) stated that there is a need for the development of these three basic modes of
thinking. In the synthetic-geometric mode of thinking, while students try to describe the given mathematical
objects without definition, in analytical-arithmetic and analytical-structural modes of thinking, students try to
understand objects by using their definitions and properties (Sierpinska 2000). These modes of thinking are
luculently related to the modes of description that Hillel (2000) defined. The language used in the synthetic-
geometric mode of thinking is the geometric language of R? and R®. While the language used in analytical-
arithmetic mode of thinking is the algebraic language of the more specific theory of IR", the language used in
analytical-structural mode of thinking is the abstract language of general formalized theory (Turgut, 2010). Also,
modes of description and the modes of thinking defined by Sierpinska (2000) are not exactly the same. It is
possible for a student studying on IR" to use synthetic-geometric and analytical-arithmetic thinking modes as
well as analytical-structural thinking. Analytical-theoretical thinking is the highest level mode of thinking, and a
student who has this mode of thinking can also use the features of other modes of thinking.

Harel (1989a) stated that the main difficulty of students in understanding and using the concepts of linear
algebra is due to the introduction of abstract concepts quickly without a solid intuitive basis. Harel (2000)
proposed three basic pedagogical principles for linear algebra teaching. These are Concreteness, Necessity and
Generalizability principles. Concreteness principle is based on the idea that students can build their
understanding of a certain concept in a content that is concrete for them (Harel, 2000). For instance, a student
should perceive the concept of function as a mathematical object in order to speak of the concept of derivative in
analysis, similarly, should see each polynomial that is an element of this set as an object-vector in order to speak
of the concept of linear combination on P4(R), The necessity principle expresses the active participation of
students in linear algebra lesson (Aydin, 2007) and educational activities are important in implementing this
principle. Educational activities should present problem situations that are realistic and accepted by students.
Making students perceive and see the connections between concepts with a special example or activities can
provide basis for the formation of a conceptual understanding and thus the necessity principle is applied. The
generalizability principle is related to didactic decisions regarding the selection of teaching materials rather than
the learning process (Harel, 2000). A supportive situation is formed for the concreteness principle when teaching
is associated with a concrete model, and the instructional activities carried out on this model can provide
generalizability of the concept. In this process, activities to meet the concreteness principle can be important.
The concrete models used should be organized in a way that allows the students to understand and assimilate
abstract concepts (Turgut, 2010). The general concept should be reached with the studies carried out on the
model. Generalization may not occur in cases where the model is very specific and its the common point with
the general concept is very limited.
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The Linear Algebra Curriculum Study Group (LACSG) which was formed by 16 mathematics educators in
the 90s, suggested the adoption of new approaches in linear algebra teaching as a result of their research. The
group founded under the leadership of David Carlson, Charles Johnson, David Lay and Duane Porter, aimed to
contribute to the development of linear algebra teaching and to attract a solid and sustainable interest in this
issue. LACSG's recommendations for teaching linear algebra course are listed by Carlson (1993) as follows.

1. Linear algebra course content should be arranged to meet the needs of different disciplines.

2. Linear algebra should be conducted as a course of at least two semesters.

3.There should not be too much emphasis on proof in the first semester linear algebra lessons.

4. Technology should be used in linear algebra lessons

5. Should make use of geometric representations

6. Course content should be organized as operations in matrices, systems of linear equations and their
solution, determinants, linear combination in R", linear independence, base, subspaces. ..

Among the above suggestions, we can say that one of the most remarkable and innovative suggestions
according to in that period is the idea of using technology in linear algebra lessons. Mathematics can be difficult
for students in subjects have no simple physical or visual representations. Dubinsky (1997) stated that the use of
computers can be useful in providing concrete representations for many important mathematical objects and
processes. Similarly, the National Council of Teachers of Mathematics stated in its report published in 2000 that
the visual power of technological tools can facilitate visualizations that students cannot do alone (NTCM, 2000).
In parallel with these suggestions, many researchers emphasized that technology support is very important in
linear algebra teaching (Aydin, 2009b; Dikovic, 2007; Dorier, 2002; Harel 2000; Pecuch-Herrero, 2000; Wu,
2004) and many different softwares have been recommended by researchers. In the last decade, software that
includes the features of both computer algebra systems (CAS) and dynamic geometry software (DGS) has
emerged. One of the remarkable among these software is the dynamic mathematics software GeoGebra.
GeoGebra creates two components for each object. The algebraic component reflects the equation of the object
in open, closed or parametric form, while the geometric component reflects the graphical representation of the
object. Both representations of an object can be intervened by the user in the GeoGebra software (Cekmez,
2013). Matematiksel kavramlara ait hem cebirsel temsilleri hem de grafik gdsterimlerini bir arada sunan
GeoGebra, bu 6zelligi sayesinde iist diizey soyut matematik kavramlarm 6gretiminde de etkili bir arag olarak
kullanilabilir (Hohenwarter ve Jones, 2007).

In addition to having an abstract structure, we can say that linear algebra is a course that includes different
definitions and representations along with different modes of description. It is seen that two types of approaches
are used when looking at the structure of the linear algebra course content. These approaches are named as
Bourbaki style and new approach. Textbooks with Bourbaki style were prepared by following a way from the
general to the specific (Hillel, 2000). In Bourbaki style, the linear algebra course is first introduced with the
theory of vector spaces and then continued with the more specific theory in R". Especially with the early 1980s,
many educators and textbook writers abandoned the Bourbaki approach and started to adopt the new approach.
To construct intuitive understandings to linear algebra course with the new approach; it is made a beginning in a
geometric form, then the algebraic and abstract representations of the concepts in the vector space R?, R® R" and
V can be included. However, the new approach adopted was not very effective in strengthening students'
understanding of vector space theory in traditional teaching-based classroom environments (Dogan, 2001; Hillel
& Sierpinska, 1994). Therefore, students' deeper understanding of vector space concepts may depend on the
design of technology-supported and student-centered learning environments.

There are many studies on linear algebra teaching in the literature. Hristovitch (2001) stated that the
metaphors and analogies that students chose led them to misconceptions about linear independence. Intuitional
inferences have been effective here. Bogomolny (2006) and Hristovitch (2001) discussed how students develop
conceptual understanding. Celik (2015) and Dogan-Dunlap (2010) aimed to investigate students' modes of
thinking about the concept of linear independence. Celik (2015) investigated undergraduate students
‘understanding of the concepts of linear dependence / independence and students' modes of thinking regarding
these concepts. She found that students mostly used arithmetic or algebraic operations in solving the given
problems. Nardi (1997) and Stewart & Thomas (2010) examined the cognitive development of students in
relation to the concept of base by taking into account the structure in which the base concept was given after the
concepts of span and linear independence. Stewart and Thomas (2010) emphasized the importance of the
concept of linear combination and stated that more time should be devoted to the teaching of the concept of
linear combination in linear algebra courses due to its close relationship with both span and linear independence
concepts. Donevska-Todorova (2018) researched how a technology-enhanced learning environment can
contribute to the development of students' competencies. She suggested that a model in which modes of
description and thinking are intertwined is appropriate for the design of learning and teaching environments.

Consequently, (i) the abstract and theoretical nature of vector space theory (Dorier et al., 1995), (ii) the
multiplicity of new definitions (Dorier et al.2000; Hillel, 2000), (iii) the obstacle of formalism (Dorier, 2000),
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(iv) deficiencies of students regarding set theory, logic, and proof (Britton & Henderson, 2009; Dorier, 2000;
Hillel, 2000), (v) careless use of existing modes of description (Hillel, 2000), (vi) using geometric
representations restrictedly or in a way that causes misinterpretation (Nardi, 1997; Sierpinska, 2000) and (vii)
asking students to think and study on concepts and related procedures in the most general situations (Sierpinska,
2000) are the main difficulties encountered in teaching and learning linear algebra. By taking into consideration
the suggestions made to overcome these difficulties, there is a need to design a technology-aided enriched
learning environment that uses visualization techniques and geometric representations that allow students to
make abstractions, stimulate different modes of thinking and include in-class presentations and activities that
will carry students to a higher mode of thinking. In this context, the study aimed to determine the design
principles of a technology-supported learning environment for the teaching of vector spaces by considering the
modes of description defined by Hillel (2000), Harel's (2000) pedagogical principles and Sierpinska's (2000)
modes of thinking. In accordance with this purpose. the research problem determined as; "How should the design
principles of learning environments to be created for effective teaching of vector space concept?"”

2. Method

The study was conducted with a design-based research method. Design-based research is defined as a
systematic and flexible research method in which analysis, design, development and application processes are
carried out cyclically, in order to develop educational practices, design principles and theories in a real
application environment in cooperation with researchers and participants (Wang & Hannafin, 2005). Design-
based research (DBR) differ from the other design research methods since the design - analysis - redesign phases
effectively include a cyclical process (Kuzu, Cankaya, & Misirli, 2011; Herrington, McKenney, Reeves, &
Oliver, 2007), and participants and researchers take an active role from the beginning to the end of the process.
In addition, DBRs are studies in which all regulations and changes made during the process are reported in detail
(Reeves, 2000). In this study, design-based research was carried out in three cycles in determining the design
principles of the learning environment.

2.1. The Design and the Implementation of the Research

In the study, the design - implementation - development and evaluation phases were carried out in three
cycles and the changes made in each cycle were reported in detail. Thus, by reviewing the data obtained from
each cycle, arrangements were made to realize more successful cycles and a more efficient design was tried to be
created. In Figure 1, the application steps in design-based research are shown as a flow chart.

il s Planning the
Editing and - Data Collection
o Bzrsllegv:]mg the Process
IMPLEMENTATION
Theoretical Designing with PROCESS
Defining the gning
Probﬁem > Analysis of the > Existing Principles > o ag‘i(l::onand o Iementahon
Problem and Theories Des|gn Plan FDesin

~ , Data Collection |
o and Analysis '
\4

Writing the
Research
Report

Figure 1. DBR Application Steps (Kuzu et al., 2011)

Each step given in the application process in Figure 1 was repeated in all cycles where DBR was applied.
After the literature review on the subject, the learning environment was designed by considering the suggestions
for learning-teaching difficulties about vector spaces and in line with the principles set forth with the conceptual
framework. Basic components of the learning environment consist of three parts which are worksheets and group
work, GeoGebra templates and assignments. In order to apply the designed learning environment in a real
classroom environment, a 6-week implementation plan has been created on the subject of vector spaces.
Learning outcomes for teaching each concept related to vector spaces have been created and lesson plans have
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been prepared for outcomes. Worksheets, assignments and GeoGebra templates were prepared while preparing
the lesson plans. Figure 2 shows the flow chart of the study each cycle of which lasts six weeks.

Imple!nentatllo e er_tlng reports-after Making revisions Finalizing the design
learning environment implementation

}?V\‘deo recording and
field notes

Figure 2. Conducting the research

Figure 2 shows how the research was conducted over a period of one week and the procedures took six
weeks. As can be seen in Figure 2, reflection reports were kept right after the course in which the learning
environment was applied, and then revisions were made on the data obtained from these reports, video records
and field notes. These revisions can be listed as removing unnecessary questions in the worksheets, correcting
the instructions, making the questions more understandable, developing GeoGebra templates to making them
suitable for a more practical and theoretical background, and organizing in-class presentations. After the
revisions were made, the researcher, together with expert educators in the field, evaluated the revisions and
finalized the design for the next cycle. The same process was used for each course for 6 weeks, and the design
principles were determined after two cycles and the research was made ready before the third cycle. The list of
the subjects covered during the 6-week course is presented in the table below.

Table 1. The List of Subjects Taught in the Classes

Week Subjects

1. Vector Space

Subspace

Linear Combination

Span

Linear Dependence / Independence

IS2d S Bl Rl I

Base-Dimension

Each subject in Table 1 was applied for 4 class hours per week and the classes were mostly conducted in the
laboratory environment.

2.2. Participants

The study was conducted with students in a secondary and primary school mathematics teaching program at
a state university. Study groups consisted of a different number of students in each cycle. The number of
students in the cycles and the dates of the study are given in the table below.

Table 2. Study Group

Cycles NSutTdb :r:tgf Date Department University
. Primary School . .
1* Cycle 51 2016/2017 Spring MathematicsTeac Karadeniz Technical
Semester hing University
. Primary School . .
2" Cycle 44 2016/2017 Spring MathermaticsTeac Karadeniz Technical
Semester hing University
. Secondary School . .
3" Cycle 11 2017/2018 Spring MathematicsTeac Karadeniz Technical
Semester hing University
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The study groups of the first and second cycles consist of second year students of 51 and 44 students who
take linear algebra course. The lessons were taught in these classrooms with one week intervals. The learning
environment designed for teaching vector spaces was implemented in a 51-person classroom as the first cycle.
During the practices, the classes were videotaped and field notes were kept at the same time. Some revisions
were made by watching the video recordings repeatedly and by using field notes. The new design, which was
created a week later through the revisions made, was applied in a classroom including 44 people. The design was
implemented in this way in both classes over a six-week period. The third cycle of the study was conducted at
the same university the following year with 11 second grade students who are enrolled in the department of
mathematics teaching and who take the linear algebra course. There is no difference between the linear algebra
course contents of primary and secondary mathematics teaching programs.

2.3. Data Collection Tools and Data Analysis

The research data were obtained from video recordings and field notes. Field notes are used as the primary
recording tool in qualitative research. These notes are a place full of information about people, events, activities
and conversations. In these notes, we have records regarding thoughts, intuitions and emerging patterns and we
can observe the researcher's investigations as well as individual reactions (Glesne, 2012; Yildirim & Simsek,
2005).

Field notes were taken in the observations in the classroom environment by the researcher and the lecturer. In
the field notes, the observation data and comments about the process were included by the researcher and the
lecturer. Both the problems that arise in the designed learning environment and the difficulties students
experience and the parts they do not understand during the process were reported with field notes. Thus, it is
aimed to improve the design by making the necessary changes and arrangements required with the help of field
notes after each cycle. In addition, video recordings were made during each class. The video recordings were
archived to the computer and external memory after deleting the dates of the recorded days every week and
watched for the arrangements to be made in the next cycle during the application process or at times after the
application.

Within the scope of the research, the observation data obtained with the help of field notes kept by the
lecturer and the researcher were carefully reviewed after each application, transcribed and turned into a report.
With the help of detailed reports, it is aimed to organize the design in each cycle and make changes where
necessary. The video recordings were watched after the applications and other times when necessary, so the
process was followed up and used in the analysis of the field notes. The analyzes were carried out in line with
the theoretical framework of the research to meet the pedagogical principles for linear algebra teaching, pay
attention to the use of representation languages and contribute to the development of thinking modes. In this
way, the stories of the applications performed at the end of each cycle were created and the revisions to be made
for the next cycle in line with these stories were tried to be presented in general terms.

3. Findings

In this section, the findings obtained as a result of the application of the learning environment designed for
the teaching of vector spaces in two cycles are discussed under the titles of study story and revisions. Findings
for each cycle are presented separately. The findings for the first two cycles, along with the results obtained in
the analysis of field notes and video recordings, and the regulations and changes decided to be made in the first
and second cycles are presented in this section.

3.1. First Cycle Design Study
3.1.1. Study Story

The first cycle of the study was conducted with 51 students enrolled in a state university's primary school
mathematics teaching program and taking linear algebra in the spring semester of the 2016-2017 academic year.
The application covers the basic concepts of vector space, subspace, linear combination, span, linear
dependence, linear independence, base and dimension. Before starting the applications for the first cycle,
GeoGebra software was introduced to the students during a two-hour lesson. During this two-hour lesson, the
main functions of the GeoGebra software were demonstrated, and especially the sections to be used in the lesson
were emphasized. Since the students have already taken courses on the GeoGebra software, the two-hour
application requirements were met with two hours of practice. In the first cycle, some of the lessons were
conducted in the classroom environment, while some were held in the laboratory environment. The activities
were implemented in groups of two with students in the laboratory lessons. During the course, the students were
asked to fill in the worksheets interactively with the GeoGebra software. During the application, two homework
were given to students in each lesson. During the 6-week process, all the lessons were videotaped and reflection
reports were written by the researcher after each lesson. Taking into account the video recordings, reflection
reports and the observations of the researcher, arrangements have been made in worksheets, GeoGebra
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templates, homework and in-class presentations in order to eliminate the problems that may arise in terms of the
use of modes of description, the development of modes of thinking and understanding of practice questions

3.1.2. Program Revision For the First Cycle

In this section, revisions related to the learning environment designed after the first cycle are given separately
under the titles of the concepts covered.

Vectors, Vector Sum and Scalar Product (R? and R®)

The worksheets prepared for teaching the concepts of vectors, vector sum and scalar multiplication consist of
two parts. In the first part, vectors in the plane, vector family, position vector and representation of vectors, in
the second part, vector sum and scalar product concepts are discussed.

No changes were made in the second part. In the first part, some changes were made in both the worksheet
and the GeoGebra template. In the first part of the activity, students were given a ready-made GeoGebra
template and asked to create geometric shapes by ticking the checkboxes on this template. However, in this part,
it was thought that it would be more beneficial for students to create geometric structures through the program
instead of the ready-made template, and changes were made in this direction. Although the GeoGebra course
was given to students before, it was thought that students' own creation of the geometric structures would allow
them to study the program more and focus on exploration. Because it was observed that students had difficulty in
creating vectors in GeoGebra templates for other concepts and they constantly wanted to get help from the
researcher. It is important for students to create geometric structures themselves in order to have practical
experience throughout the topic of vector spaces, since vector drawings will be used frequently in R? and R®. The
instruction of the first question was revised and changed depending this change in the Geogebra template. Figure
3 shows the changes made in the first two questions of the worksheet regarding the concept of vector.

1. Cycle 1 Using the points given in the GeoGebra program, create a directional
line segment with a starting point O and an end point M and tick the
Activity 1 checkbox.

2 Tick the Create Directional Line Segments box.

2. Cycle 1 Using the points given in the GeoGebra program, create a directional
line segment with a starting point A and an end point B.

2 Create at least 5 directional line segments identical to AB by using the .2’
command in the Geogebra program.

Figure 3. The change in Activity 1 after the first cycle

As seen in Figure 3, the instructions on the worksheet in the first cycle are arranged as shown in the second
cycle. In addition, in the option c of the second question, it was observed that the students had some difficulty in
understanding during the implementation. In the option ¢ of the second question, the students were asked
whether it is possible to match the vector family on the screen with a single point and some students stated that
they did not understand this expression. The researcher summarized this situation in the field note as follows.

“Although the questions were generally understood by the students, a few students stated that they did not fully
understand the option c of the second question, and the researcher helped the students to understand the problem by
making the necessary explanations. A vector was given from R? and R® respectively in the fourth and fifth
questions of Activity 2 and the students were asked to create sliders in the Geogebra software.”

In this section, it is aimed to express vectors algebraically from their geometric representation and to bring
students to an analytical-arithmetic thinking structure. For this purpose, the students were guided to see the
vector-point relationship by showing the position vector representing the vector family and its coordinates.
Although there was no change in the worksheet for option ¢ of the second question, it was decided to make the
necessary explanations to the students in the next cycle by taking notes.

Vector Space and Subspace

The implementation prepared for teaching the concepts of vector space and subspace consists of two parts
named Activity 1 and Activity 2. vector space and subspace concepts are discussed in first and second part
respectively.
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In general, it was not made change in the worksheets. Only in Activity 1, the first question which consists of
four options a, b, ¢ and d was combined. Similarly, options a and b of the second question were combined. It was
observed that students had difficulties in ensuring content integrity while reading the questions. The researcher
summarized this situation in the field note as follows.

“Some questions that consist of a few options was understood by the students as if they were different questions.
When | asked students what the problem is, a student asked a question as follows; "Teacher, will we create them
separately or we do it on a single figure?. Then, looking at the situation of other students in the class, | saw that
they encountered a similar situation and tried to decide what to do.”

A change was made to ensure the integrity of the questions and get rid of these negativities. The revision
made in the first question of the subspace activity is given in Figure 4 below.

1a.Create a circle in the GeoGebra software as 1a.In GeoGebra software, create a circle like the one
shown on the left and specify various vectors to be on the left, and determine various vectors to be in
in or on the inner region of this circle. the inner region of this circle or on it, and use these
1b.Using these vectors, examine the conditions for vectors to examine the conditions of vector space
being vector spaces respectively. respectively.

Figure 4. Revision in the first question of subspace activity

Similar to Figure 4, the second question of the activity was revised by making changes. No other change was
made in the questions in the activities, but although the questions were understood by the students, the activity
took longer than the planned time. It was observed and reported that the students lost time in creating the
geometric structures which they were asked to draw especially in the first two questions. However, no changes
were made regarding the GeoGebra template and it was decided to be re-evaluated in case of a similar situation
in the second cycle.

Linear Combination and Span

The implementation prepared for teaching the concepts of linear combination and span consists of four parts:
Activity 1, Activity 2, Activity 3 and Activity 4. The first three activities were prepared for the teaching of the
concept of linear combination and the last activity for the concept of span.

The most important issues that draw attention in the implementation of this activity have emerged as time
problem and loss of motivation. The fact that different vectors and different situations related to these vectors
were involved in the activity caused the number of questions to be high, and in this case, the time allocated for
the activity increased. Although the students generally did not have difficulties in understanding and solving the
questions in the activity, the prolongation of the time caused their motivation to decrease. The researcher
summarized this situation in the field note as follows.

“In this part of the activity, it was observed that the students were more interested in the questions posed
algebraically and that they mostly found correct solutions. However, it was observed that some students could not
fully match the worksheet and the Geogebra template. In addition, the long duration of the activity and the crowded
classroom caused a decrease in motivation of the students. It was observed that it took time for some students to
create the set of linear combinations of the vectors given in the worksheet and they had difficulty understanding the
questions posed about the GeoGebra.”

The concepts of linear combination and span are interrelated concepts. Therefore, it should be processed by
handling as a whole. In this respect, simplifications and rearrangements were made to maintain the integrity of
the activity.

In the next section, no changes were made regarding the questions in activities. However, in order to be more
understandable and fluent, Activity 2 and Activity 3 were divided into four parts by taking into account the
different situations they have. In Activity 2, it was focused on cases involving a single vector in the plane and
two vectors such that one of them is a scalar multiple of the other. In Activity 3, it was focused on the cases
involving two different vectors in the plane and three vectors that can be written as a linear combination of each
other. The revisions made are given below.

1. Activity 1, single vector and linear combinations

2. Activity 2, two vectors such that one of them is a scalar multiple of the other and their linear
combinations

3. Activity 3, two different (one not a scalar multiple of the other) vectors and their linear combinations

4. Activity 4, three vectors that can be written as a linear combination of each other and their linear
combinations
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The questions in the activities included geometric and algebraic representations of vectors in different
situations. Thus, it is aimed that students can observe the differences between different representations of
concepts and use them correctly. Considering the video recordings and the researcher's field notes, it was thought
that geometric and algebraic representations should be presented clearly and fluently in order to understand the
concepts of linear combination and span in the most abstract form.

The GeoGebra template, which was prepared for teaching the concepts of linear combination and span, was
mostly prepared in a way that the students would create the geometric structures themselves. In case of
continuing problems with time and motivation in the first cycle, it was decided to review the GeoGebra template
and to design a template that could make the activities more fluent. The researcher summarized this situation in
the field note as follows.

“During the activity, it was observed that the students gave correct answers when they handled the questions from
algebraic and geometrical perspectives, but they did not justify their geometric approaches. It can be said that the
reason for this is that students mostly prefer to give algebraic answers to the questions and use the Geogebra
software only for control purposes. In order to overcome these problems, it was considered to simplify the activity a
little more and to make the Geogebra template more simple by revising it.”

Linear Dependence/Independence

The application prepared for teaching the concepts of linear dependence and independence consists of a
single part. It was observed that the implementation of the activity as a whole made it difficult to understand the
activity and caused the students to get bored from time to time during the application. Another factor affecting
this situation can be show as the lack of a ready-made GeoGebra template for activity. The students were not
given a ready-made template, instead they were asked to create the geometric structures they needed using the
GeoGebra software. However, many students did not prefer to use the software, and thus it became a worksheet
focused activity. For this reason, especially in the first part of the activity, it didn not occur learning from
concrete to abstract, and the direct abstraction of the students who did not use the software made it difficult to
make assumptions about the questions. The researcher summarized this situation in the field note as follows.

“It was thought to develop the GeoGebra template and the activity was divided into three parts to be more
understandable.”

Considering both the researcher's field notes and the conversations between the students in the video recordings,
it was decided to divide the activity, which consists of a single part, into three parts. These parts;

1. Activity 1, determining necessary and sufficient conditions for linear independence of vector sets
containing different numbers of vectors
2. Activity 2, which includes true / false questions about linear independence.
3. Activity 3, where the linear independence of vectors is examined based on their geometric
representation.
Thus, it is aimed to implement each activity separately and to make it more understandable. However, there
were changes and additions to the questions in the activities.

While changing about the third and fourth questions in Activity 1, firstly the examples in which the linear
independence of binary and triple vector sets will be examined were determined. Then, the assumptions of the
students regarding the necessary and sufficient condition for the linear independence of the vector sets given
through these examples were asked. The changes in the third question are given in the figure below.

1. Cycle 2
¥ 2. Similar to the second question, investigate whether you can produce an assumption about the
necessary and sufficient conditions for the two vectors to be linearly independent in R? based
on your own experience and observations. Explain your results with justification.
2. Cycle 3. Consider u=(1,-3,2), v=(0,5,2), w= (-8,12,-4), 2=(3,-9,6) ve t=(2,-3,1) vectors in R®

Create each of these vectors in GeoGebra program.

4. Now examine the linear independence of each of the
{u, vk {u, wh {u, 2}, {u, t}, {v, wh {v. 2}, {v, t} {w, 2}, {w, t} ve {z, 1} sets.
Try to make an assumption about the necessary and sufficient conditions for the two vectors

to be linearly independent in R* based on your own experience and observations. Explain your
results with justification.

Figure 5. The revision made in third question

252



Creating Design Principles of a Learning Environment for Teaching Vector Spaces

As can be seen in Figure 5, after the changes mentioned above, the question arranged to take place in the
second cycle. As can be seen, instead of directly asking students' opinions about the linear independence of the
two vectors, previously determined vectors were given and questions were asked to the students over binary
vector sets consisting of these vectors. The researcher summarized this situation in the field note as follows.

“In the third question of activity, It was observed that students try to reach the necessary and sufficient conditions
by studying with examples such as (1, 1, 1), (2, 2, 2) generally or they studied with vectors such as (1, 2, 3), (5, 7,
8) which were as different as possible from each other. Although it seems to be understood when vectors are
linearly dependent and when they are linearly independent, in this part, students could not make a clear assumption
about the concept of linear independence. In the fourth question of the activity, it was observed that some students
were hored with the activity in the part related to the linear independence of three vectors in R, In this activity, the
students were not given a ready-made template related to the Geogebra software and the students were asked to use
the software for the vectors they determined. However, it was observed that many students tried to answer the
questions without using the software, so they did not use a geometric approach to the questions.”

Based on the researcher's field notes, arbitrary use of the software was become a necessity in this section.
With the changes made, it is aimed to contribute to the development of students' modes of thinking by using
different representations and by presenting concrete content more effectively. According to these changes made
in the questions, a GeoGebra template containing the given vector sets was prepared. It is aimed for students to
quickly create vectors using this GeoGebra template and complete the activity. Below is an image of the
GeoGebra template.
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Figure 6. Designed GeoGebra template

As seen in Figure 6, it is aimed for students to quickly create the vectors they want by checking the check
boxes on the right side of the screen.

The part containing the right / wrong questions about linear independence is organized as Activity 2. From
the suggestion of an mathematics expert educator who attended the linear algebra course, it was decided to add
one more question to make the subject more inclusive, and the question "Every set including zero vector is linear
dependent” was added. In Activity 1, there was a set containing the zero vector and the students algebraically
checked the linear dependence / independence of this set. Adding a question regarding the linear independence
of this set was thought to be important to to know what students thought on the issue. Thus, it is aimed to reveal
how students think in the most general form about a situation in which they develop algebraically solutions. No
change was made in the questions considered in Activity 3, but some additions were included. Parallel to the
changes made in Activity 1, geometric representations of vectors in R® are included in this section, thus giving
students the opportunity to better understand the relationship between geometric representations of vectors in R?
and R® and their linear independence. Also, with the additions to Activity 3, it was aimed to prevent the
restricted learning that may arise from including only concrete representations in R%. Geometric representations
of the vectors added to Activity 3 are given below.
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Figure 7. Geometric representations added to the linear dependence / independence activity

With these changes and additions made as seen in Figure 7, the linear dependence / independence activity was
arranged for the second cycle. The reason for this arrangement is given below in the researcher's field note.

“It was observed that students gave correct and incorrect answers to the questions in this section. Some students
misinterpreted the linear independence of three vectors in R? geometrically, and some students confused the vectors
in R? and R® with each other. Therefore, it was deemed appropriate to add vectors in R® to the activity in order for
the students to understand the difference and see the relationships in every situation.”

Base and Dimension

The implementation prepared for teaching base and dimension concepts consists of two parts as Activity 1
and Activity 2. The first activity was prepared for the teaching of the base concept and the second activity was
prepared for teaching both base and dimension concepts. In Activity 1, three vector sets consisting of the
elements of R? are given and it is aimed to investigate whether these vector sets are a base of the R? vector space.
In addition, the students were asked to draw the given vector sets using the GeoGebra software.

There was no part about the questions in Activity 1 that the students did not understand. However, a problem
was encountered regarding the scope of the questions in the activity. The researcher summarized this situation in
the field note as follows.

“Later on the activity, the students had difficulty in making inferences about the base and the dimension concepts.
It was effective in this case that the given sets do not contain all possible cases for the bases of the R? vector space.
It was concluded that students only learn through certain situations.”

Based on the field notes, the worksheet has been arranged to meet many different situations in terms of the
development of students' analytical-arithmetic mode of thinking. Therefore, the number of sets given in the first
question was increased from three to five and added other possible cases to the question. Below is the change
made in the first question of activity 1.

1. Cycle 1) Open the file named Tabanl from your computer. Mark the vector sets given below in the
program and show them separately. Examine whether the vector sets are bases of the R? vector
space.

A=1(1,2), (2, 4)} B={(1 1) (-23)} C={25).(0,0);

2. Cycle 1) Open the file named Tabanl from your computer. Mark the vector sets given below in the
program and show them separately. Examine whether the vector sets are bases of the R? vector
space.

A={(1,2)} B={12),(24) C={11)(-23)} D={25),(00} E={12)(-23)(21)

Figure 8. The revision made in first question

As seen in Figure 8, all possible situations are included by adding two more vector sets consisting of a single
element and three elements.

3.2. First Cycle Desing Study
3.2.1. Study Story

The second cycle of the study was conducted with 44 students enrolled in a state university's primary school
mathematics teaching program and taking linear algebra in the spring semester of the 2016-2017 academic year.
The application covers the basic concepts of vector space, subspace, linear combination, span, linear
dependence, linear independence, base and dimension as in the first cycle. In the second cycle, lessons were
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conducted one week after from the first cycle. In the second cycle, similar steps to the first cycle were followed
in general. Before starting the applications for the first cycle, GeoGebra software was introduced to the students
during a two-hour lesson. During this two-hour lesson, the main functions of the GeoGebra software were
demonstrated, and especially the sections to be used in the lesson were emphasized. Since the students have
already taken courses on the GeoGebra software, the two-hour application requirements were met with two
hours of practice. In the first cycle, some of the lessons were conducted in the classroom environment, while
some were held in the laboratory environment. The activities were implemented in groups of two with estudents
in the laboratory lessons. During the course, the students were asked to fill in the worksheets interactively with
the GeoGebra software. During the application, two homework were given to students in each lesson as in the
first cycle. During the 6-week process, all the lessons were videotaped and reflection reports were written by the
researcher after each lesson. Taking into account the video recordings, reflection reports and the observations of
the researcher, arrangements have been made in worksheets, GeoGebra templates, homework and in-class
presentations in order to eliminate the problems that may arise in terms of the use of modes of description, the
development of modes of thinking and understanding of practice questions.

3.2.2. Program Revision for the Second Cycle

In this section, revisions related to the learning environment designed after the second cycle are given
separately under the titles of the concepts covered.

Vectors, Vector Sum and Scalar Product (R? and R®)

The activity, which includes the concepts of vectors, vector sum and multiplication with scalar, is divided
into three parts in order to arrange both formalistically and focusing on each topic separately. Below is the
revisions made in the worksheets.

1.Vectors, worksheet 1
2.Vector sum, worksheet 2
3.Multiplication with scalar, worksheet 3

A worksheet was prepared for each subject, and it was tried to be made more understandable and to
ameliorate the page layout formalistically. Apart from this, no changes were made in the parts containing the
concepts of vectors and vector sum. In this section, the way of asking some questions and instructions were
changed in order to be simpler and clearer. In addition, the toolbar of the GeoGebra template was customized
and only the features that will be used by the students during the activity were included in toolbar. The
researcher summarized this situation in the field note as follows.

“While I was walking around the desks in the classroom, I noticed that some students tried to draw figures off topic
and they got off the point. | observed that some students lost time using features that they don't need in the toolbar
for activity. It would be appropriate to edit GeoGebra templates to avoid both situations.”

Findings supporting this view of the researcher were obtained from the video recordings as well. Based on
these findings, it was aimed to prevent students from wasting time with other features that are not related to the
subject in the toolbar. In the figure below, the toolbar used in the 1st and 2nd cycles and the toolbar used in the
3rd cycle is given respectively.

2. Déngi Dosya Dizenle Goranim Secenekler Araclar Pencere Yardim
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Figure 9. The revision made to the Geogebra toolbar

Unlike the changes made in Figure 9, it was decided to add a question by removing a question in worksheet
2. In this part, a vector from R? was given to students. Later, the students were asked to multiply this vector by a
¢ real number scalar and examine it with the using GeoGebra template. Then the following question was
included to worksheet.

255



G. Agikyildiz, T. Kosa

4) u=(2,-1,3)vev=(3,1,2) uand v are vectors, c; and c; are real numbers

What are the common properties of all vectors obtained as ¢,.u+ ¢ v
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Figure 10. Students' answer to question 4

The answers given by the students to the question are mostly as shown in Figure 10. In fact, the problem had
two purposes. The first was to carry the students' thinking level about the concepts of vector sum and
multiplication with scalar to an analytical-arithmetic way of thinking by using their previous concrete
experiences. The second was to reach the idea that the sum and the multiplication with scalar of vectors in R?
and R® are still in the same set before vector space concept. However, it was observed that the set of linear
combinations of two vectors was obtained with the solution of the problem and the desired result could not be
achieved. Because the students did not provide explanations or justifications for their solutions. They used only
arithmetic operations in their solutions. For this reason, this question was removed from the worksheet and an
example from R® was given instead in order to increase the students' concrete experience. This question is
included in the figure below.

4 Create the vector u=(3, 1, 2) on the 3D graphic screen of the geogebra.

Create a slider for the vector u using the software's slider command. How does the
vector v change when you move the slider? Describe your result by discussing it with
your groupmate.

5 Compute algebraically the vectors for the 2 and -3 values of the slide.
Explain how you got the resulting vectors,

Figure 11. The revision made to question 4

After the changes made as seen in Figure 11, the worksheet was prepared for the 3rd cycle with arrangements
formalistically.

Vector Space and Subspace

The most important problem encountered in the first and second cycles in the implementation of the activities
prepared for the teaching of vector space and subspace concepts is that the duration designed for the activities
was exceeded. The vector space activity contains problems, in which the conditions of being vector spaces are
controlled, based on the geometric representations of four different sets. The geometrical construction of each
cluster was left to the students, and students either spend a lot of time to form these structures or were unable to
draw them. In this case, it naturally caused the prolongation of the time.

It was decided that it would be more appropriate to prepare ready-made GeoGebra templates in order to
overcome the difficulties that students have in creating geometric structures in the vector space activity. Thus, it
was aimed to create the geometric structures related to the given sets in a fast and accurate way and accordingly
strengthen the intuitive understanding of students. Because it has been observed that students have difficulties in
creating geometric structures and lost time. In addition, these difficulties were hampered the aim of creating
intuitive understandings in teaching the concept. It was observed that some students who could not make the
drawings quit the activities and waited for the lecturer. For this reason, the Geogebra templates named as
Probleml, Problem2, Problem3 and Problem4 were prepared for each problem situation, and it was aimed for
students to quickly check each of the vector space conditions. In addition, it was aimed to prevent students from
making assumptions on false concrete models and to improve students' modes of thinking. The following figure
is the GeoGebra template for Problem1.
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Figure 12. GeoGebra template designed for subspace concept

As seen in Figure 12, the geometric structure (circle in this question), vectors and sliders in the problem were
presented to the students as a ready-made template. It was aimed that the students to control by writing the
conditions of being vector spaces in the "Operations on Vectors" section of the template and to reach the
concrete content correctly and quickly by using the dynamic structure of the software. Templates were created
by using the same technique for other problem situations. In addition, with the command "Operations on
Vectors", it was aimed that students to establish the connection between geometric and algebraic representations
of concepts.

Despite the revisions made in the GeoGebra template, no changes were made regarding the structure of the
questions in the worksheets but revisions were made in the presentation of the questions and in the formal
structure of the worksheets to arouse curiosity and make the activity more fluent. The definitions and geometric
representations of each set were presented in the worksheet as a whole, and for each question, the students were
asked to investigate whether the sets meet the conditions of being vector spaces according to the standard
operations defined in R?. n addition, unlike the previous one, the algebraic representation of the sets for each
problem is given. Worksheet 5 is given below after the revisions made.

WORKSHEET 5

Open the files named Probleml, Problem2, Problem3, and Problem4 from your computer. Investigate whether
each set meets the conditions for being a vector space according to the standard operations described in B2 Az a
result of your reviews, fill in the table below with your groupmate.

Problem 1 Problem 2 Problem 3 FProblem 4
Merkezi ofijin, yarscap: 1 olan bir Dizlemde x = 0 balges: ¥ = mx dofrusu dzerindeki nim y = mx + 1 dofrusu Uzerindeks
gemberin i bilgesndeks tim fizerindeia tim vektbrlerin vektirlerin olugturdugn kiime tiim vektirlerin olugturdugu kiime
vekndrlerin olugnurdugu kime olugurdugu kikme

o | |/ < | B
B < |

Vo= {(r,y)eR¥ |+ )% <rf} V= {(x))e & x20} V={(x)e & |y=m) Ve f{(x3) 8 B | 3 mmix e mn w0}

Vektdr uzayi olma Problem 1 Problem 2 Problem 3 Problem 4
sartlan
u+veV
u+v=v-+u
(u+v) +w=u+(v+w)
u+l=u
u+{-u)=10
meV
cofu +¥) =u +ov
(e +djv = cv + dv
c(dv) = (ed)v

lu=u

Figure 13. Worksheet 5 after the revisions made.

257



G. Agikyildiz, T. Kosa

As seen in Figure 13, the problems were presented in this way and it was aimed to be simpler and more
understandable. In addition, additional paper were given to students to encourage them to use different
languages, and they were asked to develop different solutions, if any, apart from their geometric solutions.
Because students generally solved the given problem situations by using geometric inferences, but it was
observed that they did not develop algebraic solutions. Below, the researcher's field note on this topic and
sample student answer are given respectively.

“When looking at the answers given by the students to the questions in Activity 1, it was examined whether the
conditions of being vector spaces of the given sets meet geometrically, just like in the first group. However, it was
observed that many students did not respond algebraically on the worksheets.”
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Figure 14. Sample student response

As seen in Figure 14, students used descriptions of geometric solutions instead of algebraic operations while
answering the questions.

Linear Combination and Span

After the implementation of the activities prepared for the teaching of linear combination and span concepts,
it was decided to make some changes in the GeoGebra template and activities. Although the activities were
implemented more fluently than the first cycle, it was observed that the problem of time continued in this
activity. To eliminate this problem, some questions were combined and asked again in order to simplify the
activity a little more and make it more understandable.

During the implementation, it took the students' time to create geometric structures in some questions and
therefore the time determined for the activity was extended. In this respect, problem encountered in the first
cycle continued, so GeoGebra template was changed. First, the template was changed formalistically and the
vectors and sliders were presented under separate headings. It was observed that the students made simple
mistakes (multiplying the vector with the wrong scalar, incorrect use of the sliders, etc.) in the parts where they
had to operate with more than one vector, and therefore they lost time. In order to avoid these simple mistakes
and to create geometric structures in a much shorter time, it was decided to add an input field under the name of
"Vector Operations” to the GeoGebra template. The input field is a feature that reflects the geometric equivalent
of the algebraic representations of a concept to the screen. GeoGebra template is given below after the revisions
made.
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Figure 15. GeoGebra template after the revisions made
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When the expression "cu + dw" is written in the vector operations field at the bottom right of Figure 15, a red
vector appears on the screen. Thus, it was aimed to overcome the difficulties experienced by the students in
forming geometric shapes and making inferences about the concepts. In addition, it is aimed to shorten the
implementation period of the activity. After these changes, the activity was named as worksheet 8.

Linear Dependence/Independence

In the activities prepared for the teaching of the concepts of linear dependence and independence, changes were
made formalistically in general and some simplifications were made together with it. The activity prepared in the
first cycle was very verbal and some changes were made in this direction. In the second cycle, it was observed
that it took time to examine each of the vector sets given in the questions separately. The researcher summarized
this situation in the field note as follows.

“After the implementation in the first group, some changes were made in the activity and the implementation in the

second group was started. In our first implementation, there was no a ready-made Geogebra template for the
activity. Instead, the students were asked to take a geometric approach to the question by using the Geogebra
software and drawing the vectors they had determined themselves. However, as the students did not prefer to use
the program too much, they had difficulty in bringing a geometric approach, and mostly focused on worksheets. In
this case, we observed that some students were bored with the lesson.”

In this respect, the vector sets which given to the students to examine their linear independence were reviewed,
repetitive examples were determined and it was aimed to provide the most effective learning by using the least
number of vectors. For instance, in the second question, five vectors in R3 and all binary vector sets that will be
created with these five vectors were given to students. After the examination, the number of vector sets was
reduced to 6 by removing the repeating samples. questions in worksheet are given below after the revisions
made.

2 Cycle 3. Consider u=(1,-3,2), v=(0,5,2), w= |-8,12,-4), 2=(3,-9.6) ve t=(2,-3,1) vectorsin R*
Create each of these vectors in GeaGebra program.

4. Now examine the linear independence of each of the
{u, v}, {u, w), {u, 2}, {u, 1), iv, wi, {v, 2}, {v, th {w, 2}, {w, t} ve {z, 1} sets.
Try to make an assumption about the necessary and sufficient conditions for the two vectors
to be linearly independent in R® based on your own experience and observations. Explain your
results with justification.

3. Cycle ¥ Dpenthe LBZ file in the Geogebra program. Construct the vectors u = (1, -3,2), v=(-3,3,1),
W=1{2,-6,4), k={-1,-3,5) in the GeoGebra template _ Fill in the table below.

Vektior L.Bapmi | LBspms:z  (dgim WVelktdrlerin
Klmesi Birkirine Gare
Konumu

fu, w}

v, wi

4 Can you determine the necessary and sufficient conditions for two wectors to be limearly

independent in R fram your work abowe? Discuss with your groupmate and write down your result.

Figure 16. The revisions made to questions 3 and 4

Similar to Figure 16, fifth and sixth questions in the worksheet were changed and the number of vector sets
was reduced to 4 from 6 by removing repetitive cases. In addition, in this part of the activity, it was observed that
the students took notes in a confused way on worksheet and therefore lost time in making assumptions. Below,
the researcher’s field note on this topic and sample student answer are given respectively.

“While I was walking around the classroom and examining the students' answers to their worksheets, | observed
that the procedures were done in a very scattered way and in a hurry. They also seemed to find it difficult to relate
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the results they found. So, It was deemed appropriate to change the worksheet formalistically in order for them to
perform their operations more easily and to see the relationships easily.”
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Figure 17. Sample student response

Looking at Figure 17, it is seen that the solutions made by the student are located in the worksheet in a
confused way. Based on the field notes, the questions were presented in a table format in which the students
would make and interpret their solutions more regularly. A similar situation was not encountered in activity 2
and activity 3. The researcher only redrew the figures in activity 3 more professionally and added them to the
activity. Finally, the activity is named as worksheet 10.

Base and Dimension

After the implementation of the second cycle, some arrangements were made in terms of both form and
content in the activities prepared for the concept of base and dimension. No change was made in Activity 2,
which included true/false questions. All arrangements were made in activity 1. Below are the researcher's field
notes.

“During the implementation, there were no situations students had difficulty. After the previous cycle, some vector
sets from R® was added to Activity 2 in order to contain all possible situations and it was observed that the students
did not have any difficulties. For the same reasons, it was thought that it would be appropriate to add vector sets
from R® to Activity 1.”

Based on the field notes, it was decided to add vector sets from R® vector space to activity 1 so that the
students' learning about the concept of base and dimension is not limited only to the R? vector space and to make
a right generalization. all possible cases were selected while determining the sets in order to examine the bases of
the vector space R3. Finally, Activity 1 and Activity 2 were combined and name as Worksheet 11.

3.3. Study Story of Third Cycle

The third and last cycle of the study was conducted with 11 students enrolled in a state university's secondary
school mathematics teaching program and taking linear algebra in the spring semester of the 2017-2018
academic year. The application covers the basic concepts of vector space, subspace, linear combination, span,
linear dependence, linear independence, base and dimension as in the other cycles. Before starting the
applications for the first cycle, GeoGebra software was introduced to the students during a two-hour lesson.
Most of the lessons were conducted in a laboratory environment. The activities were implemented in groups of
two with students in the laboratory lessons. During the course, the students were asked to fill in the worksheets
interactively with the GeoGebra software. During the application, two homework were given to students in each
lesson as in the other cycles. Last cycle of the research was conducted by a mathematics educator who was an
expert in her field, and the researcher took the role of observer by taking video recordings and observation notes.

The principles regarding the designed learning environment were gathered under five main titles before the
third cycle: Use of Technology, Modes of Description, Task, Worksheets and Group Work. As a result of the
findings obtained in the third cycle of the research, the Role of the lecturer was added to the design principles as
a sixth title. Thus, it was decided to gather the principles related to the designed learning environment under six
titles. The principles regarding the role of the lecturer are determined to be active, collaborative, aware of the
structure, equal to all and in interaction. In accordance with the nature of design-based research, researchers have
an active and collaborative attitude in the process. However, it has been revealed in the field notes and video
recordings that the role of the lecturer is not always limited to these. The fact that the lecturer gave the right to
speak to all students emerged as a situation that attracted the attention of the students and the researcher. The
researcher summarized this situation in the field note as follows.
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“The satisfaction of the students especially with the attitude of the lecturer was remarkable. It i also observed that
some students expressed their satisfaction with this situation directly to their teachers. In a dialogue between one of
the students and the lecturer, he said that everyone was treated equally because the teacher was constantly walking
around.

After the third cycle, in addition to adding the role of the lecturer as a title to the principles regarding the
learning environment, some principles were included under other titles based on the findings. Getting attention,
practical and compatible and preparing ground for formal definitions and proofs were added to title of use of
technology. Discussion and giving feedback were added to title of tasks. Practical was added to title of
worksheets. In particular, discussions and feedback which based on the questions in the task were effective to
understand the students' modes of thinking and the to make help them to development of their modes of thinking.
Below is the field note of the lecturer regarding this situation.

“.... For instance, a student asked a question that we could solve the problem in R? or R®. Several students in the
class stated that the question should be answered in a general form. Even, the misunderstanding of students
emerged regarding the relationship between R?, R® and R". This gave me the opportunity to talk about it. Since this
process is recorded, the dialogues in the classroom can be analyzed carefully. The discussion environment about
tasks has once again demonstrated how effective specific assignment and follow-up is.”

When the field notes of the lecturer were examined, it was revealed that the discussion environment in the
classroom was effective in revealing the misunderstandings of the students and correcting these mistakes. Apart
from that, no problem was encountered in the application of GeoGebra templates and worksheets used in the
learning environment and it was observed that they were used by students in a practical way. In particular, the
revisions made in the first two cycles were effective in the formation of this practicality. In addition to this, in
line with the determined principles, the learning environment was successfully implemented in the third cycle.
Below is the researcher's field note on this subject.

“I can say that the application carried out in the course was very efficient and reached the desired goal for the
students. No problem was encountered in the presentation or understanding of the questions in the activities. Thus,
the application was carried out efficiently in a lesson environment where I, the lecturer and the students were active
and the students' motivation did not decrease. In fact, two male students, who did not attend the lesson as often as
their other friends, were interested in the activities from the beginning to the end of the lesson, they asked questions
and mostly made correct inferences. | think this was clear evidence of how the designed environment attracted and
motivated students.”

When the field notes of the lecturer were examined, it was seen that he had similar views with the researcher.
Below are the field notes of the lecturer regarding the learning environment.

“In general, the interest of the students in the class was good. They got rid of their inexperience in teaching the
lesson with worksheets. In the lesson, | noticed that they could easily summon information from previous topics
when needed. Moreover, the students were trying to visualize their experiences in the classroom while changing the
wrong answers they gave in class discussions. | think that these applications were generally efficient, and then they
facilitated the processes of understanding the structure and proof of the theorems we wrote. In addition, even
students who seem very indifferent to the lesson were involved in the in-class practices. They did not exclude
themselves like in other lessons.”

In the successful implementation of the learning environment, it was effective for the lecturer to have a
command of the current structure in the learning environment and to manage the process well. The lecturer and
the researcher came together before and after the lesson and held small meetings for a right implementation of
the learning environment. It is thought that group work is also effective in the success of the learning
environment. Lessons taught in the laboratory environment were conducted in group work. Under the title of
group work, the principles are determined as student-centered, discussion and motivation.

Considering the dialogues with the students and the students' performances in the lesson, it was found that
group work increased students' responsibility and self-confidence. In addition, the students found the teaching of
the lessons in the form of group work enjoyable and stated that they preferred laboratory lessons to normal
classroom lessons. Based on the findings, it is thought that doing group work has an effect on this choice. Below
is the researcher's field note on this subject.

It was observed that the lessons and activities were very efficient and understandable. Particularly, students'
expressing their own ideas, asking questions and searching for solutions by making inferences from the activities
made them an active part of the course. When the course was taught entirely in the laboratory, it was observed that
the students were tired only towards the end of the lesson. Some students stated that they got very tired in the
normal classroom environment and that the laboratory lessons were more enjoyable and less tiring. This situation
once again revealed how formalism pose a obstacle for students.

Parallel to this, a similar situation was encountered when video recordings were examined. In a dialogue
between the lecturer and the students in a lesson in a classroom environment, the students stated that they were
bored from time to time in the classroom and wanted to do their lessons in the laboratory. When the lesson
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lecturer asked why they wanted to do lesson in the laboratory, they showed the time flies and group work as a
reason.

4. Discussion

In this study, a theoretical framework was organized by determining the difficulties and suggestions in the
literature for linear algebra teaching and a learning environment was designed by determining some principles in
line with this framework. The designed learning environment was implemented in three cycle application design
and evaluation process within the scope of design based research. Before the last cycle of the research,
adjustments and changes were made during the first two cycles of the learning environment designed using field
notes and video recordings. As a result of the revisions made after the first two cycles, design principles were
determined before the third cycle and the design was made ready for implementation before the last cycle.

After the first two cycles, the principles related to the designed learning environment were formed under five
titles: Use of technology, modes of description, tasks, worksheets and group work. After the third cycle of the
research, as a result of the analysis of the students' views, a sixth title under the name of the lecturer's role was
added to the design principles. Thus, the design principles of the learning environment for teaching vector spaces
are grouped under six titles. The principles regarding the lecturer’s role are determined as being active,
collaborative, and aware of the structure, equal to all and in interaction. In fact, we can state that the researcher is
active and cooperating with the students during the application (Reeves, 2000) as one of the characteristics of
TTAs, the learning environment is an invisible principle. However, as a result of the analysis of the students'
views, it was revealed that the lecturer’s role is not limited to these features. In the present study, the first and
second cycles were carried out by the researcher, and the third cycle by another lecturer. For this reason, it is
important for the lecturer (course teacher) to be aware of the process and design principles and to conduct
lectures in accordance with these principles. Because in all of the activities, different languages and
representations have been systematically used for the development of students' thinking modes. Being aware of
this structure, the lecturer should pay attention to the use of languages and transitions between languages, both in
their interaction with students throughout the process and in their in class practices. Otherwise, difficulties
arising from not understanding the transitions between languages stated in the literature (Hillel, 2000) will be
encountered. However, the students stated that it is a situation that motivates them to behave equally to everyone
and to give everyone the right to speak. It is possible to say that these behaviors exhibited by the lecturer and his
communication with students (Pecuch-Herrero, 2000) are very important and increase students 'success in terms
of students' ability to express their thoughts clearly. However, the fact that the lecturer treats everyone equally
and gives everyone the right to speak has been an important factor in motivating the students. It is possible to say
that these behaviors exhibited by the lecturer and his communication with students (Pecuch-Herrero, 2000) are
very important and increase students 'success in terms of students' ability to express their thoughts clearly.

The principles determined regarding the use of technology are mostly to determine the role of GeoGebra
software in the learning environment. By including technology in the learning environment, it was aimed not
only to meet the recommendations in the literature, but also to apply the pedagogical principles suggested by
Harel (2000) and to avoid the formalism difficulty mentioned by Dorier (1995). As a result of the analysis of the
findings, some features that the templates prepared with GeoGebra software should have were determined, apart
from the basic purposes stated. The features of the templates were determined as remarkable, practical,
compatible with the content and preparing students for formal definitions and proofs. Although the remarkable
and practical usage are the considerations when preparing the GeoGebra templates, it is not included in the
principles of technology use. In particular, practicality is a feature that all students and lecturer agree on and has
played an important role in the effective use of time. However, even though the students were taught before the
implementation of the software, some activities (subspace, span) caused difficulties arising from using the
software and causing the time to increase. Therefore, the preparation of a template that will provide practical use
to the students has contributed to the principles of using time effectively and handling a large number of cases.
However, the compatibility of the designed GeoGebra templates with the content and worksheets was also
revealed in the interviews. It is also stated in the literature that the use of simple CAS and DGS (Donevska-
Todorova, 2018) does not make linear algebra teaching easy. Considering that technology increases student
achievement when applied together with teaching strategies (Donevska-Todorova, 2018; Pecuch-Herrero, 2000),
it can be said that the designed templates should be implemented in a systematic manner and compatible with
other activities used in the lessons. The integration of technology into linear algebra course should not be
thought of as only including visual representations of concepts or supporting content. Worksheets and tasks
should also be organized by taking GeoGebra templates into consideration and activities should support each
other. In addition, the lecturer stated that the concrete experiences provided by the software helped the students
to understand formal definitions and proofs. This opinion stated by the lecturer is compatible with the
concreteness and generalizability principles of Harel (2000), and it was decided that this view should be one of
the principles regarding the use of technology.
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Given that the worksheets are implemented with GeoGebra templates, practical use with the software also
emerges as a feature of the worksheets. Worksheets used in the study are activities that have many revisions both
in content and form since the first cycle. While preparing the worksheets, many formal revisions have been made
so that students can easily make their solutions, make assumptions on their solutions and establish relationships.
Because the findings obtained from the first and second cycles revealed that the students made solutions in a
scattered way and sometimes had difficulty in collecting the results they obtained. Although the practical
preparation of the worksheets is not expressed as a principle while creating the design principles for the learning
environment, attention has been paid to the practicality of the worksheets. As a result, the principles determined
for the worksheets after the first and second cycles were determined as curiosity, clear and understandable,
generalizing, including different languages, compatible with software and discovering. As a result of the
opinions and observations made throughout the process, it was decided that practical use should be one of the
points to be considered in the preparation of the worksheets. It was revealed that the principles determined from
the opinions of the lecturer and students were successfully met in the worksheets. However, observations,
worksheets and homework revealed that students realized and adopted the purpose of the learning environment.
This situation is thought to contribute to meeting Harel's (2000) requirement principle.

Principles under the title of task after the first two cycles, it is presented as problem solving, making
generalizations, using different languages and representations. In the light of the findings obtained from the
observations, it has been concluded that task is effective in students' learning more deeply and exhibiting their
thinking modes. Opinions about task were determined as reinforcing, repeating the lesson, preparing for the
exam, taking the exam stress and working regularly. Based on the students' views, it is possible to say that task
contributes positively to their learning. However, seeing task as a compulsory task has emerged as a striking
situation in students' views. It is thought that this situation is caused by regularly giving feedback to task and
students feeling responsible for the lesson. In addition, from the interviews with the lecturer, it was concluded
that the task was effective in creating a discussion environment in the classroom. For this reason, the principles
determined under the title of task; it was decided to add the principles of learning, discussion and giving
feedback. However, another important point to note here is that task makes students ready for the exam and
relieves them from exam stress and score anxiety. In this case, it is strongly thought that it is effective in
students' display of analytical-structural thinking in their answers to the questions. Task is also an important
factor in creating a discussion environment in the classroom. Class discussions were held during the lessons by
sharing their thoughts with each other over the task questions. This situation enabled both the students to express
their opinions clearly and the misunderstandings of the lecturer and to correct these mistakes. Therefore, it was
thought that the task should be discussed in the classroom and should be composed of pondered questions in
order to reveal the students' ideas and the development of their thinking modes. Of course, the role of the lecturer
is also effective in creating a discussion environment. It is thought that doing task has an effect on the feedback
given to the task in terms of feeling a responsibility and obligation for them. The lecturer stated that the feedback
given to the task motivated the students. In this respect, it is thought that task has an important place in meeting
the requirements and generalizability principles of Harel (2000). Because task can also be considered as a
problem-solving activity and allows students to learn in the most general form by including different languages
and notations. In this respect, giving feedback has been determined as a principle for task so that such an activity
is seen as a necessity by students. It kept students' motivation towards the lesson high and made the lesson more
enjoyable. The students' preference of lab lessons, which are conducted in the form of group work, over
classroom lessons can be interpreted as an indicator of how much formalism exhausts students. In this context, it
is possible to say that group studies motivate students against the formalism difficulty (Dorier, 1995) stated in
the literature. As a result, in addition to the suggestions in the literature against the difficulty of formalism
(Harel, 2000; Tabaghi, 2012), it can be added that lessons are sometimes held in group work.

5. Conclusion and Suggestions

In this study, considering the theoretical framework on Linear Algebra teaching, it is aimed to determine the
design principles of a technology-supported learning environment for teaching vector spaces. The design
principles, which were gathered under five headings after the first two cycles, were gathered under six titles with
the addition of the title of the role of the lecturer as a result of the analysis of the findings obtained after the third
cycle, and the principles were finalized by adding some titles. As a result of the research, design principles, use
of technology, use of representation languages, assignments, worksheets, group work and the role of the lecturer
were determined.

Drawing attention to the use of technology, preparing the ground for harmonious, practical and formal
definitions and proofs; learning, discussing and giving feedback to assignment; The principles of avoiding the
difficulty of formalism have been added to group work. While determining the design principles, first the
principles were determined in line with the theoretical framework of the research, and then a learning
environment was designed by considering the student difficulties and suggestions for linear algebra teaching in
the literature. While preparing GeoGebra templates, worksheets and assignments, which are the components of
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the learning environment, geometric, algebraic and abstract representations of the concepts were included, and
activities were prepared to meet the principles of concreteness, necessity and generalizability in each component.
Thus, the design principles of a learning environment designed for teaching vector spaces were formed.

Use of technology;

» Making connections between algebraic and graphical representations
* Concretization and visualization

* Avoiding the formalism obstacle

« Using time effectively

* Including a large number of questions

* Getting attention

* Practical and compatible

* Preparing ground for formal definitions and proofs

While technology is included in the lessons, it is important that the materials prepared are designed in a way
to establish a relationship between the algebraic and graphical representations of the students. Including concrete
representations of concepts in these materials allows students to avoid the difficulty of formalism, as well as
provide students with a basis for formal definitions and proofs through intuitive understandings. Apart from this,
the technology materials should be designed to be attention-grabing, practical and compatible with other
materials used in the course. In addition, in order to enrich students' understanding, it is important to include a
large number of questions to set an example for all possible situations related to concepts and to include
technology in a way that will use time effectively.

Use of modes of description;
* Assignments

» Worksheets

* GeoGebra templates

« In-class presentations

While designing assignments, worksheets, GeoGebra templates and making in-class presentations, it is
extremely necessary to pay attention to the use of representation languages and to include different languages. It
is one of the basic principles of the learning environment that the transitions between languages are
understandable by students and that students are encouraged to use different languages. It is also important for
the development of students' modes of thinking.

Tasks;

* Problem solving

* Generalizing

* Including different languages and representations
* Learning

* Discussion

* Giving feedback

While designing the assignments, in accordance with the principle of using representation languages,
different languages related to the concepts should be included in the questions. Assignments should also be seen
as a problem solving activity and should consist of thought-provoking questions that will lead students to
generalize and discuss. However, giving feedback to assignments has emerged as an important factor for
students to learn and keep their motivation high.

Worksheets;

* arouse curiosity

* Being clear and understandable
* Practical

* Don't make generalizations

« Including different languages

* Easy going

* Discovering

Just like assignments, different languages related to the concepts should be included when designing
worksheets. It is very important that the worksheets have a structure that starts with geometric applications,
supports the results obtained with these applications with algebraic approaches and ultimately leads students to
generalize, and allows students to learn by discovering. Apart from this, the worksheets are designed to be
intriguing in terms of both content and form, having clear and simple instructions, useful and compatible with
other materials used in the course.
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Group work;

* Student centered

* Discussion

» Motivation

* Avoiding the obstacle of formalism

Conducting the activities as group work is important in terms of student responsibility and active
participation, as well as meeting the student-centered teaching suggestions in the literature. Group work was seen
as an effective factor in preventing formalism from tiring students, providing the opportunity to discuss with
each other and having higher motivation towards the lesson.

The role of the lecturer;
 Active

« Collaborative

* In interaction

* Equal to all

» Aware of the structure

It is extremely important for the lecturer to be active, cooperative and interactive in terms of ensuring active
participation of students in the lesson, revealing the wrong or missing information of the students and the
development of their thinking. The lecturer has responsibilities in terms of conducting worksheets and geogebra
templates in harmony in the learning environment, giving feedback to the assignment and creating a discussion
environment in the classroom. In this regard, the study tells us that the lecturer should be aware of the process
followed and the structure used in the learning environment. Apart from this, giving the students the right to
speak and express their thoughts, giving students the opportunity to express themselves, using different
languages and determining their thinking modes has emerged as a very important result.

While revealing the design principles of the research, the importance of the role of the lecturer in the learning
environment was emphasized. The performance of the lecturer in the learning environment attracted the attention
of the students and motivated them. Here, one of the points to be considered for linear algebra lesson teachers is
that the designed learning environment increases the responsibilities of the lecturer. Of course, teachers have
responsibilities in the normal classroom setting, but a learning environment prepared in line with many different
suggestions and design principles requires a different perspective and additional responsibilities along with the
learning strategies adopted. In this respect, a researcher who will take part in a similar learning environment or a
lecturer who adopts such an approach should pay attention to the following points:

1. Being responsible for synchronization between events
2. To create a discussion environment

3.To interact with students and give everyone a voice

4. Paying attention to the transitions between languages

Technology's place in the classroom in today's education world is undeniable. Not only linear algebra
lessons, but also technological materials in many different branches from primary education to university take
their place in classrooms. However, it should not be forgotten that assignment from past to present has an
important place in teaching concepts. As a matter of fact, in this study, students were given assignment regularly
every week. However, just as with the use of technology, assignment that is not supported by a specific strategy
and given feedback is considered as a difficult possibility to contribute to students' understanding. Considering
that the sloppy use of representational languages in classroom activities and textbooks is a challenge for students,
their assignment should be prepared in a way that includes different representation languages so that students can
differentiate. From this point of view, it is suggested that the concept-oriented assignment that includes
geometric, algebraic and abstract representations of the concepts, regularly given feedback by the lecturer,
should be used in teaching vector spaces concepts. It is also recommended to carry out similar studies in terms of
designing new materials and learning environments in linear algebra teaching, taking into account the changes in
technology in the future.
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Vektor Uzaylarimin Ogretimine Yénelik Bir Ogrenme Ortamimin Tasarim ilkelerinin
Olusturulmasi

1. Giris

Lineer cebir, matematigin; vektorler, vektor uzaylari, lineer doniisiimler, lineer denklem sistemleri
ve matrisleri inceleyen dnemli ¢alisma alanlarindan biridir. Ozellikle fen bilimlerinde yaygmn bir kullanim
alanma sahip olan lineer cebirin; anatomi, miihendislik, bilisim sistemleri, genetik, fizik ve istatistik gibi bircok
alanda da uygulamalar1 bulunmaktadir. Ogrencilere matematiksel soyutlama yapma firsat1 sunan bir ders olmast,
lineer cebiri 6nemli kilan nedenler arasinda gosterilmektedir (Harel, 1989a; Kolman ve Hill, 2008). Harel
(1989a), lineer cebirdeki konularin kendi iginde oldugu kadar yasamin her alaninda bulunmasi gereken nitelikte
oldugundan hareketle pek ¢ok miifredat ig¢in gerekli bir ders oldugunu ifade etmistir.

Lineer cebir dersi genel olarak Matris Cebiri ve Vektdr Uzaylar1 Teorisi olmak iizere iki temel bdlime
ayrilabilir. Matris Cebiri; matrisler, matrislerde islemler ve 6zelliklerini, determinantlar ve lineer denklem
sistemleri ile ¢oziim yontemlerini igermektedir. Vektor Uzaylar1 Teorisi; vektor uzaylari, alt uzaylar, lineer
birlesim, germe, lineer bagimlilik, lineer bagimsizlik, taban ve boyut gibi kavramlar: icermektedir. Cok daha
soyut bir yapiya sahip olmasi sebebiyle vektdr uzaylar1 teorisi, 6grencilerin lineer cebir dersinde en ¢ok giicliik
yasadig1 boliimdiir (Dorier, 1995). Dorier’e (1995) gore lineer cebir 6grenme ile ilgili olarak dgrencilerin sahip
oldugu zorluklar, onun soyut ve formal dogasinin bir sonucudur.

Lineer cebir dgretimi {izerine yapilan arastirmalar incelendiginde agirlikli olarak vektor uzaylar1 ve lineer
doniigiimler tzerinde duruldugu goériilmektedir (Britton ve Henderson, 2009; Dogan-Dunlap, 2010; Donevska-
Todorova, 2018; Dorier 1998; Dorier, Robert, Robinet ve Rogalski, 2000; Harel, 1987; Klasa, 2009;
Sierpinska, Dreyfus ve Hillel, 1999; Stewart ve Thomas, 2010). Konuyla ilgili arastrmalarin daha agirlikl
olarak vektor uzaylar1 teorisi lizerinde olmasmin sebebi, vektor uzaylari kavramlarmin dogasi geregi soyut
olmasmdan dolay1 6grenmede ve de 6gretmede giicliikler yasanmasindan kaynaklanmaktadir. Robert ve Robinet
(1989), 6grencilerin derse yonelik temel elestirilerini formalizmin kullanimi, ¢ok sayida yeni tanimin yer almasi
ve daha Onceden Ogrendikleri bilgilerle yeni Ogrendikleri bilgiler arasinda iliski kuramamak olarak
belirlemislerdir. Dorier ve arkadaslar1 (2000) bu durumu “Formalizm zorlugu” olarak isimlendirmis ve birgok
durumda formalizm engelinin 6grenci zorluklarmin nedeni oldugunu belirtmislerdir.

Lineer cebir dersi, bircok yeni kavram ve bu kavramlarin 6zelliklerini igermektedir. Bu derste 6grencilerden
kavramlarla ilgili belli durumlarda degil (R% R®, 2x2 tipinde matrisler, ...) en genel durumlarda ( vektor
uzaylari, lineer doniisiim siniflari, cebirsel yapilar, ...) diisiinme ve ¢aligmalar1 beklenmektedir (Hillel, 2000).
Ayrica Ogrencilerden, bu yapilar {izerinde doniisiimler tanimlama, farkli temsil dillerini de kullanmalari
beklenebilmektedir. Hillel’e (2000) gore lineer cebir kavramlar: {i¢ farkli tanimlama ve iligkili olarak temsil
diline sahiptir. Hillel (2000) lineer cebirde kullanilan dilleri geometrik dil, cebirsel dil ve soyut dil olarak ii¢
baslikta ele almistir. Her bir dil igerisinde vektorler, vektorler lizerindeki islemler ve doniisiimler 6zel tanimlara
ve gosterimlere sahiptir. Ornegin bir vektor geometrik dilde bir ok olarak, cebirsel dilde sayilardan veya
sembollerden olusan satir veya siitiin matrisi ve soyut dilde bir vektdr uzayinm elemani olarak temsil
edilmektedir. Smif i¢i 6gretimde veya ders kitaplarinda, kavramlar ve iliskili stireler tanimlanirken bu ti¢ temsil
dili bir arada kullanilir (Hillel, 2000). Siirekli olarak birinden digerine gegis yapilir. Bu tanimlama ve temsil
dilleri arasindaki aymrimi yapamayan bir 6grenci i¢in birinden digerine gegisi anlamak ve takip etmek temel
zorluk nedenleri arasinda yer almaktadir.Bu temsil dilleri disinda lineer cebirde 6grencilerin farkli tanimlama ve
temsil dilleri ile ilgili anlamalarinin geligimi i¢in diiglinme bigimlerine ihtiyag olabilir.

Sierpinska (2000), lineer cebirde kullanilan {i¢ diigiinme bigimi tanimlamistir. Bu diisiinme bigimleri;
Sentetik-Geometrik, Analitik-Aritmetik ve Analitik-Yapisal diisiinme bi¢imleridir. Sierpinska (2000) bu ii¢
temel diisiinme bi¢iminin gelisimine ihtiyag oldugunu ifade etmistir. Sentetik-Geometrik diisiinme bi¢iminde
Ogrenciler tamimlama yapmaksizin verilen matematiksel nesneleri betimlemeye ¢alisirken Analitik-Aritmetik ve
Analitik-Yapisal diisiinme bigimlerinde, 6grencilerin nesneleri tanimlar1 ve 6zelliklerini kullanarak anlamaya
¢alismasi s6z konusudur (Sierpinska 2000). Bu diisiinme bigimleri Hillel’in (2000) bahsettigi temsil dilleri ile
acik bir sekilde iliskilidir. Sentetik-Geometrik diisiinme bigiminde kullanilan dil, R%ve R¥iin geometrik dilidir.
Analitik-Aritmetik diisiinme biciminde kullanilan dil IR" nin cebirsel dili iken, Analitik-Yapisal diisiinme
bi¢iminde kullanilan dil genel soyut teorinin soyut dilidir (Turgut, 2010). Ayrica temsil dilleri ve Sierpinska
(2000) tarafindan tammlanan diisiinme bigimleri tam olarak ayni sey degildir. IR™de galisan bir 6grenci analitik-
aritmetik disinme bigiminin yam sira sentetik-geometrik ve analitik-aritmetik diisiinme bigimlerini de
kullanmast miimkiindiir. Analitik-Yapisal diisinme bigimi en {ist diizey diisiinme bi¢imidir ve bu diisiinme
bi¢iminin yapisina hakim bir 6grenci diger diisiinme bigimlerinin 6zelliklerini de kullanabilir.

Harel (1989a), dgrencilerin lineer cebir kavramlarint anlama ve kullanmadaki temel giigliikklerinin nedenini,
saglam sezgisel bir temele oturtmaksizin soyut kavramlarin hizli bir sekilde verilmesinden kaynaklandigini
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belirtmigtir. Harel (2000), lineer cebir 6gretimine yonelik olarak {i¢ temel pedagojik prensip dnermistir. Bunlar;
Somutluk, Gereklilik ve Genellenebilirlik prensipleridir. Somutluk prensibi, 6grencilerin kendileri i¢in somut
olan bir icerikte belli bir kavramla ilgili anlamalar1 insa edebilecegi fikrine dayanmaktadir (Harel, 2000).
Ornegin, analizde tiirev kavramindan bahsedebilmek igin dgrencinin fonksiyon kavramini bir matematiksel
nesne olarak algilamasi, P4(R) tizerinde lineer birlesim kavramindan bahsedebilmek igin 6grencilerin bu
kiimenin elemani olan her bir polinomu bir nesne-vektor olarak gormesi gerekmektedir. Gereklilik prensibi,
ogrencilerin lineer cebir dersine aktif olarak katilmalarmi ifade eder (Aydin, 2007) ve egitimsel aktiviteler bu
prensibin hayata gecirilmesinde onemlidir. Egitimsel aktivitelerin Ogrenciler tarafindan gergek¢i ve kabul
goriilmiis problem durumlarmi sunmasi gerekmektedir. Ozel bir 6rnekle veya etkinliklerle dgrencilerin
kavramlar arasindaki baglantilar1 hissetmeleri ve gormelerini saglamak kavramsal bir anlamanin olusmasina
zemin haziryabilir ve bdylece gereklilik prensibi uygulanmis olur. Genellenebilirlik prensibi ise 6grenme
siirecinden ¢ok Ofretim materyallerinin se¢imine iliskin didaktik kararlarla iliskilidir (Harel, 2000) Ogretim
somut bir modelle iliskilendirildiginde somutluk prensibini destekleyici bir durum olur, bu model {izerinden
yiritillen Ogretimsel aktiviteler kavramim genellenebilirligini saglayabilir. Bu siiregte somutluk ilkesini
kargilamak amaciyla yapilan etkinlikler dnemli olabilir. Kullanilan somut modeller, soyut kavramlarin 6grenciler
tarafindan anlagilmasina ve 6ziimsenmesine olanak verecek sekilde diizenlenmelidir (Turgut, 2010). Model
iizerinden yiiriitiilen caligmalar ile genel kavrama ulasilabilmelidir. Modelin ¢ok spesifik oldugu ve genel
kavramla ortak noktasinm ¢ok sinirlt oldugu durumlarda genelleme gerg¢eklesmeyebilir.

1990’11 yillarda 16 matematik egitimcisinin olusturdugu Lineer Cebir Ogretim Programi Calisma Grubu
(LACSG,; Linear Algebra Curriculum Study Group) yaptigi arastirmalar neticesinde lineer cebir dgretiminde
yeni yaklasimlarm benimsenmesini onermistir. David Carlson, Charles Johnson, David Lay ve Duane Porter
onciiliigiinde kurulan grup, lineer cebir 6gretiminin gelistirilmesine katki saglamay1 ve bu konuya saglam ve
stirdiirtilebilir bir ilgi ¢ekmeyi amaglamistir. LACSG arastirma grubunun lineer cebir dersinin 6gretimine yonelik
tavsiyeleri Carlson (1993) tarafindan su sekilde siralanmastur.

Lineer cebir ders igerigi farkli disiplinlerin ihtiyacina cevap verecek sekilde diizenlenmeli

Lineer cebir dersi en az iki donemlik bir ders olarak yiiriitiilmeli

[k dénem lineer cebir derslerinde ispata ok fazla vurgu yapilmamali

Lineer cebir derslerinde teknolojiden yararlanilmali

Geometrik temsillerden yararlanmali

Ders icerigi matrislerde islemler, lineer denklem sistemleri ve ¢dziimii, determinantlar, R" de lineer
birlesim, lineer bagimsizlik, taban, alt uzaylar, ... seklinde diizenlenmelidir.

oM wWNE

Yukaridaki oneriler arasinda, i¢inde bulunulan doneme gore en dikkat gekici ve yenilik¢i 6nerilerden birinin,
lineer cebir derslerinde teknolojiden yararlanilmasi fikri oldugunu séyleyebiliriz. Basit fiziksel veya gorsel
temsillerin olmadig1 konularda matematik, dgrenciler i¢in zorlasabilir. Dubinsky (1997) bilgisayar kullaniminin
bircok 6nemli matematiksel nesne ve siireg i¢in somut temsiller saglamada yararl olabilecegini ifade etmistir.
Benzer sekilde Amerikan Ulusal Matematik Ogretmenleri Konseyi, 2000 yilinda yaymmladigi raporunda da
teknolojik araglarm gorsel giicliniin, Ogrencilerin tek baglarma yapamayacaklart gorsellestirmeleri
kolaylastirabilecegini belirtmistir (NTCM, 2000). Bu oOnerilere paralel olarak bir¢ok arastirmaci lineer cebir
ogretiminde teknoloji desteginin olduk¢a 6nemli oldugunu vurgulamakta (Aydin, 2009b; Dikovic, 2007; Dorier,
2002; Harel 2000; Pecuch-Herrero, 2000; Wu, 2004) ve arastirmacilar tarafindan birgok farkli yazilim
onerilmektedir. Son on y1l iginde hem bilgisayar cebir sistemleri (BCS) hem de dinamik geometri yazilimlarmin
(DGY) ozelliklerini barindiran yazilimlar ortaya ¢ikmistir. Bu yazilimlar arasindan dikkat ¢ekenlerden birisi de
dinamik matematik yazilimi GeoGebra’dir. GeoGebra, her obje icin iki bilesen olusturmaktadir. Cebirsel bilesen
objenin agik, kapali veya parametrik formdaki denklemini, geometrik bilesen ise objenin grafiksel temsilini
ekranda yansitmaktadir. GeoGebra yazilimi igerisinde bir objenin her iki temsiline de kullanici tarafindan
miidahalede bulunulabilmektedir (Cekmez, 2013). Matematiksel kavramlara ait hem cebirsel temsilleri hem de
grafik gdsterimlerini bir arada sunan GeoGebra, bu 6zelligi sayesinde iist diizey soyut matematik kavramlarin
ogretiminde de etkili bir ara¢ olarak kullanilabilir (Hohenwarter ve Jones, 2007)

Lineer cebirin soyut bir yapiya sahip olmasmin yaninda farkli temsil dilleriyle beraber farkli tanim ve
gosterimleri iceren bir ders oldugunu sdyleyebiliriz. Lineer cebir ders igeriginin yapisina bakildigi zaman iki
gesit yaklasgimm kullanildigr goriilmektedir. Bu yaklagimlar Bourbaki stili ve yeni yaklagim olarak
isimlendirilmektedir. Bourbaki stiline sahip ders kitaplar1 genelden 6zele gidis takip edilerek hazirlanmistir
(Hillel, 2000). Bu yaklagimda lineer cebir dersine ilk olarak vektdr uzaylar teorisi ile giris yapilip ardindan R"
deki daha spesifik teori ile devam edilmektedir. Ozellikle 1980°li yillarin ilk dénemleriyle birlikte birgok
egitimci ve ders kitab1 yazar1 Bourbaki yaklasimindan vazgegerek yeni yaklagimi benimsemeye baslamistir. Yeni
yaklasimla birlikte lineer cebir dersine sezgisel anlamlar inga etmek icin; geometrik bir formda baslangi¢
yapilmakta, daha sonra R% R® R" ve V vektor uzayinda kavramlarin cebirsel ve soyut temsillerine yer
verilebilmektedir. Ancak benimsenen yeni yaklasim geleneksel 6gretime dayali smif ortamlarinda &grencilerin
vektor uzayi teorisi ile ilgili anlamalarin1 gliglendirmek konusunda ¢ok da etkili olamamistir (Dogan, 2001;

267



G. Agikyildiz, T. Kosa

Hillel ve Sierpinska, 1994). Bu nedenle 6grencilerin vektdr uzaylar1 kavramlariyla ilgili daha derinlemesine
anlamalara sahip olmalari, teknoloji destekli ve 6grenci merkezli 6grenme ortamlarmin tasarlanmasina bagh
olabilir.

Literatiirde lineer cebir dgretimine yonelik bir¢ok ¢aligma yer almaktadir. Hristovitch (2001) 6grencilerin
secmis oldugu metafor ve analojilerin onlar1 lineer bagimsizlik ile ilgili kavram yanilgilarina goétiirdiigiinii
belirtmistir ki burada sezgisel ¢ikarimlar etkili olmustur. Bogomolny (2006) ve Hristovitch (2001) az sayida
ogrencinin kavramsal anlamayi nasil gelistirdiklerini tartigmustir. Celik (2015) ve Dogan-Dunlap (2010) lineer
bagimsizlik kavramu ile ilgili 6grencilerin diisiinme bigimlerini arastirmayr amaglamistir. Celik (2015), lisans
ogrencilerinin lineer bagimlilik/bagimsizlik kavramlarii anlamalart ve bu kavramlarla ilgili &grencilerin
diisiinme bicimlerini arastirdig1 ¢alismasinda 6grencilerin verilen problemlerin ¢oziimiinde daha ¢ok aritmetik
veya cebirsel islemleri kullandiklarmi tespit etmistir. Nardi (1997) ve Stewart ve Thomas (2010), dgrencilerin
taban kavramu ile ilgili biligsel gelisimini, 6zellikle germe ve lineer bagimsizlik kavramlarindan sonra taban
kavrammin verildigi formal yapiy1 dikkate alarak incelemislerdir. Stewart ve Thomas (2010), lineer birlesim
kavraminin 6nemine vurgu yaparak hem germe hem de lineer bagimsizlik kavramlar: ile yakin iliskisinden
dolay1 lineer cebir derslerinde lineer birlesim kavrammin 6gretimine daha fazla zaman ayrilmasi gerektigini
ifade etmiglerdir. Donevska-Todorova (2018), teknoloji ile gelistirilmis bir 6grenme ortaminin Sgrencilerin
yeterliliklerinin gelisimine nasil katki saglayabilecegini arastirmis ve tanimla ve diisiinme bi¢imlerinin i¢ ice
oldugu bir modelin 6grenme ve dgretme ortamlari tasarimi i¢in uygun oldugunu dnermistir.

Sonug olarak, (i) vektor uzayi teorisinin soyut ve teorik dogast (Dorier vd, 1995), (ii) yeni tanimlarin ¢oklugu
(Dorier vd. 2000; Hillel, 2000), (iii) formalizm sorunu (Dorier, 2000), (iv) kiime teorisi, mantik ve ispatla ilgili
ogrencilerin eksiklikleri (Britton ve Henderson, 2009; Dorier, 2000; Hillel, 2000), (v) var olan temsil dillerinin
ozensizce kullanilmas: (Hillel, 2000), (vi) geometrik temsillere kisitli veya yanlis yorumlara neden olacak bir
sekilde yer verilmesi (Nardi, 1997; Sierpinska, 2000) ve (vii) {iniversite seviyesinde Lineer Cebir derslerinin
ogrencilerden kavramlar ve iligkili prosediirler hakkinda belli durumlarda degil en genel durumlarda diisiinme ve
calismalarminin istenmesi (Sierpinska, 2000) Lineer Cebir 6grenme ve Ogretme de kargilagilan temel
zorluklardir. Bu zorluklarin istesinden gelebilmek icin yapilan Oneriler géz Oniine alindiginda 6grencilerin
soyutlama yapmasina imkan veren gorsellestirme tekniklerinin ve geometrik temsillerin kullanildigi, farkli
diisiinme bigimlerini harekete gecirecek ve Ogrencileri bir iist diisiinme bigimine tagiyacak ders igi sunum ve
etkinliklerin yer aldig1 teknoloji destekli zenginlestirilmis bir 6grenme ortaminin tasarlanmasina ihtiya¢ vardir.
Bu baglamda ¢aligmada Lineer Cebir dgretimi lizerine Hillel’in (2000) tanimladig1 temsil dilleri, Harel’in (2000)
pedagojik prensipleri ve Sierpinska’nin (2000) diistinme bi¢imleri g6z 6niinde bulundurularak vektor uzaylarmin
ogretimine yonelik teknoloji destekli bir 6grenme ortamiin tasarim ilkelerinin belirlenmesi amaglanmigtir. Bu
ama¢ dogrultusunda arastirma problemi; “Vektor uzayr konusunun etkili 6gretimi igin olusturulacak 6grenme
ortamlarmin tasarim ilkeleri nasil olmalidir?” seklinde belirlenmistir.

2. Yontem

Calisma, tasarim tabanli arastirma yontemi ile yiiriitiilmiistiir. Tasarim tabanli arastirmalar; analiz, tasarim,
gelistirme ve uygulama siireclerinin dongiisel olarak yapildigi, arastirmacilar ve katilimeilarin is birligi icinde
gercek uygulama ortaminda gergeklestirilen egitim uygulamalarinin, tasarim ilkelerinin ve kuramlarinin
gelistirilmesi amaciyla yapilan sistematik ve esnek bir arastrma yontemi olarak tanimlanmistr (Wang ve
Hannafin, 2005). Tasarim tabanli aragtirmalar (TTA) diger tasarim aragtirma yontemlerinden; tasarim — analiz —
yeniden tasarim agamalarmin etkili bir sekilde dongiisel bir siire¢ icermesi (Kuzu, Cankaya ve Misirli, 2011;
Herrington, McKenney, Reeves ve Oliver, 2007) ve katilimcilarla arastirmacilarm siirecin basindan sonuna kadar
aktif rol almasi yoniiyle farklilagsmaktadir. Ayrica TTA’lar siire¢ boyunca yapilan tiim diizenleme ve
degisikliklerin ayrintili bir sekilde rapor haline getirildigi ¢caligmalardir (Reeves, 2000). Bu ¢aligmada dgrenme
ortaminin tasarim ilkelerinin belirlenmesinde tasarim tabanli aragtirma ti¢ dongii seklinde gerceklestirilmistir.

2.1. Cahismanin Tasarim ve Yiiriitiilmesi

Caligmada tasarim — uygulama — gelistirme ve degerlendirme asamalari {i¢ dongii boyunca gergeklestirilmis
ve her dongiide yapilan degisiklikler ayrintili bir sekilde raporlastirilmistir. Boylece her bir dongiiden elde edilen
veriler gozden gecirilerek, daha basarili dongiiler ger¢eklestirmek i¢in diizenlemeler yapilmis ve daha verimli bir
tasarim ortaya ¢ikarilmaya ¢aligilmistir. Sekil 1°de tasarim tabanli aragtirmadaki uygulama basamaklari akis
semasi olarak gosterilmistir.
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Diizenlenmesi Planlanmas
ve Yenilemesi
L UYGULAMA -
i Problemin Var Olan Prensiplerle sURECI
Problemin
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Incelenmesi Tasanimin Yapilmasi Uygulanmasi

Verilerin ’
Toplanmasi ve
Analizi

A4

Arastirma
Raporunun
Yazilmasi

Sekil 1. TTA uygulama basamaklar1 (Kuzu vd., 2011)

Sekil 1°de uygulama siirecinde verilen her bir basamak TTA uygulanan biitiin dongiilerinde tekrar edilmistir.
Konuyla ilgili yapilan literatiir taramasit Sonrasinda vektér uzaylariyla ilgili 6grenme-6gretme zorluklarina
yonelik oneriler dikkate alinarak ve kavramsal cati ile ortaya konulan ilkeler dogrultusunda 6grenme ortami
tasarlanmistir. Ogrenme ortaminin temel bilesenleri; ¢alisma yapraklari ve grup calismasi, GeoGebra sablonlari
ve Odevler olmak iizere ii¢ kisimdan olugmaktadir. Tasarlanan &grenme ortaminin gergek smif ortaminda
uygulanabilmesi i¢in vektdr uzaylar1 konusu iizerinden 6 haftalik bir uygulama plani olusturulmustur. Vektor
uzaylari ile ilgili her bir kavramin dgretimine yonelik kazanimlar olusturulmus, bu kazanimlara ait ders planlar1
hazirlanmigtir. Ders planlarmin  olusturulmasinda ¢alisma yapraklari, 6devler ve GeoGebra sablonlari
hazirlanmigtir. Sekil 2, her bir dongiisii alt1 hafta siiren ¢alismanin akig semasini géstermektedir.

Uygulama sonrasi

Ogrenme ortaminin : > Revizyonlarin Tasarima son halinin
uygulanmasi ya"s";:z:i';‘;;?"m" yapilmasi verilmesi

}? Video kaydi ve alan
notlarinin alinmasi

Sekil 2. Arastirmanin yiiriitiilmesi

Sekil 2’de bir haftalik bir siirecte arastrmanin nasil yiiriitiildiigii gosterilmis ve islemler alt1 hafta boyunca
stirmiistiir. Sekil 2’den de goriildiigii gibi 6grenme ortamimin uygulandigi dersin hemen sonrasinda yansima
raporlart tutulmus ardindan bu raporlar ile video kayit ve alan notlarindan elde edilen veriler iizerinden
revizyonlar yapilmistir. Bu revizyonlar, ¢caliyma yapraklarinda olan gereksiz sorularin ¢ikarilmasi, yonergelerin
diizeltilmesi, sorularin daha anlasilir bir hale getirilmesi, GeoGebra sablonlarinin gelistirilerek daha pratik ve
kuramsal altyapiya uygun hale getirilmesi, ders i¢i sunumlarmn diizenlenmesi seklinde siralanabilir.
Revizyonlarin yapilmasinin ardindan arastrmaci, alaninda uzman egitimcilerle birlikte revizyonlari
degerlendirerek tasarima bir sonraki dongii i¢in son halini vermistir. 6 hafta boyunca her ders i¢in ayni siireg
isletilmis ve iki dongii sonrasinda tasarim ilkelerini belirlenerek arastirma tiglincii dongii 6ncesinde hazir hale
getirilmistir. 6 haftalik ders boyunca islenen konularin listesi asagidaki tabloda sunulmustur.
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Tablo 1. Derslerde Islenen Konularm Listesi

Hafta Konular

1. Vektor Uzayi

Alt Uzay

Lineer Birlegsim

Germe

Lineer Bagimlilik/Bagimsizlik

Sl Bl Bl Bl N

Taban- Boyut

Tablo 1’de yer alan her bir konu haftada 4 ders saati siiresinde uygulanmistir ve dersler ¢ogunlukla
laboratuvar ortaminda yiiriitiilmistiir.

2.2. Katilimcilar

Calisma bir devlet iiniversitesinde Ogrenim goren ortadgretim ve ilkogretim matematik &gretmenligi
programindaki Ogrencilerle yuritilmistir. Cahigma gruplari her dongide farkli sayida 6grenciden
olugturmaktadir. Asagida tabloda dongiilerdeki &grencilerin sayilarma ve g¢aligmanin yapildig: tarihlere yer
verilmistir.

Tablo 2. Calisma Grubu

Déngiiler  Ogrenci Sayis1 ~ Tarih Boliim Universite
. 2016/2017 Bahar  Ilkdgretim Matematik Karadeniz Teknik
1. Dongii 51 N . iy e w
Do6nemi Ogretmenligi Universitesi
. 2016/2017 Bahar  Ilkdgretim Matematik Karadeniz Teknik
2. Dongii 44 N . iy e o
Do6nemi Ogretmenligi Universitesi
. 2017/2018 Bahar ~ Ortadgretim Matematik Karadeniz Teknik
3. Dongii 11 .. . - e . .o
Donemi Ogretmenligi Universitesi

Bir ve ikinci dongiiniin ¢alisma gruplar1 lineer cebir dersini alan 51 kisilik ve 44 kisilik smiflarin iiniversite
ikinci smif &grencilerinden olusmaktadir. Dersler bu smiflarda birer hafta ara ile uygulanmistir. Vektor
uzaylarinin 6gretimi icin tasarlanan 6grenme ortami birinci dongii olarak 51 kisilik sinifta uygulanmustir.
Uygulamalar esnasinda dersler video kaydina alinmis ve ayni zamanda alan notlar1 tutulmustur. Video kayitlarin
tekrar tekrar izlenmesi ve alan notlar1 yardimiyla birtakim revizyonlar yapilmistir. Yapilan revizyonlar aracigiyla
bir hafta sonra olusturulan yeni tasarim 44 kisilik sinifta uygulanmustir. Alt1 haftalik bir siire¢ boyunca tasarim,
her iki smifta bu sekilde uygulanmigtir. Arastirmanin {igiincti dongiisii ertesi yil ayn1 {iniversitede lineer cebir
dersini alan ortadgretim matematik Ogretmenligi boliimiine kayithh 11 ikinci smif Ogrencisi ile birlikte
yiiriitiilmiistiir. {Ikogretim ve ortadgretim matematik 6gretmenligi programlarmin lineer cebir ders icerikleri
arasinda bir farklilik bulunmamaktadir.

2.3. Veri Toplama Araclari ve Verilerin Analizi

Aragtirmanin verileri video kayitlari ile alan notlarindan elde edilmistir. Alan notlari, nitel arastirmalarda
birincil kayit araci olarak kullanilmaktadir. Bu notlar; insanlar, olaylar, etkinlikler ve karsilikli konusmalar
hakkinda bilgilerle dolu; diigiinceler, Onseziler ve ortaya ¢ikan Oriintiilere iligkin notlarin alindigi ve
aragtirmacmin gozlemleriyle birlikte bireysel tepkilerini de gozlemleyebilecegimiz bir yerdir (Glesne, 2012;
Yildirim ve Simsek, 2005).

Aragtirmaci ve dersin sorumlusu tarafindan sinif ortamindaki gézlemlerde alan notlar1 tutulmustur. Alan
notlarinda aragtirmaci ve ders sorumlusu tarafindan gézlem verilerine ve siireg ile ilgili yorumlara yer verilmistir.
Alan notlariyla siire¢ boyunca hem tasarlanan 6grenme ortamuyla ilgili ortaya ¢ikan sorunlar hem de 6grencilerin
yasadiklar1 zorluklar ve anlamadiklar1 béliimler rapor haline getirilmistir. Boylece her bir dongii sonrasinda alan
notlar1 yardimiyla tasarimla ilgili yapilmasi gereken degisiklikler ve diizenlemeler yapilarak tasarimin
gelistirilmesi hedeflenmistir. Bununla birlikte her ders boyunca video kayitlar1 yapilmistir. Video kayitlar1 her
hafta diizenli olarak kayit yapilan giinlerin tarihleri atilarak bilgisayar ve harici bellege arsivlenmis ve uygulama
stirecinde veya uygulamadan sonraki zamanlarda bir sonraki dongiide yapilacak olan diizenlemeler i¢in
izlenmistir.

Aragtirma kapsaminda uygulama 6gretmeni ve aragtirmaci tarafindan tutulan alan notlar1 yardimiyla edilen
gozlem verileri, her bir uygulamanmn ardindan dikkatli bir sekilde gézden gegirilerek transkript edilmis ve rapor
haline getirilmistir. Olusturulan ayrintili raporlar aracigiyla her bir dongiide tasarimin diizenlenmesi ve gerekli
goriildiigii yerlerde degisiklikler yapilmasi amaglanmistir. Video kayitlari da uygulamalarin ardindan ve
gerektiginde tekrar tekrar izlenerek siire¢ takip edilmis ve alan notlarmin analizinde yararlanilmistir. Analizler
aragtirmanin teorik gercevesi dogrultusunda lineer cebir 6gretimime yonelik pedagojik prensipleri karsilayacak,

270



Vektor Uzaylarimn Ogretimine Yonelik Bir Ogrenme Ortamimin Tasarim Ilkelerinin Olusturulmast

temsil dillerinin kullanima dikkat edecek ve diisinme bigimlerinin gelisimine katki saglayacak sekilde
yapilmigtir. Bu sekilde her dongiiniin sonunda yapilan uygulamalarin hikayeleri olusturulmus ve bu hikayeler
dogrultusunda bir sonraki dongii i¢in yapilacak revizyonlar genel hatlariyla ortaya konulmaya ¢alisilmistir.

3. Bulgular

Bu boliimde vektor uzaylarmm o6gretimine yonelik tasarlanan 6grenme ortaminm iki dongii sekilde
uygulanmas1 sonucunda elde edilen bulgular, ¢alisma hikayesi ve revizyonlari basliklarinda ele alinmistir. Her
bir dongiiye ait bulgular ayr1 ayr1 sunulmustur. {1k iki dongiiye yonelik bulgular alan notlar1 ve video kayitlarinin
analizinde elde edilen sonuclar esliginde birinci ve ikinci dongiide yapilmasina karar verilen diizenlemeler ve
degisiklikler bu boliimde sunulmustur.

3.1. Birinci Dongii Tasarim Calismasi
3.1.1. Calisma Hikdyesi

Calismanim birinci dongiisii 2016-2017 egitim-6gretim yilinin bahar déneminde bir devlet iiniversitesinin
ilkogretim matematik Sgretmenligi programma kayitli olan ve lineer cebir dersini alan 51 O6grenci ile
gergeklestirilmistir. Uygulama vektor uzaylari ile ilgili temel kavramlar olan vektér uzay, altuzay, lineer
birlesim, germe, lineer bagimhlik, lineer bagimsizlik, taban ve boyut kavramlarmi kapsamaktadir. ilk dongiiye
yonelik uygulamalara baslamadan dnce 6grencilere GeoGebra yazilimi iki saatlik bir ders siiresince tanitilmistir.
Bu iki saatlik ders siiresi boyunca GeoGebra programimnin temel islevleri gosterilerek 06zellikle derste
kullanilacak béliimlere vurgu yapilmustir. Ogrenciler GeoGebra programuyla ilgili daha énceden ders aldiklar:
icin iki saatlik uygulama ile ilgili gereksinimler iki saatlik uygulama ile karsilanmustir. ilk déngiide derslerin bir
bolimi smif ortaminda yiiriitiilirken bir boliimii de laboratuvar ortaminda yapilmustir. Etkinlikler laboratuvar
derslerinde 6grenciler ile ikiser kisilik gruplar halinde uygulanmistir. Ders siiresince §grencilerden GeoGebra
yazilimiyla etkilesimli olarak ¢alisma yapraklarmi doldurmalari istenmistir. Uygulama siiresince her derste
Ogrencilere iki adet 6dev verilmistir. 6 haftalik siire¢ boyunca biitiin dersler video kaydina alinmig ve her bir ders
sonrasinda arastirmaci tarafindan yansima raporlart yazilmistir. Video kayitlari, yansima raporlart ve
aragtirmacmin gozlemleri dikkate alinarak ¢alisma yapraklarinda, GeoGebra sablonlarinda, 6devlerde ve ders igi
sunumlarda gerek dillerin kullanimi, diisiinme bigimlerinin gelisimi gerekse uygulama sorularinin anlagilmasi ve
zaman yoniinden olusabilecek sikintilar1 ortadan kaldirmak agisindan diizenlemeler yapilmistir.

3.1.2. Birinci Dongiiye Yonelik Program Revizyonu

Bu boliimde birinci dongii sonrasinda tasarlanan 6grenme ortamiyla ilgili diizenlemeler islenen kavramlarin
isimlerinin oldugu basliklar altinda ayr1 ayr1 verilmistir.

Vektorler, Vektorel Toplam ve Skalerle Carpim (R2 ve R3)

Vektorler, vektorel toplama ve skalerle ¢arpim kavramlarimm gretimine ydnelik olarak hazirlanan ¢alisma
yapraklar1 iki bolimden olusmaktadir. Ilk bdlimde diizlemde vektorler, vektor ailesi, konum vektori ve
vektorlerin gosterimi konulari, ikinci kisimda ise vektorel toplama ve skalerle ¢arpim konulari ele alinmistir.

Etkinligin ikinci kisminda herhangi bir degisiklige gidilmemistir. Birinci kisimda ise hem ¢alisma yapraginda
hem de GeoGebra uygulamasinda bazi degisikliklere gidilmistir. Etkinligin birinci kisminda dgrencilere hazir bir
GeoGebra sablonu verilmis ve bu sablon flizerinden onay kutularini isaretleyerek geometrik sekilleri
olusturmalar1 istenmistir. Ancak bu kisimda degisiklige gidilerek hazir sablonun yerine geometrik yapilari
program aracigiyla dgrencilerin olusturmasinin daha faydali olacagi diisiiniilmiistiir. Daha 6nce G6grencilere
GeoGebra dersi verilmis olmasina ragmen uygulamanin ilk etkinligi olmasi sebebiyle geometrik yapilari
ogrencilerin kendilerinin olusturmasinin onlara hem programi daha ¢ok tanima hem de kesfetme odakli
¢alismalarina olanak saglayacagi diistinilmistiir. Clinki ilerleyen siiregte dgrencilerin diger kavramlara yonelik
GeoGebra sablonlarinda vektor olusturmakta zorlandiklar1 ve arastirmacidan siirekli yardim almak istedikleri
gdzlenmistir. Vektor uzaylari konusu boyunca R? ve R® de vektdr gizimlerinden sik¢a yararlamlacagi igin
ogrencilerin geometrik yapilar1 kendilerinin olusturmasi bu konuda pratik sahibi olmalar1 agisindan énemlidir.
Programdaki bu degisiklige bagli olarak da ilk sorunun ydnergesi tekrar gdzden gegirilerek degistirilmistir. Sekil
3’te vektor kavramina yonelik calisma yapraginin ilk iki sorusunda yapilan degisikliler gosterilmektedir.
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1. Déngii 1 Geogebra programinda venlen noktalan kullanarak baslangic noktasi O ve bitis
noktasi M olan bir yonld dogru parcasi olusturup Etkinlik 1 onay kutusunu
isaretleyiniz.

2 'Yonli Dogru Parcalanm Olustur’ kutucugunu isaretleyiniz

2. Dongu 1 Geogebra programini kullanarak baglangic noktasi A ve bitis noktas: B olan bir yonlo

dogru parcasi olusturunuz.

2 Geogebra programinda <%  komutunu kullanarak AB ile eg en az 5 tane yonlu
dogru parcasi olusturunuz

Sekil 3. Birinci dongii sonrasinda Etkinlik 1°de yapilan degisiklik

Sekil 3’de goriildiigii tizere birinci dongiideki ¢alisma yapragindaki yonergeler ikinci dongiide gosterildigi
gibi diizenlenmigtir. Ayrica bu boliime ait etkinlikteki 2. sorunun ¢ sikkinda, uygulamada esnasinda &grencilerin
anlamakta biraz zorlandiklar1 gdzlenmistir. Ogrencilere ikinci sorunun c sikkinda ekrandaki vektor ailesini tek
bir nokta ile eslestirmenin miimkiin olup olmadigi sorusu yoneltilmis ve bazi 6grenciler bu ifadeyle ne
anlatilmak istedigini anlamadiklarmni ifade etmistir. Arastirmaci alan notunda bu durumu agsagidaki gibi
Ozetlemistir.

“Sorular genel olarak &grenciler tarafindan anlasilsa da birkag 6grenci ikinci sorunun ¢ sikkini tam olarak
anlamadiklarim1 ifade etmis ve arastirmact bu kisimla ilgili 6grencilere gerekli agiklamalari yaparak sorunun
anlasilmasinda yardimer olmustur. Etkinlik 2°nin dort ve besinci sorularinda sirasiyla R? ve R® ten birer vektdr
verilerek 6grencilerden Geogebra programinda siirgii olugturmalari istenmistir.”

Bu boliimde vektorlerin geometrik gosteriminden ¢ikarak cebirsel olarak ifade edilmesi ve Ogrencilerin
analitik-aritmetik bir diigiinme yapisina tasinmasi hedeflenmistir. Bu amagla 6grencilere vektor ailesini temsil
eden konum vektorii ve onun koordinatlar1 6rnek gosterilerek vektor nokta iliskisini gdrmelerine rehberlik
edilmistir. Ikinci sorunun ¢ sikkiyla ilgili calisma yapraginda bir degisiklige gidilmemesine ragmen bu kisimlar
not alinarak bir sonraki dongiide 6grencilere gerekli agiklamalarin yapilmasina karar verilmistir.

Vektor Uzayr ve Altuzay

Vektor uzayr ve altuzayr kavramlarinin dgretimine yonelik olarak hazirlanan uygulama, Etkinlik 1 ve
Etkinlik 2 adiyla iki bolimden olusmaktadir. Birinci boliimde vektor uzay: ikinci boliimde alt uzay kavramlari
ele alinmustir.

Calisma yapraklarinda genel olarak ¢ok fazla bir degisiklige gidilmemistir. Yalnizca Etkinlik 1 de a, b, c ve d
olmak {izere dort siktan olusan ilk sorunun a ve b siklar1 birlestirilmistir. Benzer bir sekilde a, b ve ¢ olmak iizere
ii¢c siktan olusan ikinci sorunun a ve b siklar1 birlestirilmistir. Ogrencilerin sorular1 okurken anlam biitiinliigiinii
saglamakta zorlandiklar1 gézlenmistir. Aragtrmacinin bu duruma iliskin goriisleri asagidaki alan notunda
sunulmustur.

“Baz1 sorularin birkag siktan olusmas1 6grenciler tarafindan farkli sorularnus gibi anlasildi. Ogrencilere sorunun ne
oldugunu sordugumda bir 6grenci; “Hocam bunlar1 ayr1 ayr1 mi olusturup daha sonra birlikte inceleyecegiz yoksa
tek bir sekil lizerinde mi yapacagiz?” seklinde bir soru yoneltti. Bunun iizerine sinifta diger grencilerin durumuna
bakildiginda benzer bir durumla karsilagip ne yapmaya karar vermeye ¢alistiklarini1 gérdiim.”

Karsilasilan bu olumsuzluklar nedeniyle ve sorularin biitiinliigiiniin saglanmasi amaciyla boyle bir
degisiklige gidilmistir. Asagida Sekil 4’de altuzay etkinliginin birinci sorusunda yapilan diizenlemeye yer
verilmistir.

13.Geogebra yazliminda yandaki gibi bir ¢ember 1a.Geogebra yazihiminda yandaki gibi bir gember olusturunuz ve
olusturunuz ve bu ¢emberin i¢ bolgesinde veya bu gemberin i¢ bolgesinde veya Gzerinde olacak sekilde gesitli
uzerinde olacak sekilde gesitli vektorler belirleyiniz. vektorler belirleyiniz ve bu vektorleri kullanarak sirasiyla vektdr
1b. Bu vektérleri kullanarak sirasiyla vektér uzay olma uzayi olma sartlarinin gerceklesip gerceklesmedigini inceleyiniz.

sartlarinin gergeklesip ger¢eklesmedigini inceleyiniz.

Sekil 4. Alt uzay etkinliginin birinci sorusunda yapilan diizenleme

Sekil 4’de goriildiigii gibi benzer sekilde ikinci soruda degisiklik yapilarak soru diizenlenmistir.
Etkinliklerdeki sorularda bunun disinda degisiklige gidilmemis ancak sorular dgrenciler tarafindan anlagilmis
olmasma ragmen etkinlik planlanan siireden daha uzun siirmiistiir. Ogrencilerin &zelikle ilk iki soruda ¢izmeleri
istenen geometrik yapilart olusturmakta zaman kaybettikleri gozlenmis ve rapor edilmistir. Buna ragmen
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GeoGebra uygulamasiyla ilgili bir degisiklige gidilmemis ve ikinci dongiide de benzer bir durum yasanmasi
durumunda yeniden degerlendirilmesine karar verilmistir.

Lineer Birlegsim ve Germe

Lineer birlesim ve germe kavramlarinin dgretimine yonelik olarak hazirlanan uygulama Etkinlik 1, Etkinlik
2, Etkinlik 3 ve Etkinlik 4 olmak tizere d6rt boliimden olusmaktadir. Ilk {i¢ etkinlik lineer birlesim kavramimin
son etkinlik ise germe kavramimin 6gretimine yonelik olarak hazirlanmistir.

Bu etkinligin uygulanmasinda dikkat ¢ceken en 6nemli hususlar zaman sorunu ve motivasyon kaybi olarak
ortaya ¢ikmustir. Etkinlikte farkli vektor ve bu vektorlerle ilgili farkli durumlarin yer almasi soru sayismin fazla
olmasina neden olmus bu durumda etkinlik igin ayrilan siiresinin uzamasina neden olmustur. Ogrenciler her ne
kadar etkinlikte yer alan sorularin anlagilmasinda ve ¢dziilmesinde genel olarak zorluk yasamasalar da siirenin
uzamasi motivasyonlarmin diigmesine neden olmustur. Arastirmaci alan notunda bu durumu asagidaki gibi
Ozetlemistir.

“Etkinligin bu boliimiinde dgrencilerin cebirsel olarak yoneltilen sorularla daha ¢ok ilgilendigi ve ¢ogunlukla dogru
¢ozlimlerde bulunduklar1 gozlendi. Ancak bazi 6grencilerin ¢aligma yaprag: ile Geogebra uygulamas: arasindaki
uyumu tam olarak tutturamadigi gozlendi. Bunun yaninda etkinligin uzun siirmesi ve &grencilerin sinifin da
kalabalik olmasidan dolay1 motivasyonlarinin diismesi de bir etken olarak ortaya ¢ikti. Caligma yapraginda verilen
vektorlerin lineer birlesimlerinin kiimesini Geogebra programinda bazi 6grencilerin olusturmasinin zaman aldig1 ve
programla ilgili yoneltilen sorularin anlasilmasinda zorlandiklar1 gozlendi.”

Lineer birlesim ve germe kavramlar: birbiriyle i¢ i¢ce dogal olarak iliskili kavramlardir. Bu nedenle bir biitiin
olarak ele alinarak islenmesi gerekmektedir. Bu bakimdan etkinligin biitiinligiinii koruyacak sekilde
sadelestirmelerin yapilmasina ve etkinligin daha akici olacak sekilde yeniden diizenlenmesine karar verilmistir.

Bundan sonraki kisimda uygulamadaki sorularla ilgili bir degisiklige gidilmemistir. Ancak etkinligin daha
anlasilir ve akict olmasi icin Etkinlik 2 ve Etkinlik 3 kapsadiklar1 farkli durumlar g6z Oniine alinarak dort
pargaya boliinmiistiir. Etkinlik 2, diizlemde tek vektor ve biri digerinin skaler kati olan iki vektorii igeren
durumlara, Etkinlik 3 ise diizlemde farkli iki vektor ile birbirinin lineer birlesimi olarak yazilabilen ii¢ vektorii
iceren durumlara odaklanmistir. Yapilan degisiklikle;

1.  Etkinlik 1, tek vektor ve lineer birlesimleri

2. Etkinlik 2, biri digerinin skaler kat1 olan iki vektor ve lineer birlesimleri

3. Etkinlik 3, farkli (biri digerinin skaler kat1 olmayan)iki vektor ve lineer birlesimleri

4.  Etkinlik 4, birbirinin lineer birlesim olarak yazilabilen ii¢ vektor ve lineer birlesimleri
olacak sekilde etkinlikler diizenlenmistir.

Etkinliklerde yer alan sorularda farkli durumlarda vektorlerin geometrik ve cebirsel gosterimlerine yer
verilmistir. Boylece 6grencilerin kavramlarin farkli temsilleri arasindaki farkliliklar1 gézlemleyebilmesi ve dogru
bir sekilde kullanabilmesi hedeflenmistir. Video kayitlari ve arastirmacmnin alan notlarina bakildiginda lineer
birlesim ve germe kavramlarmin en soyut formda anlasilabilmesi i¢in geometrik ve cebirsel gosterimlerin
anlasilir ve akici bir sekilde sunulmasinin gerekli oldugu diisiiniilmiistiir.

Lineer birlesim ve germe kavramlarmin dgretimine yonelik olarak hazirlanan GeoGebra sablonu daha ¢ok
geometrik yapilar1 dgrencilerin kendilerinin olusturacagi sekilde hazirlanmig ve bu durumda bir degisiklige
gidilmemistir. Etkinliklerle ilgili birinci dongiide yasanan zaman ve motivasyonla ilgili sorunlarin devam etmesi
durumunda ise GeoGebra sablonunun yeniden gézden gegirilmesine ve etkinliklerin daha akici hale getirebilecek
bir sablonun tasarlanmasina karar verilmistir. Bu durumla ilgili alan notlar1 agagidaki gibidir:

“Etkinlik boyunca dgrencilerin sorulara cebirsel ve geometrik agidan baktiklarinda dogru cevaplar verdikleri ancak
geometrik yaklagimlarini yeterince gerekgelendirmedikleri gbzlendi. Bunun nedeni olarak ¢aliyma yapragi ile
Geogebra uygulamasi arasinda tam bir etkilesimin saglanmasinin yani 6grencilerin daha ¢ok sorulara cebirsel
cevaplar vermeyi tercih etmesinin ve Geogebra programini kontrol amacli kullanmalarinin etkisi oldugu
sOylenebilir. Bu problemlerin iistesinden gelmek icin etkinligin biraz daha sadelestirilmesi ve etkinligin Geogebra
programi ile ilgili sorularinin yeniden gézden gegirilerek daha agik bir hale getirilmesi diisliniilmiistiir.”

Lineer Bagimlilik/Bagimsizlik

Lineer bagimlilik ve bagimsizlik kavramlarinin 6gretimine yonelik olarak hazirlanan uygulama tek bir
bolimden olusmaktadir. Etkinligin bir biitiin olarak uygulanmasinin etkinligin anlasilmasini zorlagtirdigi ve
uygulamaya boyunca 6grencilerin zaman zaman sikilmalarma neden oldugu gézlenmistir. Bu duruma etki eden
bir diger faktoriinde etkinlige yonelik hazir bir GeoGebra sablonunun olmayis1 gosterilebilir. Ogrencilere hazir
bir sablon verilmemis bunun yerine programi kullanarak ihtiya¢ duyduklar1 geometrik yapilari olusturmalari
istenmistir. Ancak bircok 6grenci programi kullanmay1 pek tercih etmemis ve boylelikle ¢alisma yaprakli odakl
bir etkinlik olmustur. Bu nedenle 6zellikle etkinligin ilk boliimiinde somuttan soyuta dogru bir 6grenme
gerceklesmemis ve programi kullanmayan 6grencilerin direk olarak soyutlamaya kalkismasi sorularla ilgili
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varsayim Uretmelerini zorlagtrmistir. Bu ylizden arastrmacinin alan notunda “GeoGebra sablonunun
gelistirilmesine ve etkinligin ii¢ boliime ayrilarak anlasilmasimin kolaylastiriimas: diisiintilmiistiir” ifadesiyle
belirttigi gibi bir bulgu ortaya ¢ikmustir.

Yukaridaki gerek arastrmacmim alan notlar1 gerekse video kayitlarinda olusan 6grencilerin aralarinda
konusmalar1 dikkate alindiginda tek bir boliimden olusan etkinlik ilk olarak {i¢ bolime ayrilmasina karar
verilmistir. Buna gore;

1. Etkinlik 1, farkl sayidaki vektor kiimelerinin lineer bagimsizligma yonelik gerekli ve yeter sartlarin
belirlenmesine iliskin kisim
2.  Etkinlik 2, lineer bagimsizlikla ilgili dogru/yanls sorularmm yer aldigi kisim
3. Etkinlik 3, vektorlerin geometrik gdsterimlerinden hareketle lineer bagimsizliklarinin incelendigi
kisim
olmak iizere ii¢ bolime ayrilmistir. Boylelikle her bir etkinligin ayri1 ayri uygulanmasi ve daha anlagilir hale
getirilmesi hedeflenmistir. Bununla birlikte etkinliklerde yer alan sorularda degisiklikler ve eklemeler yer
almustur.

Etkinlik 1 de yer alan ii¢ilincii ve dordiincii sorularla ilgili degisiklige giderken oncelikle ikili ve ticlii vektor
kiimelerinin lineer bagimsizliklarinin incelenecegi o6rnekler belirlenmistir. Ardindan bu &rnekler iizerinden
verilen vektor kiimelerinin lineer bagimsizligina yonelik gerekli ve yeter sarta iliskin 6grencilerin varsayimlari
sorulmustur. Asagidaki sekilde {igiincii soru ve bu soruda yapilan degisikliklere yer verilmistir.

1. \Dongs 3. 2'dekine benzer sekilde kendi denevim ve gozlemlerinize bagli olarak R*’de iki

vektdriin lineer bagimsiz olmasi igin gerekli ve veterli sartlara iliskin bir varsaymm
iretip tretemeyveceginizi arastwmiz. Ulasugmz sonuglann  gerekgelendirerek
aciklaymiz

2. Dongi 3. R?® de u=(1,-3,2), v=(0,5,2), w= (-8,12,-4), 2=(3,-9,6) ve t=(2,-3,1) vektdrlerini alahm. Bu
vektorierin her birini Geogebra ekraninda olusturunuz.

4. Simdi{u, v}, {u, w}, {u,z}, {u, t}, {v, w}, {v, 2}, {v, t}, {w, 2}, {w, t} ve {z, t} kimelerinin her birinin
lineer bagimsizhgint inceleyiniz. Elde ettiginiz deneyim ve gézlemlerinize bagholarak R*'de iki
vektdriin lineer bagimsiz olmasi igin gerekli ve yeterli sartlara iligkin bir varsayim Gretip
uretemeyeceginizi arastiriniz, Ulasgtiginiz sonuglan gerekcelendirerek agiklayiniz.

Sekil 5. Lineer bagimsizlik etkinliginin 3. sorusunda yapilan degisiklik

Sekil 5’de goriildiigii gibi yukarida bahsedilen degisikliklerin ardindan ikinci dongiide yer alacak sekilde
diizenlenen soruya yer verilmistir. Gortldiigii gibi direk olarak iki vektoriin lineer bagimsizligi hakkinda
ogrencilerin fikirlerini sormak yerine daha 6nceden belirlenen vektorler verilerek bu vektorlerden olusan ikili
vektor kiimeleri tizerinden 6grencilere sorular yoneltilmistir. Aragtirmaci alan notunda bu durumu asagidaki gibi
Ozetlemistir.

“Etkinligin ti¢iincii sorusunda 6grencilerin genelde (1, 1, 1), (2, 2, 2) gibi drneklerle veya birbirinden olabildigince
farkli (1, 2, 3), (5, 7, 8) gibi drnek vektorler iizerinde calisarak gerekli ve yeter sartlara ulagmaya calistiklart
gozlenmigstir. Her ne kadar vektdrlerin ne zaman lineer bagimli ne zaman lineer bagimsiz olduklar1 anlagilmis gibi
goriiniiyor olsa da bu kisimda Ogrenciler lineer bagimsizlikla kavrami ile ilgili net bir varsayim ortaya
koyamamiglardir. Etkinligin doérdiincli sorusunda R® te ii¢ vektoriin lineer bagimsizlig: ile ilgili kisimda bazi
ogrencilerin etkinlikten sikildigi goézlendi. Bu etkinlikte Ogrencilere Geogebra programu ile ilgili 6zel bir
uygulamama verilmemis ve Ogrencilerden kendi belirledikleri vektorler i¢in programi kullanmalari istenmisti.
Ancak bir¢ok dgrencinin programi kullanmadan sorulara cevap vermeye ¢alistig1 bu sebeple de sorulara geometrik
bir yaklasimda bulunmadiklar1 gdzlenmistir.”

Arastrmacinin  alan notlarindan hareketle bu kisimda programin keyfi kullanimi zorunluluk haline
getirilmistir. Yapilan degisikliklerle birlikte hem farkli temsiller kullanilarak hem de somut igerik daha etkin bir
sekilde sunularak oOgrencilerin diigiinme bigimlerinin gelisimine katki saglamasi hedeflenmistir. Sorularda
yapilan bu degisikliklerle birlikte verilen vektor kiimelerinin bulundugu bir GeoGebra sablonu hazirlanmistir.
Ogrencilerin bu GeoGebra sablonunu kullanarak hizhi bir sekilde vektdrleri olusturmasit ve etkinligi
tamamlamasi hedeflenmistir. Asagidaki sekilde GeoGebra sablonuna ait bir resim yer almaktadir.
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Dosya Duzenle Gorunom Secenekler Araclar Pencere Yardim
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S;kil 6. Tasarlanan GéoGebra sablonu 7

Sekil 6’da goriildiigii gibi ekranin sag tarafindaki onay kutularini isaretleyerek o&grencilerin istedikleri
vektorleri hizli bir sekilde olusturmalar1 hedeflenmistir.

Lineer bagimsizlikla ilgili dogru/yanls sorularinin yer aldigi kisim Etkinlik 2 olarak ayrildiktan sonra bu
kisma lineer cebir dersine giren uzman bir egitimcinin onerisinden konunun daha iyi anlasilmasi i¢in bir soru
daha eklenmesine karar verilmis ve “Sifir vektoriiniin oldugu her kiime lineer bagimlidir” sorusu eklenmistir.
Etkinlik 1 de sifir vektoriinii igeren bir kiime bulunmaktadir ve Ogrenciler bu kiimenin lineer
bagimlilik/bagimsizligin1 cebirsel olarak kontrol etmislerdir. Bu kiimenin lineer bagimsizligma iliskin bir
sorunun Ogrencilerin bu konudaki diisiincelerini 6grenmek agisindan eklenmesinin 6nemli olduguna karar
verilmistir. Boylece 6grencilerin cebirsel olarak ¢oziim gelistirdikleri bir durumla ilgili en genel formda nasil
diistindiiklerini ortaya koymak amaglanmistir. Etkinlik 3’te yer alan diisliniilen sorularda ise bir degisiklige
gidilmemis buna karsin bazi eklemelere yer verilmistir. Etkinlik 1°de yapilan degisikliklere paralel olarak bu
kistmda R® deki vektorlerinde geometrik gosterimlerine yer verilmis boylelikle 6grencilere hem R? hem de R®
deki vektorlerin geometrik gosterimleriyle lineer bagimsizliklari arasindaki iliskiyi daha iyi anlama firsati
sunulmustur. Ayrica Etkinlik 3’e yapilan eklemelerle sadece R? deki somut temsillere yer vermekten
kaynaklanabilecek kisitli 6grenmenin Oniine gecilmesi hedeflenmistir. Asagidaki sekilde Etkinlik 3’e eklenen
vektorlerin geometrik gosterimlerine yer verilmistir.

Sekil 7. Lineer bagimlilik/bagimsizlik etkinligine eklenen sekiller

Sekil 7°de goriildiigii gibi yapilan bu degisiklik ve eklemelerle lineer bagimlilik/bagimsizlik etkinligi ikinci
dongii igin diizenlemistir. Yapilan bu diizenlemenin gerekgesi arastirmacinin alan notunda asagida verilmistir.

“Bu boliimde 6grencilerin sorulara dogru ve yanlis cevaplar verdikleri gozlenmistir. Bazi dgrencilerin R? de iig
vektoriin lineer bagimsizligini geometrik olarak yanlis yorumladiklar: bir kisim 6grencilerin ise her ne kadar soruda
R? olarak belirtilmis olmasina ragmen kendilerine soruldugunda R® olarak diisiinerek cevapladiklar1 belirtmislerdir.
Bu yiizden farkin anlasiimasi ve her durumda iliskileri gdrebilmeleri i¢in R® 6rneklerine yer verilmesi uygun
goriilmiistiir.”

Taban ve Boyut

Taban ve boyut kavramlarinin 6gretimine yonelik olarak hazirlanan uygulama Etkinlik 1 ve Etkinlik 2 olmak
iizere iki bolimden olusmaktadir. Ilk etkinlik taban kavrammnin ikinci etkinlik ise hem taban hem boyut
kavramlarinin 6gretimine yonelik olarak hazirlanmistir. Etkinlik 1°de R? nin elemanlarindan olusan 3 adet vektor
kiimesi verilmis ve bu vektér kiimelerinin R? vektér uzaymm bir tabami olup olmadigmimn arastiriimasi
hedeflenmistir. Ayrica &grencilerden GeoGebra programini kullanarak verilen vektor kiimelerini ¢izmeleri
1stenmistir.
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Etkinlik 1’deki yer alan sorularla ilgili 6grencilerin anlamadiklar1 bir boliimle karsilagilmamigtir. Ancak
etkinlikte yer alan sorularin kapsamiyla ilgi bir sorunla karsilasilmistir. Arastirmaci alan notunda bu durumu
asagidaki gibi 6zetlemistir.

“Etkinligin ilerleyen kisimlarinda Ogrenciler tabana ve boyut kavramlariyla ilgili ¢ikarimlarda bulunmakta

zorlandilar. Verilen kiimelerin R? vektor uzaymin tabanlarma yénelik olasi biitin durumlar kapsamamas: bu
durumda etkili oldu. Ogrencilerin belli durumlar iizerinden 6grenmelerinin gergeklestigi sonucuna varilmistir.”

Alan notlarindan hareketle 6grencilerin analitik-aritmetik disiinme big¢imlerinin gelisimi agisindan da
caligma yapraginda birgok farkli durumu karsilayacak sekilde diizenlenmeler yapilmistir. Bu nedenle ilk olarak
birinci soruda verilen kiime sayisi ligten bese ¢ikarilmis ve diger olasi durumlarda soruya eklenmistir. Asagida
sekilde etkinlik 1’in ilk sorusunda yapilan degisiklige yer verilmistir.

1. Dongld | 1) Bilgisayannizdan Tabanl isimli dosyayr aginiz. Asa@ida verilen vektdr kimelerini programda
isaretleyersk ayr ayn gésteriniz. Vektor kimelerinin R® vektér uzayinin birer tabam olup
olmadifini asafidaki tabloyu doldurarak inceleyiniz.

A=11,2), (2, 4} B=1(1,1).(-23)} C={(25) (0,0}

2. Dongd |1) Bilgisayanmizdan Tabanl isimli dosyayn aginiz. Asagida verilen vektdr kiimelerini programda
isaretleyerek ayn ayn gosteriniz. Vektdr kimelerinin R* wvektér uzayimin birer tabam olup
olmadigini asagidaki tabloyu doldurarak inceleyiniz.

A={L2)} B={12),(24)} C={1,1),(-23)} D={25),00} E={1,2)(-23)(21)}

Sekil 8. Taban etkinliginin 1. sorusunda yapilan degisiklik

Sekil 8’de goriildiigii gibi tek bir elemandan ve ii¢ elemandan olusan iki vektor kiimesi daha eklenerek olasi
biitiin durumlara yer verilmistir.

3.2. ikinci Déngii Tasarim Cahismasi
3.2.1. Calisma Hikdyesi

Calisma tniversite 2. smif 6grencileri ile haftada 4 saat olmak iizere 6 hafta boyunca uygulanmistir. Lineer
cebir dersi bir yillik siirecte verilen bir derstir. Giiz doneminde Matris Cebiri bahar doneminde ise Vektor
Uzaylar1 Teorisi kismi verilmektedir. Bu nedenle ¢alismanin birinci dongiisii 2016-2017 egitim dgretim yilinin
bahar doneminde 44 6grenci ile gergeklestirilmistir. Uygulama, birinci dongiide oldugu gibi vektdr uzaylart ile
ilgili temel kavramlar olan vektdr uzay, altuzay, lineer birlesim, germe, lineer bagimlilik, lineer bagimsizlik,
taban ve boyut kavramlarmi kapsamaktadir. Ikinci dongiide dersler birinci dongii ile birer hafta arayla
yapilnustir. Ikinci déngiide genel olarak birinci dongii ile benzer basamaklar takip edilmistir. ilk olarak
ogrencilere GeoGebra yazilimi ile ilgili iki saatlik bir ders verilmistir. Bu iki saatlik ders siiresi boyunca
GeoGebra programinin temel islevleri hatirlatilmig bununla birlikte 6zellikle derste kullanilacak bolimlere vurgu
yapilmistir. Derslerin bir bolimii smif ortaminda yiiriitilirken bir bdlimii de laboratuvar ortaminda
yuriitiilmistiir. Etkinlikler laboratuvar derslerinde 6grenciler ile ikiser kisilik gruplar halinde uygulanmistir. Ders
stiresince Ogrencilerden GeoGebra yazilimiyla etkilesimli olarak ¢alisma yapraklarini doldurmalar: istenmistir.
Birinci dongiide oldugu gibi ikinci dongiide de 6grencilere iki adet 6dev verilmistir. 6 haftalik siire¢ boyunca
biitiin dersler video kaydina alinmig ve her bir ders sonrasindan aragtirmact tarafindan yansima raporlari
yazilmistir. Video kayitlari, yansima raporlar1 ve arastirmacinin gozlemleri dikkate alinarak tipki birinci dongiide
oldugu gibi ¢aligma yapraklarinda, GeoGebra sablonlarinda, ddevlerde ve ders i¢i sunumlarda gerek dillerin
kullanimi, diisiinme big¢imlerinin gelisimi gerekse uygulama sorularinin anlagilmasi ve zaman yoniinden
olusabilecek sikintilar1 ortadan kaldirmak agisindan diizenlemeler yapilmistir.

3.2.2. Ikinci Dongiiye Yonelik Program Revizyonu

Bu béliimde ikinci dongii sonrasinda tasarlanan 6grenme ortamiyla ilgili yapilan diizenlemelere yer verilmis
ve diizenlemeler iglenen kavramlarin isimlerinin oldugu bagliklar altinda ayr1 ayr1 verilmistir.

Vektirler, Vektrel Toplam ve Skalerle Carpim (R® ve R®)

Vektorler, vektorel toplama ve skalerle carpim kavramlarmin yer aldigi etkinligin gerek bigimsel olarak
diizenlenmesi gerekse her bir konu bashigina ayr1 ayr1 odaklanilmasi amaciyla {i¢ boliime ayrilmasi planlanmistir.
iki béliimden olusan ve ilk boliimde vektérler, ikinci boliimde vektdrel toplama ve skalerle carpim kavramlarini
iceren etkinlik yapilan degisiklikle;
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1. Vektorler, calisma yaprag: 1
2. Vektorel toplama, ¢caligma yapragi 2
3. Skalerle carpim, ¢caligma yapragi 3

olacak sekilde diizenlenmistir. Her bir konu basligina karsilik bir ¢alisma yapragi hazirlanarak etkinligi daha
anlasilir ve bigcimsel olarak daha diizgiin bir hale getirilmesine ¢aligilmistir. Bunun diginda vektorler ve vektorel
toplama kavramlarini i¢eren kisimlarinda degisiklige gidilmesine gerek duyulmamis bu kisimda sadece daha
sade ve anlasilir olmasi agisindan bazi sorularin sorus bigimi ve yodnergeleri degistirilmistir. Buna ek olarak
GeoGebra programinin ara¢ cubugunda Ozellestirme yapilmis etkinlik siiresince sadece Ogrencilerin
kullanacaklar1 6zelliklerin ara¢ ¢ubugunda yer almasi diislinilmistiir. Arastrmaci alan notunda bu durumu
asagidaki gibi 6zetlemistir.
“Smufta siralarin arasinda dolasirken bazi 6grencilerin konudan bagimsiz sekiller ¢izmeye ¢alistiklarii ve konudan
uzaklastiklarini fark ettim. Bazi 6grencilerinde ara¢ ¢ubugunda ihtiyaci olmayan ozellikleri kullanarak zaman
kaybettigi gozlendi. Her iki durumun da 6niine gegmek i¢in GeoGebra sablonlarinda diizenleme yapilmasi uygun
olacaktir.”

Video kayitlarindan da arasgtrmacinin bu goriigiinii destekleyici bulgular elde edilmistir. Bu bulgulardan
hareketle 6grencilerin arag¢ ¢ubugunda yer alan ve konu ile ilgili geometrik yapilarin olusturulmasinda ihtiyag
olmayan diger 6zelliklerle zaman kaybetmesinin Oniine gegilmesi hedeflenmistir. Asagida sekilde tist kisimda 1
ve 2. dongiilerde kullanilan ara¢ ¢ubugu alt kisimda 3. dongiide kullanilmasi diisiiniilen ara¢ ¢ubuguna yer
verilmistir.

2.Déngu Dosya Dizenle Goronim Secenekler Araclar Pencere Yardim
E] Al B elo] )= %]
Dosya Dizenle Gorinim Secenekler Araclar Pencere Yardim

Sekil 9. Geogebra ara¢ ¢ubugunda yapilan degisiklikler

Sekil 9’da bahsedilen ve daha ¢ok bigimsel olarak yapilan degisikliklerden farkli olarak skalerle g¢arpma
béliimiinde soru ¢ikarilip soru eklenmesine karar verilmistir. Bu kisimda 6grencilere R? den bir vektdr verilerek
ve bu vektdriin bir ¢ reel sayi skaleri ile carpilmasinin GeoGebra programiyla incelenmesi istenmistir. Ardindan
asagidaki sekildeki soruya yer verilmistir.

4) u=(2,-1,3) ve v=(3,1,2) birer vektor ve c,, ¢, € R olmak iizere

;.U + C,. v 0lacak sekilde elde edilen biitiin vektérlerinin ortak dzellikleri nedir?

ci.u=(2e1,-Vey,3¢)
ch \/:(341,.;c~_,: ca)
Cl\W4 Ca N = (QC|4%C;/ >C‘~»,;/‘¢CI4LC;\

Bulunon 45mM velddrletin koordinortlor | buldugeMmut orondo clegisir,

= [y, y \-\J\ seklinde :‘:‘m:l\e,\cb‘xli‘.

1Y,

Sekil 10. Ogrencilerin 4. soruya verdigi cevap

Ogrencilerin soruya verdikleri cevaplar ¢ogunlukla Sekil 10°da gosterildigi gibidir. Aslinda soru ile
Ogrencilerin daha 6nceki somut deneyimlerinden hareketle vektorel toplama ve skaler ¢arpma kavramlari ile
ilgili diisinmelerini (i) analitik-aritmetik diisiinme bigimine tasimak, (ii) vektor uzayr kavrami 6ncesi R? ve R®
deki vektorlerin toplaminin ve skalerle carpimimin yine ayni kiime yer aldigi fikrine ulasmak amacglanmistir.
Ancak sorunun ¢oziimiiyle iki vektoriin lineer birlesimlerinin kiimesinin elde edildigi ve arzulanan sonuca
ulasilamadigl gozlenmistir. Ciinkii 6grenciler ¢oziimlerinde yalnizca aritmetik islemlere yer vererek soruda
istenilen 6zelliklere yonelik agiklama yapmamislardir. Bu nedenle bu sorunun ¢ikarilarak yerine dgrencilerin
somut deneyimlerini artirmak amaciyla R* de bir vektdr ve bir ¢ reel say1 skaleri ile carpimma benzer bir sekilde
R® ten bir 6rnek verilmistir. Asagidaki sekilde bu soruya yer verilmistir.
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4 GeoGebra'nin 3 boyutlu grafik ekraninda » = (3, 1, 2) vektaring olusturunuz.

Yazilimin strgii komutunu kullanarak « vektéri icin bir stirgii olusturunuz. Sirgiyi hareket
ettirdiginizde u vektérinde nasil bir degisiklik olmaktadir? Grup arkadasinizla tartisarak
ulastiginiz sonucu aciklayiniz.

5 Sirginin 2 ve — 3 dederleri icin olugan vektarleri cebirsel olarak hesaplayiniz.
Olugan vektorleri nasil elde ettiginizi agiklayiniz.

Sekil 11. Vektorler etkinliginde 4. soruda yapilan degisiklikler

Sekil 11°de goriildiigli gibi yapilan degisikliklerin ardindan etkinlik bigimsel diizenlenmelerle birlikte 3.
dongiiye hazirlanmugtir.

Vektor Uzayr ve Alt Uzay

Vektor uzay1 ve altuzay kavramlarinin dgretimine yonelik olarak hazirlanan etkinlerin uygulamasinda birinci
ve ikinci dongiide karsilagilan en 6nemli problem etkinlikler i¢in tasarlanan siirenin {izerine ¢ikilmis olmasidir.
Vektor uzay etkinligi dort farkli kiimenin geometrik gosterimlerinden hareketle vektér uzayir olma sartlarinin
kontrol edildigi problemleri barindirmaktadir. Her bir kiimenin geometrik olarak ingasi 6grencilere birakilmis ve
ogrencilerin bu yapilar1 olugturmasi ya zaman almig ya da ¢izememislerdir. Bu durumda dogal olarak siirenin
uzamasina neden olmustur.

Ogrencilerin vektor uzayi etkinliginde yer alan geometrik yapilari olusturmada yasadiklari zorluklari asmak
icin hazir GeoGebra sablonlarinin hazirlanmasmin daha uygun olacagina karar verilmistir. Boylece verilen
kiimelerle iligkili geometrik yapilarin hizli ve dogru bir sekilde olusturulmasi buna bagl olarak &grencilerin
sezgisel anlamalarint giiclendirmek hedeflenmistir. Ciinkii 6grenciler yapilart olusturma da zorluk yasadiklari
gbzlenmis ve bu durum zaman kaybi yasanmasma neden olmustur. Ayrica yasanan bu zorluklar kavramin
ogretilmesinde somut modellere yer verilmesi ve onun {izerinden sezgisel anlamalar olusturulmas: amacini
sekteye ugratmistir. Cizimleri gerceklestiremeyen bazi Ogrencilerin etkinlikleri birakip ders Ogretmenini
bekledigi goriilmistiir. Bu nedenle her bir problem durumu igin sirasiyla Probleml, Problem2, Problem3 ve
Problem4 isimleri verilen Geogebra uygulamalar1 hazirlanarak §grencilerin vektor uzayl olma sartlarindan her
birini hizlica kontrol etmesi amaglanmistir. Ayrica 6grencileri analitik diisiinme bigimlerine tasiyacak somut
icerigin dogru olarak arastirmaci tarafindan hazirlanmasinin 6grencilerin yanliy somut veriler iizerinden
varsayimlarda bulunmasmin da Oniine gegecektir. Asagidaki sekilde Probleml’e ait GeoGebra sablonuna yer
verilmistir.

Dosya Dizenle Gorinim Secenekler Araclar Pencere Yardim

[x] A~ B @) LN =2 @

VektérlerUzerineislemler u +v

Girig:

Sekil 12. Alt uzay etkinligi tasarlanan GeoGebra sablonu

Sekil 12°de gorildiigi gibi problemde yer alan geometrik yap1 (bu soruda ¢ember), vektorler ve siirgiiler
dgrencilere sablonla hazir olarak sunulmustur. Ogrencilerin programda yer alan “Vektédrler Uzerine Islemler”
kismina vektor uzayir olma sartlarini yazarak kontrol etmesi ve programim dinamik yapisini kullanarak somut
icerige dogru ve hizli bir sekilde ulagsmasi hedeflenmistir. Diger problem durumlar1 i¢inde ayni teknik
kullanilarak sablonlar olusturulmustur. Bununla birlikte “Vektorler Uzerine Islemler” komutu kavramlarin
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geometrik ve cebirsel gosterimleri arasindaki baglantinin kuruldugu bir komut olarak islev gdrmesi arastrmanin
amacina da hizmet etmesi amactyla GeoGebra sablonunda yer verilmistir.

GeoGebra uygulamasi kisminda yapilan diizenlemelere ragmen etkinliklerde yer alan sorularin yapisiyla
ilgili degisikliklere gidilmemis ancak sorularin sunusunda ve etkinliklerin bigimsel formatinda 6grencilerde
merak uyandirmak ve etkinligi daha akici hale getirmek amaciyla diizenlemeler yapilmistir. Her bir kiimeye ait
tanimlar ile %eometrik gosterimleri bir biitiin olarak ¢alisma yapraginda sunulmus ve tek bir soru iizerinden
kiimelerin R“’de tanimlanan standart islemlere gore vektdr uzayr olma sartlarini saglayp saglamadiginin
ogrenciler tarafinda aragtirilmasi istenmistir. Ayrica etkinlikte kiimelerin cebirsel gosterimlerine de yer verilerek
farkli gosterimlere yer verilmesi hedeflenmistir. Asagidaki sekilde yapilan diizenlemelerin ardindan ¢alisma
yapragi 5’e yer verilmistir.

CALISMA YAPRAGI 5

Bilgisavarimizdan Problem 1, Problem 2. Problem 3 ve Problem 4 isimli GeoGebra dosvalarmi ayr ayrs agarak her bir kiimenin R*' de tamimlanan
standart iglemlere gére vektdr uzayi olma sartlarmm saglayip saglamadigmi arastimiz. Yaptifmiz incelemeler sonunda grup arkadagmizia
asagidaki tabloyu doldurunuz.

Problem 1 Problem 2 Problem 3 Problem 4
Merkezi orijin, varigap: r olan bir Diizlemde x = 0 bdlgesi ¥ =mx dogrusu tizerindeki tiim v =mx + n dogrusu tizerindeki
cemberin i bolgesindeki tiim tizerindeki tiim vektrlerin vektorlerin olugturdugu kiime tiim vektérlerin olusturdugn kiime
vektorlerin olusmrdugu kiime olusturdugu kilme

V = {(x.0)eR* " +17 207} V={(x))eR |xz0} Ve{(eeR |y=md | v_ofx1)eF|y=mxsnn=0

Vektér nzay: olma Problem 1 Problem 2 Problem 3 Problem 4]
sartlan

u+veV
utv=v+u
(urv)+w=u+(v+w)
u+l=u
u+-uy=0
eV
cfu+v)=cu+cv
(c+div=cv+dv
o(dv) = (cd)v
lu=u

Sekil 13. Yapilan diizenlemelerin ardindan ¢alisma yaprag: 5

Sekil 13°de goriildiigi gibi problemlerin bu sekilde sunularak daha sade ve anlasilir olmalar1 amaglanmustir.
Ayrica farkli dilleri kullanmaya tesvik etmesi agisindan 6grencilere ek kagit verilerek geometrik ¢oziimlerinin
disinda da varsa farkli ¢oziimler gelistirmeleri istenmistir. Ciinkii Ogrenciler genellikle verilen problem
durumlarmi geometrik ¢ikarimlar1 kullanarak ¢6zmiis ancak cebirsel ¢oziimler gelistirmedikleri gdzlenmistir.
Asagida sirasiyla aragtirmacinin bu konu hakkindaki alan notuna ve drnek 6grenci cevabina ver verilmistir.

Ogrencilerin Etkinlik 1°de ki sorulara verdigi cevaplara bakildiginda tipki ilk grupta oldugu gibi verilen kiimelerin
vektér uzayr olma sartlarinin geometrik olarak saglayip saglamadigina net bir sekilde cevaplar verildigi
gozlenmistir. Ancak ¢alisma yapraklar {izerinde birgok 6grenci cebirsel olarak cevap vermedigi gdzlendi.

- — - RS ALl 2o) SR "
olan bir cemberin iizerindeki ve icindeki tiim sirali ikililerin /l
o.l.u;turduéu kiimenin bir vektér uzdy olup olmadg ile ilgili ne
sdylenebilir? Gerekcelendirerek aciklayiniz.
Vel ds =P th sAkl S
;\:Lj\ ”*;"3‘ k Ag. i Coald ve\ e uluj\ O\MC( ?o\vnAo\ °\°\ <A
\ />
c.( C"u\jc( : c,\m\,_:,;-,\ C‘\\/\AC\ \(:&‘aor,

Sekil 14. Ornek dgrenci cevabi

Sekil 14°de goriildiigii gibi 6grenciler kendilerinden cebirsel islemler yapmalar: istenen kisimlarda yapmis
olduklar1 geometrik ¢oziimlere ait betimlere yer vermistir.
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Lineer Birlegsim ve Germe

Lineer birlesim ve germe kavramlarinin dgretimine yonelik olarak hazirlanan etkinliklerin uygulanmasinin
ardindan GeoGebra sablonunda ve etkinliklerde bazi degisiklerin yapilmasma karar verilmistir. Etkinlikler
birinci dongiiye oranla daha akici bir sekilde uygulanmasma ragmen zamanla ilgili sikintinin bu etkinlikte de
devam ettigi gozlenmistir. Bu sorunu ortadan kaldirmaya yonelik olarak etkinligi biraz daha sadelestirmek ve
daha anlasilir kilmak i¢in bazi sorular birlestirilerek yeniden sorulmustur.

Uygulama esnasinda bazi sorularda istenilen geometrik yapilarm olusturulmasi dégrencilerin zamanini almig
bu durumda etkinlik icin belirlenen siirenin uzamasina neden olmustur. Bu bakimdan birinci dongiide
karsilasilan bu sorun devam etmis bu nedenle GeoGebra sablonunda degisikliklere gidilmistir. ilk olarak
sablonda bicimsel olarak degisiklige gidilmis ve vektorler ile siirgiiler ayr1 basliklar altinda sunulmustur.
Ogrencilerin birden fazla vektorle islem yapmalar1 gereken kisimlarda basit hatalar yaptiklari (yanhs skaler ile
vektoriin carpilmasi, siirgiilerin yanlis kullanimi vs.) bu nedenle zaman kaybettikleri gézlenmistir. Bu basit
hatalarin 6niine ge¢mek ve ¢ok daha kisa siirede geometrik yapilari olusturmak i¢cin GeoGebra sablonuna
‘Vektorel Islemler’ adi altinda bir girdi alam1 eklenmesine karar verilmistir. Girdi alan1 istenilen islemin cebirsel
olarak yazilip “enter” tusuna basildiginda geometrik kargiligini ekrana yansitan bir 6zelliktir. Asagidaki sekilde
yapilan diizenlemelerin ardindan GeoGebra sablonuna yer verilmistir.

Dosya Dizenle Goriinim Segenekler Araclar Pencere Yardim

D REE S AN =

~ 3D Grafik

X

» Grafik 2 X

V]u=101)
[ Jv=t202)
(V]w=10.11)

[ Jeteam

[ Ji=005)

-Skalerler

Vektorelislemlerc u+ dw

Girig:

Sekil 15. Lineer birlesim germe etkinliginde yer alan GeoGebra sablonu

Sekil 15’in sag alt kisminda yer alan vektorel islemler alanma “cu + dw” ifadesi yazilarak elde edilen vektor
ekranda kirmiz1 bir vektor olarak yansimistir. Bdylece dgrencilerin geometrik sekilleri olusturmada ve bundan
kaynaklanan kavrama iliskin ¢ikarimlar yapmakla ilgili yasadiklar1 zorluklarm istesinden gelinmesi
hedeflenmistir. Ayrica etkinligin uygulama siiresinin daha kisaltilmasi hedeflenmistir. Yapilan bu degisikliklerin
ardindan etkinlige ¢aligsma yapragi 8 ad1 verilmistir.

Lineer Bagimlilik/Bagimsizlik

Lineer bagimlilik ve bagimsizlik kavramlarmm 6gretimine yonelik olarak hazirlanan etkinliklerde genel
olarak daha ¢ok bicimsel olarak degisikligi gidilmis ve bununla birlikte bazi sadelestirmeler yapilmustir. Ilk
dongiide hazirlanan etkinlik ¢ok sozel kalmis ve bu ydnde bazi degisiklikler yapilmusti. ikinci déngiide ise
sorularda verilen vektor kiimelerinin fazla olusundan dolay: her birinin ayr1 ayr1 incelenmesinin zaman aldig1 ve
benzer durumlarin tekrarlandigi gézlenmistir. Arastirmaci alan notunda bu durumu asagidaki gibi 6zetlemistir.

“Birinci gruptaki uygulamanin ardindan etkinlikte bazi degisiklikler yapilarak ikinci gruptaki uygulamaya
gecilmistir. Birinci uygulamamizda etkinlige 6zgii bir Geogebra uygulamasi yer almiyordu. Bunun yerine
ogrencilerden Geogebra programini acarak belirledikleri vektorleri kendilerinin gizerek soruya geometrik bir
yaklasim sergilemeleri istenmisti. Ancak dgrencilerin programu ¢ok fazla kullanmayi tercih etmemeleri hem soruya
geometrik bir yaklasimla bakmalarini engellemis hem de dersin daha ¢ok ¢alisma yapragi odakli gegmesine neden
oldugu gozlendi. Bu durumda baz1 6grencilerin dersten sikildiklarina dair gdzlemlerimiz oldu.”

Bu bakimdan sorularda 6grencilere lineer bagimsizliklarini incelemeleri icin verilen vektor kiimeleri yeniden
gbzden gegirilerek tekrar eden durumlar belirlenmis ve sadelestirilerek en az sayida vektor kullanarak en etkili
sekilde 6grenmenin saglanmasi hedeflenmistir. Ornegin ikinci soruda dgrencilere R® te bes vektdr ve bu bes
vektor ile olusturulacak tiim ikili vektor kiimeleri verilmistir. Yapilan incelemenin ardindan 10 tane olan vektor
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kiimesi sayis1 tekrar eden orneklerin ¢ikarilmasiyla 6 taneye diigiiriilmiistiir. Asagidaki sekilde soru ve soruda
yapilan degisikliklere yer verilmistir.

2.Dongi 3. R® de u=(1,-3,2), v=(0,5,2), w= (-B,12,-4), 2=(3,-9,6) ve t=(2,-3,1) vektdrlerini alalm. Bu
vektorlerin her birini Geogebra ekraninda olujturunuz.

4. Simdi {u, v}, {u, w}, {u, z}, {u, t}, (v, wi, {v, 2}, {v, t), {w, 2}, {w, t} ve {z, 1} kiimelerinin her birinin
lineer ba@imsizhgini inceleyiniz. Elde ettiginiz deneyim ve gbzlemlerinize baglolarak R*de iki
vektériin lineer bafimsiz olmasi icin gerekli ve yeterli sartlara iligkin bir varsayim Gretip
dretemeyecefinizi aragtinniz. Ulagtifinie sonuglan gerekgelendirerek agikkayiniz.

Geogebra programinizda LBZ dosyasini aginiz, Geometri pencerenizde ver alan u = (1-3.2), v=(-3,3, 1), w =
(2-6, 4), k = (-1,-3,5) wektdrerini asafidaki sorulara uygun olacak sekilde aknif hale getirerek wvektor

3.Dongd 3

kiimelerinin lineer bagimsizligini inceleyiniz.

Vektbrlerin
Birbirine Gore
Konumu

Vektir L.Bagmh | LBagimsz | Ciiziim
Kumesi

fu, v}

fu, w}

v, wi

v, k)

fw, k}

4 Yukanda yapt§iniz cahymalardan R¥de ikl vekiérin lineer bagimsiz olmasina yénellk bir gerek ve yeter gart
belifenebilir mi? Grup arkadaginzia tartijarak ulagtiginiz sonucy asagna yazmz. |

Sekil 16. Lineer bagimsizlik etkinliginin 3 ve 4. sorularinda yapilan degisiklikler

Sekil 16°dakine benzer bir sekilde etkinlikte yer alan 5 ve 6 sorularda degisiklige gidilerek 6 alt1 olan vektor
kiimesi sayis1 tekrar eden durumlarin ¢ikarilmasiyla 4’e diisiiriilmiistiir. Bunun yani sira etkinligin bu kisminda
ogrencilerin karisik bir sekilde not tuttuklari ve bu yiizden varsayim iiretmede zaman kaybettikleri gézlenmistir.
Asagida sirasiyla arastirmacinin bu konu hakkindaki alan notuna ve 6rnek 6grenci cevabina ver verilmistir.

“Smufta dolagip dgrencilerin ¢alisma yapraklarmni verdikleri cevaplart incelerken islemlerin ¢ok dagiik bir gekilde
birazda acele ile yapildig: gozlemledim. Bulduklari sonuglari birbiriyle iligkilendirme de zorlantyor gibiydiler. Hem
daha basitce islemlerini yapmalar1 hem de iligkileri rahatca gorebilmeleri agisindan ¢aligma yapragmim bigimsel

olarak degistirilmesi uygun goriillmiistiir.”
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0,-10 4T20420) =0

0=0 -30+45b=0
b=0
=

Uretemeyeceginizi aragtiriniz. Ulagtiginiz sonuglar gerekgelendirerek agiklayiniz. e
31 =

Sz 0.3-88)+b(2-3d)= O  b=2a  d, b | fwiliain otz 4) +b(2
g : b=-60_9 .° | ((ga42b, 420-1b, -4Q+b)=0

- =0 e = ]
Ureer hofiniis. -ngﬁ,’,";o (30+2b,-9a-3b,6a+H)=0 e -301200 ya=b bzya z,? ’%‘?

=0 T 120 - ac b
b=02 ) SéaJRb de lineer bagimsiz ve bagimli iki vektdriin birbirine gére %u%umlarlnl: geometrik olarak

Q0= agiklayiniz. “ . .

! 3":’“ Lineer bogimu Velktorw geometrik larok bir doglu beurti Uress bagmu  olranin sare

\ _ bibictachin) Skl b ah Olor velA8iledie e @l srobahrier @unt JodTy dRUIndedlr,
Sekil 17. Ornek 6grenci cevabi

Sekil 17 ye bakildiginda 6grencinin yaptig1 ¢oziimlerin karmasik bir sekilde ¢caligma yapraginda yer aldigi
gorillmektedir. Alan notundan hareketle sorular 6grencilerin ¢oziimlerini daha diizenli bir seklide yapacagi ve
yorumlayacaklar1 bir tablo formatinda diizenlenerek sunulmustur. Etkinligin birinci kisminda yapilan bu
degisikliklerin ardindan Etkinlik 2 ve etkinlik 3’te degisiklige gidilecek bu durumla karsilasilmamis arastirmaci
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sadece etkinlik 3’te yer alan sekilleri daha profesyonel bir sekilde yeniden cizerek etkinlige eklemistir. Ayrica
etkinlik caligma yapragi 10 olarak isimlendirilmistir.

Taban ve Boyut

Ikinci déngiiniin uygulanmasindan sonra taban ve boyut kavramina ydnelik olarak hazirlanan etkinliklerde
gerek bicimsel olarak gerek icerik olarak bazi diizenlemelere yer verilmistir. Dogru yanlis sorularinin yer aldigi
etkinlik 2 kisminda bir degisiklige gidilmemistir. Biitiin diizenlemeler etkinlik 1’de ger¢eklestirilmistir. Asagida
aragtirmacimin uygulamaya iligkin alan notlarina yer verilmistir.

“Uygulama boyunca 6grencilerin zorlandiklar1 herhangi bir durumla karsilasilmadi. Bir 6nceki dongiide Etkinlik
2’ye olasi biitiin durumlari igermesi bakimindan R3 den 6rnekler eklenmisti ve bu uygulamada 6rneklerle ilgili bir
problem yasanmadigi gézlendi. Ayni gerekgelerle Etkinlik 1°’de R3 6rnek durumlarin eklenmesinin uygun olacagi
diistiniilmiistiir.”

Alan notlarindan hareketle 6grencilerin taban ve boyut kavramiyla ilgili 3grenmelerinin yalnizca R? vektor
uzay1 ile smirh kalmamast ve daha saglikli bir sekilde genelleme yapabilmeleri i¢in etkinlik 1’e R? vektor
uzayma ait vektor kiimelerinin de eklenmesine karar verilmistir. R? vektor uzaymin taban olma durumlarinin
incelenecegi kiimeleri belirlerken R’ de oldugu gibi olasi biitiin durumlar1 igcerek kiimeler se¢ilmistir. Son olarak
Etkinlik 1 ve Etkinlik 2 birlestirilerek Calisma yapragi 11 adiyla son halini almistir.

3.3. Uciincii Dongii Cahsma Hikayesi

Caligmanin tiglincii dongiisii 2017-2018 egitim-6gretim yilinin bahar doneminde bir devlet iiniversitesinin
ortadgretim matematik Ogretmenligi programina kayitli olan ve lineer cebir dersini alan 11 &grenci ile
gerceklestirilmigtir. Uygulama vektor uzaylar ile ilgili temel kavramlar olan vektdr uzay, altuzay, lineer
birlesim, germe, lineer bagimlilik, lineer bagimsizlik, taban ve boyut kavramlarmi kapsamaktadir. Uygulamaya
baslamadan dnce GeoGebra programinin uygulama boyunca kullanilacak fonksiyonlar1 6grencilere tanitilmistir.
Derslerin biiyiik bir boliimii laboratuvar ortaminda yiiriitiilmistiir. Etkinlikler laboratuvar derslerinde 6grenciler
ile ikiser kisilik gruplar halinde uygulanmistir. Ders siiresince 6grencilerden GeoGebra yazilimiyla etkilesimli
olarak ¢aliyma yapraklarini doldurmalar1 istenmistir. Uygulama siiresince her derste dgrencilere iki adet ddev
verilmistir. Arasgtrmanin bu dongiisii alaninda uzman bir matematik egitimcisi tarafindan yiiriitiilmis ve
aragtirmact gozlemci roliinii iistlenerek video kaydi ve gdzlem notlar1 tutmustur.

Tasarlanan 6grenme ortamui ile ilgili ilkeler {iglincli dongii 6ncesinde Teknoloji Kullanimi, Temsil Dilleri,
Odevler, Calisma Yapraklar: ve Grup Calismasi olmak iizere bes ana baslik altinda toplanmustir. Arastirmanin
ficiincii dongiisiinde elde edilen bulgular sonucunda Ders Ogretmenin Rolii altmci bir baslik olarak tasarim
ilkelerine eklenmistir. Béylece tasarlanan 6grenme ortamu ile ilgili ilkelerin alt1 baglik altinda toplanmasina karar
verilmistir. Ders 6gretmeninin roliine yonelik ilkeler aktif, isbirlik¢i, yapinin farkinda, herkese esit ve etkilesim
icerisinde olarak belirlenmistir. Tasarim tabanli arastirmalarmm dogasmna uygun olarak arastirmacilar siireg
icerisinde aktif ve igbirlik¢i bir tutum icerisindedir. Ancak ders 6gretmeninin roliiniin her zaman bunlarla sinirli
olmadigi alan notlart ve video kayitlarinda ortaya ¢ikmistir. Ders 6gretmeninin biitiin 6grencilere s6z hakki
vermesi Ogrencilerin ve arastrmacinin dikkatini ¢eken bir durum olarak ortaya ¢ikmustir. Aragtirmaci alan
notunda bu durumu agagidaki gibi 6zetlemistir.

“Ogrencilerin 6zellikle ders Ogretmeninin tutumundan duyduklari memnuniyet oldukca dikkat cekici. Ders
sorumlusu siirekli olarak siralar arasinda gezerek Ogrencilere rehberlik yapiyor. Bazi 6grenciler bu durumuna
yonelik memnuniyetlerini ders igerisinde direk hocalarina belirttikleri de gézlendi. Ogrencilerden biri ile ders
sorumlusu arasinda gegen bir diyalogda hoca siirekli ortalarda dolastigindan dolay: herkes esit sekilde muamele
gorebildi ifadesini kulland1.”

Ucgiincii doéngii sonrast ders Ogretmenin roliiniin 6grenme ortamiyla ilgili ilkelere bir baslik olarak
eklenmesine ek olarak bulgulardan hareketle diger basliklar altinda bazi ilkelere yer verilmistir. Teknoloji
kullanimmna dikkat ¢ekme, pratik olma ve formal tanim ve ispatlara hazirlama, ddevler basligina tartigma ve
doniit verme, calisma yapraklar1 baghgma ise pratik olma ilkeleri eklenmistir. Ozellikle 6devlerde yer alan
sorular iizerinden sinifta yapilan tartigmalar ve doniitler 6grencilerin anlamalarinda ve diisiinme bigimlerinin
gelisimde etkili olmustur. Asagida ders 6gretmenin bu duruma iliskin alan notuna yer verilmistir.

....... Ornegin bir 6grencinin belli bir soru i¢in R® veya R® de ¢6ziim yapsak olmaz mu seklindeki sorusuna, genel
diisiiniilmesi ve cevap verilmesi seklinde smiftan diger bir iki 6grenciden yamt geldi. Hatta burada R? R® ve R"
arasindaki iligkiye dair 6grencilerin sahip oldugu yanlis anlamlandirma ortaya ¢ikti. Bu bana bu konu hakkinda
konusma firsati verdi. Bu siire¢ kayit altina alindigindan burada gegen diyaloglar dikkatli bir sekilde analiz
edilebilir. Odevlerle ilgili bu hareketli tartisma ortami spesifik 6dev verme ve takibinin ne kadar etkili oldugunu bir
kez daha gostermis oldu.”

Ders 6gretmeninin alan notuna bakildiginda siniftaki tartisma ortammm &grencilerin yanls anlamalarmin
ortaya ¢ikmasinda ve bu yanlislarin diizeltilmesinde etkili oldugu ortaya ¢ikmistir. Odevlerden farkli olarak
o0grenme ortaminda kullanilan GeoGebra sablonlar1 ve g¢aliyma yapraklarinin uygulanmasinda bir sorunla

282



Vektor Uzaylarimn Ogretimine Yonelik Bir Ogrenme Ortamimin Tasarim Ilkelerinin Olusturulmast

karsilagilmamis ve dgrenciler tarafindan pratik bir sekilde kullamldiklar1 gdzlenmistir. Ozellikle ilk iki dongiide
yapilan revizyonlar bu pratikligin olugsmasinda etkili olmustur. Bununla birlikte belirlenen ilkeler dogrultusunda
O0grenme ortamu iigiincli dongiide basari ile uygulanmistir. Asagida arastirmacinin bu konuya iliskin alan notuna
yer verilmistir.

“Derste yiiriitiilen uygulamanin olduk¢a verimli oldugunu ve Ogrenciler agisindan istenilen amaca ulagtigini
soyleyebilirim. Etkinliklerde yer alan sorularin sunus seklinde veya anlasilmalarinda herhangi bir sorunla
karsilasilmadi. Boylelikle uygulama benim, ders hocasinin ve O&grencilerin aktif oldugu, &grencilerin
motivasyonunun diismedigi bir ders ortaminda verimli bir sekilde gergeklestirilmis oldu. Hatta derse diger
arkadaslar1 kadar sik katilmayan iki erkek 6grenci de dersin basindan sonuna kadar etkinliklerle ilgilenmis, sorular
sormus ve ¢ogunlukla dogru ¢gikarimlarda bulunmustur. Bu, tasarlanan ortamin &grencilerin nasil ilgisini ¢ektigini
ve onlar1 nasil motive ettiginin acik bir kanitiydi bence.”

Aragtirmacinin alan notlarma ek olarak ders &gretmeninin alan notlarinda birbiriyle paralel goriislerin
aktarildig1 goriilmiistiir. Asagida ders 6gretmeninin 6§renme ortamina iliskin alan notlarina yer verilmistir.

“Genel anlamda 6grencilerin derse katilimi ilgisi iyi. ilk basta calisma yapraklar ile dersi isleme komsundaki
acemiliklerini artik iyice atmuglardi. Derste Onceki konulardan bilgilere ihtiyac oldugunda zorlanmadan
cagirabildiklerini fark ettim. Hatta siif i¢i tartismalarda ya da sinifa doniik sorularima cevap verirken ya da
verdikleri yanlig cevabi degistirirken sanki smif i¢inde yasadiklari deneyimleri gozlerinin Oniine getirmeye
caligiyorlar hissi veriyorlardi zaman zaman. Bu uygulamalarin genel anlamda verimli gectigini diigiiniiyorum
sonrasinda yazdigimizi teoremlerin yapisini ve ispatini anlama siireclerini kolaylastiriyordu. Ayrica derse karsi cok
ilgisiz goriinen 6grenciler bile ders i¢i yiriitiilen uygulamalara dahil oldular. Kendilerini diger derslerde oldugu gibi
disarda birakmadilar.”

Ogrenme ortaminin basarili bir sekilde uygulanmasinda ders dgretmeninin dgrenme ortaminda yiiriitiilen
mevcut yapiya hakim olmasi ve siireci iyi bir sekilde yonetmesinin etkisi vardir. Ders 6gretmeni ve arastirmaci
ders onceleri ve sonralar1 bir araya gelerek 6grenme ortaminmn saglikli bir sekilde uygulanmasi icin kiigiik
toplantilar yapmuslardir. Ogrenme ortammin basarisinda grup calismasmnm da etkili oldugu diisiiniilmektedir.
Laboratuvar ortaminda islenen dersler grup caligmasi seklinde yiiriitiilmiistiir. Grup c¢aligmasi basligi altinda
ilkeler 6grenci merkezli, tartigmaya olanak saglayan ve ogrencilerin motivasyonlarmi artiran ilkeler olarak
sekillendirilmistir. Ogrencilerle yapilan diyaloglar ve ders icindeki performanslar1 goéz ©Oniinde
bulunduruldugunda grup ¢aligmalarmin 6grencilerin sorumluluklarini ve 6zgiivenlerini artirdig: ortaya ¢ikmistir.
Ayrica 6grenciler grup ¢alismasi seklinde derslerin iglenisi eglenceli bulmus ve laboratuvar derslerini hormal
smif derslerine tercih ettiklerini ifade etmislerdir. Bulgulardan hareketle bu tercihte grup caligmasi yapiyor
olmanin etkisinin oldugu diigiiniilmektedir. Asagida arastirmacinin bu konuya iligkin alan notuna yer verilmistir.

“Ders ve etkinlik oldukca verimli ve anlasilir gectigi gozlendi. Ozellikle grencilerin ders igerisinde kendi
fikirlerini ortaya koymalari, sorular sormalar1 ve etkinlikten hareketle ¢ikarimlarda bulunarak ¢6ziim arayisinda
olmalar1 onlar1 dersin aktif bir parcasi haline getirdi. Ders biitiiniiyle laboratuvarda islendiginde sadece ders sonuna
dogru ogrencilerin yorulduklar1 gézlendi. Bazi dgrenciler normal sinif ortaminda ¢ok yorulduklarini laboratuvar
derslerinin daha keyifli ve az yordugunu ifade ettiler. Bu durumda formalizmin 6grencileri zorladigini bir kez daha
ortaya koymustur.”

Bu duruma paralel olarak video kayitlari incelendiginde benzer bir durumla karsilagilmistir. Smif
ortamindaki bir derste ders 6gretmeni ve dgrenciler arasinda gecen bir diyalogda 6grenciler sinifta zaman zaman
sikildiklarmi ve laboratuvarda derslerini yapmak istediklerini belirtmislerdir. Ders 6gretmeninin neden
laboratuvarda ders yapmak istediklerini sormasi iizerine zamanin ¢abuk gegmesi ve grup c¢alismasmi gerekge
olarak vermislerdir.

4. Tartisma

Caligmada lineer cebir 6gretimine yonelik olarak literatiirdeki zorluklar ve oneriler belirlenerek bir kuramsal
gergeve olusturulmus ve bu ¢ergeve dogrultusunda bazi prensipler belirlenerek bir 6grenme ortami tasarlanmustir.
Tasarlanan Ogrenme ortamu tasarim tabanli arastrma kapsaminda iic dongiiliik bir uygulama tasarim ve
degerlendirme siirecine tabi tutulmustur. Arastrmanm {igiincli ve son dongii Oncesinde alan notlar1 ve video
kayitlar1 kullanilarak tasarlanan 6grenme ortamiyla ilgili ilk iki dongli boyunca diizenlemeler ve degisiklikler
yapilnustir. i1k iki dongii sonrasinda yapilan revizyonlar sonucunda iigiincii dongii ncesinde tasarim ilkeleri
belirlenerek tasarim son dongii oncesinde uygulamaya hazir hale getirilmistir. Tasarlanan 6grenme ortami ile
ilgili ilkeler ilk iki dongii sonrasinda Teknoloji Kullanimi, Temsil Dilleri, Odevler, Calisma Yapraklar1 ve Grup
Calismas1 olacak sekilde bes baslikta olusturulmustur. Arastrmanin tgiincti dongiisiiniin ardindan bilhassa
dgrencilerin goriislerinin analizi sonucunda Ders Ogretmenin Rolii ad1 altinda altinc1 bir baghk tasarim ilkelerine
eklenmistir. Boylelikle vektor uzaylarinin dgretimine yonelik 6grenme ortammin tasarim ilkeleri alti1 baslik
altinda toplanmistir. Ders 6gretmeninin roliine yonelik ilkeler aktif, isbirlik¢i, yapinin farkinda, herkese esit ve
etkilesim icerisinde olmak olarak belirlenmistir. Ashinda arastirmacinin uygulama siiresince aktif ve 6grencilerle
is birligi iginde olmasin1 (Reeves, 2000) TTA’larin 6zelliklerinden biri olarak 6grenme ortammin goriinmeyen
bir ilkesi oldugunu ifade edebiliriz. Ancak 6grencilerin goriisleri analizi sonucunda ders 6gretmeninin roliiniin
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sadece bu ozelliklerle smirli olmadig1 ortaya konmustur. bu ¢alismada birinci ve ikinci dongiiler aragtirmact
tarafindan {iglincii dongii ise alaninda uzman bir matematik egitimcisi tarafindan yiiriitiilmiistiir. Bu nedenle ders
Ogretmeninin siiregten ve tasarim ilkelerinden haberdar olmasi ve bu ilkelere uygun bir sekilde dersi yiiriitmesi
onemlidir. Ciinkii etkinliklerin tamaminda &grencilerin diisiinme bi¢imlerinin gelisimi igin farkli dil ve
gosterimlere belli bir sistematikle yer verilmistir. Ders 6gretmeninin bu yapinin bilincinde olarak gerek siireg
boyunca ogrencilerle etkilesiminde gerekse ders i¢i sunumlarinda olsun dillerin kullanimina ve diller arasi
gegislere Ozen gostermesi gerekmektedir. Aksi takdirde literatiirde ifade edilen diller arasi gegislerin
anlasilmamasindan kaynaklanan zorluklar (Hillel,2000) ile karsilasilacaktir. Bununla birlikte 6grenciler ders
O0gretmenin herkese esit davranmasimi ve herkese s6z hakki vermesini kendilerini motive eden bir durum
oldugunu ifade etmistir. Ogrencilerin diisiincelerini acik¢a ifade edebilmeleri bakimindan ders 6gretmeninin
sergiledigi bu davramglar ve &grencilerle olan iletisiminin (Pecuch-Herrero, 2000) olduk¢a Onemli ve
ogrencilerin basarisinin artiran bir unsur oldugunu séylemek miimkiindiir.

Teknoloji kullanimu ile ilgili belirlenen ilkeler daha ¢ok GeoGebra yazilimmin dgrenme ortamimdaki roliinii
belirlemeye yonelik ilkelerdir. Ogrenme ortaminda teknolojiye yer verilmesiyle sadece literatiirdeki onerileri
karsilamak degil ayni zamanda Harel’in (2000) 6nerdigi pedagojik prensiplerini uygulamak ve Dorier’in (1995)
bahsettigi formalizm zorlugundan kagmmak da amaglanmigtir. Elde edilen bulgularin analizi sonucunda
belirtilen temel amaglarin diginda GeoGebra yazilimi ile hazirlanan sablonlarin sahip olmasi gereken birtakim
ozellikler belirlenmistir. Sablonlarm 6zellikleri dikkat ¢ekici, pratik, i¢erikle uyumlu ve dgrencileri formal tanim
ve ispatlara hazirlamak seklinde belirlenmistir. Dikkat g¢ekici ve pratik kullanim her ne kadar GeoGebra
sablonlarini hazirlarken dikkat edilen unsurlar olmasina ragmen teknoloji kullanimiyla ilgili ilkeler arasinda yer
almamustir. Ozellikle pratiklik, biitiin 6grencilerin ve ders dgretmeninin goriis birligine vardigi bir 6zelliktir ve
zamanin etkin olarak kullanilmasinda 6nemli bir rol oynamigtir. Bununla birlikte her ne kadar yazilimla ilgili
uygulama dncesinde 6grencilere ders verilmis olsa da bazi etkinlikler (alt uzay, germe) yazilimi kullanmaktan
kaynaklanan ve siirenin uzamasina neden olan zorluklarin ortaya ¢ikmasma neden olmustur. Bu ylizden
ogrencilere pratik kullanim saglayacak bir sablonun hazirlanmasi, zamani etkin kullanmak ve fazla sayida érnek
durumu ele almak ilkelerinin de karsilanmasma katki saglamistir. Bununla birlikte tasarlanan GeoGebra
sablonlarmm igerik ve ¢aligma yapraklariyla uyumlu olmast gériigmelerde de ortaya ¢ikmustir. Basit diizeyde
BCS ve DGY kullanimmin (Donevska-Todorova, 2018) lineer cebir 6gretimini kolay bir hale getirmedigi
literatiirde de yer almaktadir. Ogretim stratejileriyle birlikte uygulandiginda teknolojinin &grenci basarismi
artirdig1 (Donevska-Todorova, 2018; Pecuch-Herrero, 2000) dikkate alindiginda tasarlanan sablonlarin derslerde
kullanilan diger etkinliklerle uyumlu ve belli bir sistematikle uygulanmasi gerektigi s6ylenebilir. Teknolojinin
lineer cebir dersine entegre edilmesini sadece kavramlarla ilgili gorsel temsillere yer vermek veya igerigi
desteklemek olarak diisiinmemek gerekir. Calisma yapraklar1 ve 6devlerin de GeoGebra sablonlar1 géz 6niinde
bulundurularak diizenlenmesi ve etkinliklerin birbirini desteklemesi gerekmektedir. Ayrica ders Ogretmeni
yazilimm sunmus oldugu somut deneyimlerin dgrencilerin formal tanimlar1 ve ispatlar1 anlamalarina yardimc1
oldugunu belirtmistir. Ders Ogretmeninin belirtmis oldugu bu goriis, Harel’in (2000) somutluk ve
genellenebilirlik prensipleriyle bagdagmakta olup bu goriisiin teknoloji kullanimiyla ilgili ilkelerden biri
olmasina karar verilmistir.

Calisma yapraklarmm GeoGebra sablonlariyla birlikte uygulandigi géz 6niine bulunduruldugunda, yazilimla
ilgili pratik kullanim da c¢alisma yapraklarinin bir 6zelligi olarak ortaya ¢ikmaktadir. Caligma yapraklari ilk
dongiiden itibaren gerek igerik olarak gerekse bigimsel olarak bir¢ok diizenlemenin oldugu etkinliklerdir.
Calisma yapraklar1 hazirlanirken 6grencilerin kolaylikla ¢dziimlerini yapabilmeleri, ¢dziimleri {izerinden
varsayimlarda bulunabilmeleri ve iliski kurabilmeleri i¢in birgok bicimsel diizenlemeler yapilmistir. Ciinki
birinci ve ikinci dongiiden elde edilen bulgular 6grencilerin daginik bir sekilde ¢6ziim yaptiklarini ve bazi
zamanlar elde ettikleri sonuglar1 toparlamakta zorluk yasadiklarini ortaya koymustur. Her ne kadar 6grenme
ortamina yonelik tasarim ilkeleri olusturulurken ¢alisma yapraklarinm pratik olarak hazirlanmasi bir ilke olarak
ifade edilmese de calisma yapraklarinin pratik olmasina dikkat edilmistir. Sonug olarak birinci ve ikinci
dongiilerin ardindan ¢alisma yapraklari i¢in belirlenen ilkeler merak etme, acik ve anlasilir, genelleme yapma,
farkli dillere yer verme, yazilimla uyumlu ve kesfetme olarak belirlenmistir. Goriislerden ve siire¢ boyunca
yapilan gozlemler sonucunda pratik kullanimin calisma yapraklarinin hazirlanmasindan dikkat edilecek
hususlardan biri olmasina karar verilmistir. Ders 6gretmeni ve dgrencilerin goriislerinden belirlenen ilkelerin
¢alisma yapraklarinda basarili bir sekilde karsilandigi ortaya ¢ikmistir. Bununla birlikte gozlemler, galisma
yapraklar1 ve Odevlerin, 6grencilerin 6grenme ortammm amacmni fark ettiklerini ve benimsediklerini ortaya
koymustur. Bu durum Harel’in (2000) gereklilik prensibinin karsilanmasina katki sagladigi diistiniilmektedir.

Ik iki dongii sonrasi ddevler bashigi altinda ilkeler; problem ¢dzme, genelleme yapma, farkli dil ve
gosterimlere yer verme olarak sunulmustur. Gozlemlerden elde edilen bulgular 1518inda 6devlerin grencilerin
daha derinlemesine O0grenmelerinde ve sahip olduklar1 diigiinme bicimlerini sergilemelerinde etkili oldugu
sonucuna varilmistir. Odevlerle ilgili goriislerin pekistirici, dersi tekrar, smava hazirhik, smav stresini alma ve
diizenli ¢aligma olarak belirlenmistir. Ogrencilerin goriislerinden hareketle ddevlerin 6grenmelerine olumlu bir
katki sagladigini sdylemek miimkiindiir. Bununla birlikte 6devlerin bir zorunlu bir gérev olarak goriilmesi
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ogrencilerin goriislerinde dikkat ¢ekici bir durum olarak ortaya ¢ikmistir. Bu duruma 6devlere diizenli bir sekilde
doniitlerin verilmesinin ve ogrencilerin kendilerini derse karst sorumlu hissetmelerinin neden oldugu
diigiiniilmektedir. Ayrica ders ogretmeniyle yapilan goriigmelerden smif igerisinde bir tartisma ortaminin
olusturulmasinda ddevlerin etkili oldugu sonucuna ulasilmistir. Bu nedenle 6devler basligi altinda belirlenen
ilkelere; 6grenme, tartigma ve doniit verme ilkelerinin de eklenmesine karar verilmistir. Ancak burada dikkat
edilecek bir diger 6nemli nokta ise ddevlerin 6grencileri smava hazir bir hale getirerek smnav stresi ve puan
kaygisindan kurtarmasidir. Bu durumunda 6grencilerin sorulara verilen cevaplarda analitik-yapisal diisiinme
bigimi sergilemelerinde etkili oldugu sonucu giiclii bir sekilde diisiiniilmektedir. Odevler ayn1 zamanda sinifta
bir tartigma ortaminin olusturulmasinda dnemli bir etkendir. Dersler siiresince 6dev sorular1 lizerinden 6grenciler
diisiincelerini birbirleriyle paylasarak smif tartigmalar1 gerceklestirilmistir. Bu durum hem 6grencilerin fikirlerini
acik¢a ifade etmelerini hem de ders 6gretmeninin yanlis anlamalar1 belirleyerek bu yanlisliklarin diizeltilmesine
olanak saglamistir. Dolayisiyla 6grencilerin fikirlerini ortaya koymasi ve diisiinme bigimlerinin gelisimi
acisindan ddevlerin sinif igerisinde bir tartigilmasi ve iizerinde diisliniilmiis sorulardan olugmasmin gerekligi
oldugu distiniilmiistiir. Tabi ki burada ders Ggretmenin rolii de tartigma ortammin olugmasinda etkilidir.
Ogrencilerin 6devleri yapmanin kendileri igin bir sorumluluk ve zorunluluk olarak hissetmelerinde ddevlere
verilen doniitlerinde etkisi oldugu diisiiniilmektedir. Ders 6gretmeni 6devlere verilen doniitlerin 6grencileri
motive ettigini ifade etmistir. Bu bakimdan, 6devlerin Harel’in (2000) gereklilik ve genellenebilirlik
prensiplerini karsilamada 6nemli bir yerinin oldugu disiiniilmektedir. Ciinkii 6devler ayn1 zamanda bir problem
¢Oozme aktivitesi olarak disiiniilebilir ve farkli dil ve gosterimlere yer vererek 6grencilerin en genel formda
O6grenmelerine olanak saglamaktir. Bu bakimdan béyle bir aktivitenin 6grenciler tarafindan bir zorunluluk olarak
goriilmesinin saglanabilmesi i¢in doniit verme, ddevler i¢in bir ilke olarak belirlenmistir. Ogrencilerin derse kars1
motivasyonlar1 yiiksek tutmus ve dersi daha eglenceli bir hale getirmistir. Ogrencilerin, grup calismasi seklinde
yapilan laboratuvar derslerini siif derslerine tercih etmeleri formalizmin 6grencileri ne derece yordugunun bir
goOstergesi olarak yorumlanabilir. Bu baglamda grup ¢aligmalarinin literatiirde belirtilen formalizm zorluguna
(Dorier, 1995) kars1 6grencileri motive ettigini soylemek miimkiindiir. Sonug olarak formalizm zorluguna kars1
literatiirde yer alan Onerilere (Harel, 2000; Tabaghi, 2012) ek olarak derslerin zaman zaman grup ¢alismasi
seklinde yapilmasi da eklenebilir.

5. Sonuc ve Oneriler

Bu calismada Lineer Cebir 6gretimi {izerine kuramsal ¢ergeve géz oniinde bulundurularak vektor uzaylarmin
dgretimine yonelik teknoloji destekli bir 6grenme ortammin tasarim ilkelerinin belirlenmesi amaglanmustr. ilk
iki dongii sonrasinda bes baslik altinda toplanan tasarim ilkeleri ii¢lincii dongii sonrasinda elde edilen bulgularin
analizi sonucunda 6gretmenin rolii basliginin eklenmesiyle alt1 baslik altinda toplanmis ayrica bazi basliklara
eklemeler yapilarak ilklere son hali verilmistir. Aragtirma sonucunda tasarim ilkeleri, teknoloji kullanimi, temsil
dillerinin kullanimi, 6devler, calisma yapraklari, grup ¢alismasi ve 6gretmenin rolii olarak belirlenmistir.

Teknoloji kullanimma dikkat ¢gekme, uyumlu, pratik ve formal tanim ve ispatlara zemin hazirlama; 6devlere
Ogrenme, tartigma ve doniit verme; grup caligmasina formalizm zorlugundan kacinmak ilkeleri eklenmistir.
Tasarim ilkeleri belirlenirken ilk olarak aragtirmanin kuramsal ¢ercevesi dogrultusunda ilkeler belirlenmis
ardindan literatiirde lineer cebir dgretimine yonelik 6grenci zorluklar1 ve oneriler dikkate alinarak bir 6grenme
ortami tasarlanmistir. Ogrenme ortammin bilesenleri olan GeoGebra sablonlari, ¢ahisma yapraklar1 ve ddevler
hazirlanirken kavramlarin geometrik, cebirsel ve soyut dilde gosterimlerine yer verilmis bununla birlikte her
bilesende somutluk, gereklilik ve genellenebilirlik prensiplerinin karsilanmasina yonelik olarak etkinlikler
hazirlanmistir. Boylece vektor uzaylarmin 6gretimine yonelik olarak tasarlanan bir 6grenme ortamimin tasarim
ilkeleri olugturulmustur.

Teknoloji kullanimi;

Cebirsel ve grafiksel gosterimler arasinda baglant1 kurmak
Somutlagtirma ve gorsellestirme

Formalizm zorlugundan kaginmak

Zamani etkin kullanmak

Fazla sayida soruya yer vermek

Dikkat ¢ekme

Pratik ve uyumlu

Formal tanim ve ispatlara zemin hazirlama

Derslerde teknolojiye yer verilirken hazirlanan materyallerin 6grencilerin kavramlarin cebirsel ve grafiksel
gosterimleri arasinda iliskili kuracak sekilde tasarlanmasi dnemlidir. Bu materyallerde kavramlarn somut
gosterimlerine yer verilmesi 6grencilerin formalizm zorlugundan kagmmasina imkan saglamasmin yani sira
sezgisel anlamalar iizerinden 6grencilerin formal tanim ve ispatlara zemin hazirlamasina olanak saglamaktadir.
Bunun disinda, hazirlanan teknoloji materyallerinin dikkat ¢ekici, pratik ve derste kullanilan diger materyallerle
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uyumlu olacak sekilde tasarlanmasi sahip olmalar1 gereken Ozellikler arasindadir. Ayrica 6grencilerin
anlamalarini zenginlestirmek i¢in kavramlarla ilgili olasi biitiin durumlara 6rnek teskil edecek sekilde fazla
sayida sorulara yer verilmesi ve zamani etkili bir sekilde kullanacak sekilde teknolojiye yer verilmesi 6nemlidir.

Temsil dillerinin kullanimu;

o Odevler

e (Caligma yapraklari

e  GeoGebra sablonlari
e Ders i¢i sunumlar

Odevler, calisma yapraklari, GeoGebra sablonlar1 tasarlanirken ve ders ici sunumla yapilirken temsil
dillerinin kullanimma 6zen gosterilmesi ve farkli dillere yer verilmesi son derece gereklidir. Diller arasindan
yapilan gecislerin 6grenciler tarafindan anlasilir olmasi ve o6grencilerin farkli dillerini kullanimina tesvik
edilmesi 6grenme ortamimin temel ilkelerinden biridir. Ayrica 6grencilerin diisiinme big¢imlerinin geligimi
acisinda da 6nemlidir.

Odevler;

Problem ¢6zme

Genelleme yapma

Farkli dil ve gosterimlere yer verme
Ogrenme

Tartigma

Doniit verme

Odevler tasarlanirken temsil dillerinin kullanimi ilkesine uygun olarak sorularda kavramlara iliskin farkli
dillere yer verilmesi gerekmektedir. Odevlerin ayni zamanda bir problem ¢dzme aktivitesi olarak goriilerek
ogrencileri genelleme ve tartisma yapmaya gotiirecek diisiindiiriicii diizeyde sorulardan olusmasi gerekmektedir.
Bununla birlikte 6devlere doniit verilmesi 6grencilerin 6grenmeleri ve motivasyonlarini yiiksek tutmak agisindan
onemli bir faktor olarak ortaya ¢ikmustir.

Calisma yapraklari;

Merak uyandirma
Agik ve anlagilir olma
Pratik
Genellemeye yapma
Farkli dillere yer verme
Uyumlu
Kesfetme

Tipk1 6devlerde oldugu gibi calisma yapraklar: da tasarlanirken kavramlara iligkin farkl dillere yer verilmesi
gerekmektedir. Caligma yapraklari, geometrik uygulamalarla baglayan, bu uygulamalarla ulasilan sonuglari
cebirsel yaklasimlarla destekleyen ve en sonunda Ogrencileri genelleme yapmaya gotiiren, Ogrencilerin
kesfederek Ogrenmelerine imkan sunan bir yapiya sahip olmasi olduk¢a Onemlidir. Bunun disinda ¢alisma
yapraklari gerek icerik gerekse bigimsel agidan merak uyandirici, agik ve sade yonergelere sahip, kullanish ve
derste kullanilan diger materyallerle uyumlu olma &zelliklerine sahip olarak tasarlanmistir.

Grup caligmast;

Ogrenci merkezli

Tartigma

Motivasyon

Formalizm zorlugundan kagimmak

Etkinliklerin grup ¢alismasi seklinde yapilmasi literatiirde yer alan 6grenci merkezli 6gretim Onerilerini
kargilamanin disinda 6grenci sorumluluk ve aktif katilimi agisindan da 6nemlidir. Grup ¢aligmasit formalizmin
Ogrencileri yormasmin Oniine geg¢ilmesinde, birbirleriyle tartisma imkani sunulmasinda ve derse karsi
motivasyonlarmin daha yiiksek olmasimda etkili bir unsur olarak goriilmiistiir.

Ogretmenin rolii;

o  Aktif
o Isbirlikgi
e  Etkilesim igerisinde
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o  Herkese esit
e  Yapmin farkinda

Ogrencilerin derse aktif katilimlarmi saglamak, dgrencilerin yanls veya eksik bilgilerini ortaya ¢ikarmak ve
diisiinme bicimlerinin gelisimi a¢sindan ders dgretmeninin aktif, igbirlik¢i ve etkilesim i¢inde olmasi son derece
onemlidir. Ders dgretmeni 6grenme ortaminda ¢aligma yapraklari ve geogebra sablonlarmin uyum igerisinde
yiriitiilmesi, 6devlere doniit verilmesi ve smif iginde tartisma ortami olusturmas: bakimindan sorumluluklara
sahiptir. Bu bakimdan arastirma bize ders 6gretmeninin 6grenme ortaminda izlenen siirecin ve kullanilan yapinin
fakinda olmasi1 gerektigini sdylemektedir. Bunun disinda 6grencilere s6z hakki vermek ve diistincelerini ifade
etmelerine olanak saglamak, 6grencilere kendilerini ifade etme firsat1 verilmesi, farkl dilleri kullanmas1 ve sahip
olduklar1 diisiinme bigimlerinin belirlenmesinde olduk¢a 6nemli bir sonug olarak ortaya ¢ikmustir.

Arastrmanin tasarim ilkeleri ortaya konulurken 6grenme ortaminda ders 6gretmeninin roliiniin dnemine
dikkat g¢ekilmistir. Ders &gretmeninin 6grenme ortamindaki performansi 6grencilerin da dikkatini ¢ekmis ve
onlar1 motive etmistir. Burada lineer cebir ders 6gretmenleri i¢cin dikkat edilecek hususlardan biri tasarlanan
O6grenme ortamu ders Ogretmeninin sorumluluklarini artirmaktadir. Elbette normal siif ortaminda da
ogretmenlerin sorumluluklar1 vardir ancak birgok farkli 6neri ve tasarim ilkeleri dogrultusunda hazirlanan bir
O0grenme ortami benimsenen 0grenme stratejileriyle birlikte farkli bakis acisma ve ek sorumluluklara ihtiyag
duymaktadir. Bu bakimdan benzer bir 6grenme ortaminda yer alacak bir arastirmaciya veya bu tarz bir yaklagimi
benimseyen bir 6gretmenin asagidaki noktalara dikkat etmesi gerekmektedir:

1.  Etkinlikler arasindaki senkronizasyondan sorumlu olmak
2. Tartigma ortami olusturmak

3. Ogrencilerle etkilesim igerisinde olmak ve herkese s6z hakk: vermek
4. Diller arasindaki gecislere dikkat etmek

Teknolojinin giiniimiiz egitim diinyasinda siniflardaki yeri yadsinamaz bir boyuttadir. Sadece lineer cebir
derslerinden degil ilkogretimden tniversiteye birgok farkli bransta teknolojik materyaller smiflardaki yerlerini
almaktadir. Bununla birlikte gegmisten giiniimiize ddevlerin kavramlarin 6gretiminde 6nemli bir yeri oldugunu
da unutmamak gerekir. Nitekim bu ¢alismada da dgrencilere her hafta diizenli olarak 6devler verilmistir. Ancak
tipk1 teknoloji kullaniminda oldugu gibi basit diizeyde, belli bir stratejiyle desteklenmemis ve doniit verilmeyen
odevler 6grencilerin anlamalarina katki saglamasi zor bir ihtimal olarak diisiiniilmektedir. Temsil dillerinin ders
ici etkinliklerde ve ders kitaplarindan 6zensizce kullanimin 6grenciler i¢in bir zorluk oldugu gbéz Oniinde
bulundurulursa 6devlerinde 6grencilerin ayirimint yapabilecekleri sekilde farkli temsil dillerini icerek sekilde
hazirlanmasi gerekmektedir. Buradan hareketle kavramlarin geometrik, cebirsel ve soyut temsillerinin yer aldigi,
ders 6gretmeni tarafindan diizenli olarak doniit verilen ve kavram odakli 6devlerin vektor uzaylar: kavramlarinin
ogretiminde kullanilmas1 onerilmektedir. Ayrica ilerleyen zamanlarda teknolojide yasanan degisiklikler de goz
oniinde bulundurularak lineer cebir Ogretiminde yeni materyallerin ve 6grenme ortamlarmin tasarlanmasi
bakimindan benzer ¢aligmalarin yapilmasi da 6nerilmektedir.
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