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ABSTRACT. In this paper, numerical solution for singularly perturbed problem with nonlocal boundary conditions
is obtained. Finite difference method is used to discretize this problem on the Bakhvalov-Shishkin mesh. The some
properties of exact solution are analyzed. The error is obtained first-order in the discrete maximum norm. Finally,
an example is solved to show the advantages of the finite difference method.
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1. INTRODUCTION

We study the following singularly perturbed boundary value problem with two nonlocal boundary conditions:

eu” (x) + eb(u' (x) — g(x,u(x)) =0, 0<x<¢, (1.1)
)
u(O)—f ko(XDux)dx—A=0, (1.2)
to
)
u(f)—f kt(x)ux)dx—B=0, 0<{<t <4, (1.3)
Lo

where 0 < & <« 1 is the perturbation parameter, A and B are given constants, the functions b(x) > 0 and g(x, u) are
sufficiently smooth on [0, £] and [0, £] X R, respectively, and kq (x) and k; (x) are continuous functions on [{y, £;]. We
note here that

O<,8§a—gs,8*<oo.
ou

Singularly perturbation problems occur very frequently in fluid mechanics, fluid dynamics, quantum mechanics, elas-
ticity, aerodynamics, meteorology, plasma dynamics, magneto hydrodynamics, rarefied gas dynamics, oceanogra-
phy [13,14,22-25,27].

The highest order derivative terms of such differential equations are multiplied by a small parameter €. Therefore,
these differential equations are called singularly perturbed differential equations. Due to the parameter &, a sudden and
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rapid change of thin transition layers occurs in the solution (around the points 0 and ¢). In all domain except this thin
transition layers, the solution is regular and slow. For this reason, suitable numerical methods have been used to solve
such problems. For example, the finite elements method and the finite differences method [2,3,7,9-11, 15]. In the last
two decades, a great deal of research has been made on numerical methods for solving singularly perturbed problems,
see [5, 12-14,17,20-25,27,29] and references herein. Existence and uniqueness of the solutions of such problems
are researched in [4, 6, 8]. When we look at similar problems in the literature, we see that the singularly perturbed
differential equation with two integral boundary conditions has been investigated with as the boundary function method
and the theory of differential inequalities were applied to obtain the uniformly valid asymptotic solution of the problem
in [22]. Another study is that the method of generalized quasilinearization for the boundary value problem with two
integral boundary conditions has been used in [23]. We can see various studies on singularly perturbed problems with
nonlocal boundary condition in the references [1-3,9-11, 16, 18, 19, 26, 28,30-32].

Studies above, related to different types of singularly perturbed equations were concerned only with integral condi-
tion. On the other hand, our problem is concerned with two parameter singularly perturbed problem together with the
two integral boundary conditions. We have also derived algorithms to obtain Bakhvalov-Shishkin mesh to the problem
for the first time. The Bakhvalov-Shishkin mesh gives a stronger error bound for & < CN~!. This is a modification
of the Shishkin mesh described by Bakhvalov. But the original Bakhvalov mesh requires the solution of a nonlinear
equation to determine the transition point where the mesh switches from coarse to fine. Instead, the transition points are
as in the Shishkin mesh [18]. There are many studies on the Bakhvalov-Shishkin mesh see references there in [33,34].

In this s, we examine some properties of the exact solution of (1.1)-(1.3) in Section 2. Finite difference scheme on a
non-uniform Bakhvalov-Shishkin type mesh for problem (1.1)-(1.3) are obtained in Section 3. Convergence properties
of the scheme are analyzed in Section 4. An example is presented in Section 5.

Assumption 1: In this study, C means a positive constant independent of independent of £ and the mesh parameter.
For any continuous function, J(x), defined in the associated interval, maximum norm has the form ||#|,, = %zg( [ (x)].

Assumption 2: Throughout the study, & < CN~! will be assumed as in practice, where N is a positive even integer.

2. PRELIMINARIY FOR SOME PROPERTIES OF THE EXACT SoLUTION

In this part, we present some properties of the exact solution that are necessary in the application of the method used
in the study.

Definition 2.1 ([10,11]). Let L, Ly and L, be the finite difference operators in (2.3)-(2.5) and v € C?[0,€]. If Lo(v) = 0,
Li(v)>0and L(v) <0forall 0 < x < ¢, then v(x) > Oforall 0 < x <.

Definition 2.2 ( [10, 11]). Let [,y and [; be the finite difference operators in (3.6)-(3.8). If v is any mesh function
defined on @y such that [o(v) > 0, /y(v) > 0and I(v) <Oforalli=1,2,...,N;thenv; > 0foralli=0,1,...,N.

Lemma 2.3. Let u(x) be the solution of the problem (1.1)-(1.3), b(x) € C'[0,£], v = f&fl (ko ()| + k1 () dx < 1,
0g/0u — b’ (x) = B, and |0g/0x| < C for x € [0,{], then the following estimates hold,

llulleo < Co, 2.1)

' ()| < C{l A1 (exp(—’ix) + exp(—M))},O <x<¢, (2.2)
& & &

where
Co=(1-y)" (Al +1Bl+ 57" Gll).
G () =g (x50, Ilullo = max|u(l,

o = %(\/b2 (0)+ 48, + c(O)),
[ = %(\/b2 (©) + 4. —c(f)).
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Proof. Let us begin the proof of (2.1) by rewriting the equation (1.1)-(1.3) in the following form:
Eu” (x) + eb(x)u' (x) —c (X u(x) =G(x), 0<x<{, (2.3)
)
u(0) — f ko (x)u(x)dx = A, 2.4
£
0(]
u(t) — ki (x)u(x)dx = B, 2.5)
o
where
dg
c(x) = P (x,éu(x)), 0<é< 1.
Using the maximum principle in (2.3)-(2.5), we obtain the inequality as
lu ()] < u(O)] + |u(O) + B IGllw, x€[0,€], (2.6)
where u(0) and u(¢) are given as
1
lu (0)] < |A] + f ko ()| u (x)] dx, (2.7)
o
and ,
1
lu (O] < |Bl + f lky (20 lu (x)] dx. (2.8)
to

Inserting (2.7) and (2.8) in (2.6), we have
| ()] < Co.

So, this completes the proof of (2.1).
Now, let us use the problem (2.3)-(2.5) for proving the accuracy of (2.2) as follows.
Therefore, we first write the equation (2.3) as
Lv = O(x),
v(0) = u'(0), v(6) =u'(0),
where
W' (x) = v(x), O(x)=GCG (x)—eb (x)u'(x)+ ' (x)u(x).

Now, we estimate v(x) by splitting it into v(x) = v{(x) + v2(x) and consider each term seperately, where v;(x) and v,(x)

are the solutions of the following problems, respectively,
Lyy = ®(x), vi(0) =0, vi(£) =0,
Lv, =0, v2(0) = u/(0), va(f) = u'(0).
For the solution of (2.9) we obtain

v(x) < B7@llc,
so that by Lemma 2.1
|P(x)| < C,
thus
vi(x)| <C.

In order to estimate the solution of the problem (2.10), we take as.

V2(x) = wo(x) + wi(x) + Reo(x),

where wy(x), wi(x) and R.(x) are the solutions of the following problems, respectively:

2wl (x) + eb(x)wp(x) — ¢ (x) wo(x) = 0,

wo(0) = u'(0), wo(£) =0,
szw'l’(x) + eb(X)W)(x) — c(X)wi(x) = 0,
wi(0) =0, wi(6) =u'(0),
LR; = ¥e(x),
R:(0) = R() = 0,

2.9)
(2.10)

@2.11)

(2.12)
(2.13)
(2.14)
(2.15)
(2.16)



Numerical Simulation for Singularly Perturbed Problem 238

with
We(x) = [b(0) — b(x)]ewy(x) + [c(x) = c(0)wo(x) + [B(L) — b(x)]ewy(x) + [c(x) — c(O)]wp(x) < C.

The solutions of the problems (2.11),(2.12) and (2.13),(2.14) can be easily obtained as O
! (0)sinh(“5=)exp(Z42)
Wo(x) - ”0[ S & B
esinh(32)
and
u' () sinh(45yexp(XAED) Cexp(‘*““‘”)
wi(x) = 7 ;
esinh(5>) £

where

po = (VB2 (0) +4c(0)). i = (VB2 () +4c(0)).
The solution of problem (2.15)-(2.16) is estimated with the help of inequality (2.1) as follows
R.(x) < C.

Using the above bounds in the following inequality, we have the following inequality

1 -
V2 (0)] < wo()l + [wi ()] + [Rs(x)] < C{l (GXP(— ) +exp(= l%))}

Finally, we find the evaluation as

W (x) = v(x) = 1 (x) + 1a(x) < C{l 1 (exp(— ) + exp(— ‘#))}.
This gives the proof of (2.2).

3. APPLICATION OF THE FINITE DIFFERENCE METHOD

In this part, we construct the problem (1.1)-(1.3) using the finite difference method on Bakhvalov-Shishkin type
mesh.

Bakhvalov-Shishkin Mesh is defined as follow:

The interval [0, €] is divided into the three subintervals [0, o], [01,€ — 0] and [€ — 05, €] . Here o and o, are
introduced as the transition points and are written as follows:

1 1
a'lzmin{z,#alglnN}, o-2=min{z,“l—lglnN}.
The mesh points @y = {xi}ﬁ\io are introduced through a set of the equalities:

~ugleln[1 -4 -N"DHE], i=0,.. 7,
xi=y o o= h h= TR = Ea L R
1 +yl‘lsln4[1 —4(1 = N1 -4 ] i=3, N
The difference scheme will be constructed on the following nonuniform mesh
wy={0<x;<x<..<xy<{t},

and
(I)N =(,L)NU{.XQ :O,XN :f}
Before describing the numerical method, we introduce some notations for the mesh functions. We set v; = v(x;) for
any v(x) on @y. For any mesh function v; defined on &y we use the following finite difference operators:
Ve = Vi = Vi1 Vil — Vi - Vii + Vi
fi= T Vxi=———, Vo .= ——(—,
X, hi X0 hi+] S 2
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Viel Vi Vei T Vs _ hi+ hig
hi ’ XX, hi 2 £
Voo = Mlloo,ay := max wil, hi=xi—xi1,i=1,2,...,N.

V}Ei =

The discretization for (1.1) begins with the identity

Xixl
x;'n! fLu(x)t,oi(x)dx =0, 1<i<N-1, (3.1

Xi-1

N—-

,-zll are of the form

where the basis functions {¢;(x)}

1
905 (0, X < x <X
2
pi(x) = gol(. (X), X < X< Xisl,
0, otherwise.

The functions gofl)(x) and <p§2)(x) are defined by

ebi(x’-ti—l) 1 |- e_bi("i+l"‘)
Gl = o ¢ ———

er —1 l-e =

The coefficient y; in (3.1) is given as follow:
Xigl
xi=i;! [t ={ 7 (L + ),
l-e 5" l—e= &
We easily rearrange (3.1) and write
Xitl Xi+1
—82)(,7'711-_' fgoj(x)u' (x) dx+8b,-/\/i_]hi_l fgo,-(x)u’ (x)dx,
Xi-1 Xi-1
—f(x,u)+R =0, i=12,..,N—1, (3.2)

by letting

Xi+1

Reo= o' [ 1000 - bl () dx
Xi-1
Xixl Xixl d
—x; ' f dxgi(x) f & u@)K;,; (x,8) dt, 3.3)

Xi-1 Xi-1

where

K(’;,i X, =Tog(x=&) —-To(x; = &), To() =1, 1 20; To(1) =0, 1 <O0.
Using the interpolating quadrature rules (2.1) and (2.2) from [18] with weight functions ¢;(x) on subintervals (x;_1, X;+1)
for (3.2), and we obtain

& {)(,-_1 (1 +0.5¢ "hb; (2. _Xl,i))} Ui + ebiug’i—f (xj,u) +R; =0,

where

X;

vt [ dPen={ (5 + ).

1-e7¢

Xi-1
Xit1
-1 2 -1 hix c
X2,i = hi f‘pf )(x)dx :{ hi (1 b[}’iﬂ - bﬁ,)
_e
Xi

The following difference approach is obtained from the above equations

SHiLtﬁi+sbiu9€i—f(xi,u,-)+Ri =0,1<i<N-1,
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where
91' :Xi_l (1 + 0.58_1hibi ()(2,,' _Xl,i)) . (34)
After some calculations of (3.4), we deduce that

bih bl
hi+1(e*—1)+hi(1—e*f’ il )
9. =1 4l
= 2¢e .

Bl T
11i+1(eT—1)—hi(1—e*7‘ )

Now let us determine approximation for (1.2) and (1.3). Let xy, and xy, be the mesh points nearest to £y and ¢,
respectively.

(1 XNy XN
f kh(XD)ulx)dx = f ko (x)u(x)dx + f ko (x)u(x)dx
o

b XNy

()
+ f ko (x)u (x)dx,

1

and
XN, Ny X;
f ko (X)u(x)dx = Z(f ko(x)dx)u(xi)+f'i
*No i=Ny \V ¥i-1
= Mo+,
where
N, 'Xi
Mo(u)=Z( f ko<x)dx)u<x,->, (3.5)
i=Np \V -1
Ny Xi Xi
i [ ke [ w@@e-o-nae
i=No ¥ %i-1 Xi-1

We find the following approximation for (1.2):

ug — Mo (u) = A + 1o, (3.6)
where
JCNO f]
ro = f ko (x)u(x)dx + f ko (X)u(x)dx + 7. 3.7
14 ANy
For (1.3), we find the following approximation similar to (1.2):
ug— My (u) =B +rq, (3.8)
where
Ny X;
Miw=) ( [ e dx) (). (3.9)
i=Np Wil
XNo 1
r =f ki (x)u(x)dx+f ki(x)ux)dx+ 7, (3.10)
to XNy
N X Xi
F= f dxky (x) | w @) (To (x - &) — 1) de.
—1 Xi-1

i=No Vi
If we neglect the error functions R;, ro and r; in (3.3), (3.7) and (3.10), then we deduce the following finite difference
scheme for the problem (1.1)-(1.3):

E0yei + ebiyy, —g (x1,y) =0, 1 <i<N -1, 3.11)
Yo — Mo (y) = A, (3.12)
yv—M; (y) =B, (3.13)

where 6;, My (y) and M| (y) are given by (3.4), (3.5) and (3.9), respectively.
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4. ANALYSIS OF STABILITY

In this section, we will investigate the stability of the method by applying Lemma 4.1. Here we denote the estimate
of error functions R;, ry and r; with Lemma 4.2.
We define error function z; as z; = y; — u;, which is the solution of the discrete problem (3.11)-(3.13).

0z + bizy ~[g (xisy) — g (i u)] = Ri, 1 <i <N, “.1)
20 — Mo (2) = ro, 4.2)
v — M (z) = r. 4.3)

Lemma 4.1. If z; is the solution of (4.1)-(4.3), then the following estimate holds:
lzllsoany < C (BRIl + Irol + Ir11)
Proof. We rewrite the problem (4.1)-(4.3) in the form

Izi := 20,755 + ebizy —cizi= Ri, 1 <i <N, 4.4)
loz := z0 — My (2) = ro, 4.5)
hz:=zy—M(2) =ry, (4.6)

where p
= Bu+nz), 0<n<l,
ou

and u; + nz; is the intermediate point.
Using the maximum principle in (4.4), it is easy to obtain that

lzllco.iy < 120l + lzn] + B~ IR llco oy - .7
Using the boundary conditions (4.5) and (4.6), we find that
Ny

il <+ ) [ ot 48)
i=Ny W1
Ny X;
|zN|s|r1|+Z( [ (x)|dx)|zi|. (49)
i=Np ‘¥ Xi-1

By inserting the inequalities (4.8) and (4.9) in (4.7), we obtain

N

X
Klogy, < B ||R||w,wN+|ro|+Z( f |k0(x)|dx)|zz'|
i=No Wil
N X;
il ) ( [ ol dx) e
i=Np Vi1
< BRIy + Irol + 1| +

f] gl
Flzlloo oy (f lko (x)] dx +f lkey (X)Idx)-
[0 Z(J

elleoy < (1= D7 (B IRllwo oy + lrol + Ir1),
where A = Z?QNO fx_il (lko(x)| + |k1(x)]) dx < 1. So, the proof of Lemma 4.1 is completed. |

X

From here, we have

Lemma 4.2. Under the assumptions of Section 1 and Lemma 2.1, the following estimates are valid for the error
functions R;, ro and ry :
IRllco,c0py < CN7",
lrol <CN™', (4.10)
Iri| < CN7". 4.11)
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Proof. From the expression (3.3) for R; in the Bakhvalov-Shishkin mesh we have the following evaluation
Xi+1
IRil < C{hi + hisy +f(1 +

Xi-1

W (£)|)dép, 1<i<N.

This inequality, together with (2.2), enables us to write as follows:
Xit1
1 _HoX _H=n
Ri| < Cihi+ hiyy + — (e = +e )dx . 4.12)
£
1) The remainder term R} is evaluated as. For x; € [0, 0], 01 < i:

bl

_ =17 N
Xii1 = —uolsln[l —4(1-N 1)7], i = 1,...,Z

) i il
h,-:—,uoleln[l —4(1-N l)ﬁ]+yolsln[l —4(1-N ‘)T], 4.13)

1 .
hivi = —ualsln[l —4Q1 —N‘l)% +,ualsln[l —4(1 —N*)ﬂ. (4.14)

Applying the mean value theorem in (4.13)-(4.14), we obtain that

_ 4(1 - N"HN™! _ _
h = ! <CN ' hy <CN7. 4.15
Fo o T g, NN T = o= 1)

From (4.12) and (4.15), we have

_ _ _ “HOYi-1 ZHOYix1 _ 1 (=% 1) 1 (d-xi1)
R < C{CN1+CN1+/1016‘ e —e ¢ ]—ull[e e —e - ]}
. N
< CNYi=1,.,——1,
4
where
_ Ho(xiop) _ HoGig1) 1 "‘O(i’l’%)h( ‘2“0")
e & —e & S —e & —e ¢
N
< CN',
and similarly
_H1U=Xigg) _mU-xip) _
e 4 = <CN.

From (4.12), we come to conclusion as

N
Rl < CN'i=1,..,—.
4
2) The remainder term R; is evaluated as. For x; € [01,1 — 03] :
N N 3N
=0+ ——)h, i=—+1,.,—, 4.16
xi=o1+( 4) i=7 1 (4.16)
where
2(1 — 05 —
po 2 -gm-o) 4.17)
N
From (4.12), (4.16) and (4.17), we have
N 3N
Rl < CN',i=—+1,.,—,
IR;| i=Z )
where
_ HoGi—) _ HoWix) 1 csot-1-5n “2u0h
e = —e = < —e = (l—es)
N

CN7!,

IA
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and similarly

_ 1 A=xp1) _md-xig)
&

—e = <CN.

e

3) The remainder term R; is evaluated as. For x; € [1 — 0, 1]:

[ — 1 3N
X1 =1 +pllgln[1 -4(1-N"H( - ’N o i= 7N,
) 1
hi = u;‘a{ln[l — 41 =N - %)] —In[1 —4(1 = N"NY(1 = ZT)]} . (4.18)
By applying the mean value theorem in (4.18), we obtain
hi < CN7. (4.19)
Using the inequality (4.19), we have
h <CN™'. (4.20)
Thus, from (4.12), (4.19) and (4.20), we can write
3N
IRl < CN7', i==—, .. N,
4
where
oY HEED (e s 1-41-N (- 5D])

_ e—yl(1+y;151n[1—4(1—N*1)(1—%]) SCN_'.

Now, we evaluate (3.7) for the proof of (4.10) as

Ny Xi X;
Zf dx|ko<x>|f I’ ©|1To (x - &) - 11 e

lrol <
=Ny V-
XN, 4
" f ko (Ol ()] dx + f ko (] Ju (9] dx
b XNy
N X
< h[;rlax]mo(x)@f W O|ITo (x— &)~ 1]dé+ O )
i~ Xi =Ny VY xin1
{
< 2h[max]|k0(x)| ' (x)|dx + O (h)
Xi—1, Xi 0
< Ch. 4.21)

When [xy,, xn,]is inside the interval [0, £ — 02], we obtain from the inequality (4.21)
lrol < CN7".

When [xy,, xy, ], by the inequality (4.21), we have

rol < Ch < <CN7.

CelnN
N
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The same estimate is done for the interval [£ — 0, {] in a similar way. The proof of (4.11) from (3.10) is given as

nl < Zf dx|k1<x>|f o 1jdt
1= N()
No b
+f muMMMM+f|mmwuwx
to XNy
< max (XNZN; f _ &~ 11dé+ O (h)
4
< 2h[rvnax‘]|k1 X))
< Ch (4.22)

If [xn,, xn,] is inside of the intervals [0, 0], [0, € — 02] and [€ — 072, €], respectively, we have from the inequality
4.22)
Iri| < CN'.

All these complete the proof of Lemma 4.2. O

Finally, from Lemma 4.1 and 4.2, the following significant theorem gives us convergence result of the proposed
method.

Theorem 4.3. Suppose that b(x), f(x) € C'[0,£]. Let u be the solution of (1.1)-(1.3) and y be the solution of (3.11)-
(3.13). Then, the following e— uniform estimate satisfies

lly = tlleo g, < CN7".

5. NUMERICAL ILLUSTRATION

Here we will test the difference scheme on a problem. We solve the nonlinear problem (3.11)-(3.13) using the
following quasilinearization technique [10]:

S0, + by~ (130 ™") = 2 (103 ™) (7 = 507") =0,

ay
(’1) Z hk ly('l 1)
i= N(]
W= th 2V + B,
i= N(]

(U]

forn > 1andy;” givenfor I <i<N.

Example 1. Our test problem is as follows:

Eu’ +e(l+x)u’ —2u+arctan(x+u) =0, 0<x< 1,

1

1
u(0) = f cos(mx)u(x)dx+2, u(l)= f sin(zrx)u (x) dx + 3.
0.5 0.5

The exact solution of this example is not available. Hence we compare approximate solutions in double mesh as.
e =max |y - 557
Convergence rates are defined as:
PN In (ef;’/eiN).

& In2
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N

The e—uniform errors e are estimated the following form:

e = maxel.
&

The rates of uniform convergence PY for different values of & and N are presented in Table 1. These increase mono-
tonically towards one. It is understood from the results of the numerical experiment is consistent with the theoretical
results. In Figure 1, as N values increase, the graph gets closer to the coordinate axes in the boundary layer regions
around x =0 and x = 1.

TasLE 1. Approximate maximum errors e and the rates of convergence pY on @y for values of &
and N of Example 1.

£ N=16 N=32 N=64 N=128 N=256 N =512

2710 0.228121 0.116023 0.058333 0.029137 0.014051  0.007009

0.97 0.99 1.00 1.00 1.00
27120230496 0.116093 0.058346 0.029115 0.014008  0.007001
0.98 0.99 1.00 1.05 0.99
2714 0.230540 0.116110 0.058349 0.029112 0.014559  0.007102
0.97 0.99 1.00 1.07 1.08
27160.230549 0.116116 0.058351 0.029111  0.014531  0.007102
0.98 0.99 1.00 1.00 1.03
27180230548 0.116125 0.058331 0.029112 0.014499  0.007106
0.98 0.99 1.00 1.00 1.02
2720 0.230559 0.116150 0.058287 0.029140 0.014359  0.007001
0.98 0.99 1.00 1.02 1.03
eV 0.230559 0.116150 0.058351 0.029140 0.014559 0.007009
PN 098 0.99 1.00 1.02 1.08
0.20
0.15
K 0.10
0.05
(‘) (J‘.Z U‘.4 0‘.6 O‘.S 1
[ N-32 m— N=64 — 125 N=256]

Ficure 1. Error distrubition for € = 2~!* and N values.

6. CONCLUSION

We have studied the finite difference method on the non-uniform mesh for solving singularly perturbed semilinear
boundary value problem with two integral boundary conditions. We have applied the present method on a test prob-
lem. As a result, the method has e-uniform convergence with respect to the perturbation parameter € in the discrete
maximum norm. The obtained numerical results have been tabulated in terms of maximum absolute errors and rates of
convergence (see Table 1). Approximate solution curves have been shown in Figure 1, in terms of € and for increasing
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The rates of convergence respect to Nand €=2 14
FiGure 2. The rates of convergence PY for & = 2714, N = 64, 128,256, 512, 1024.

and N. As N value increases, the convergence values get closer to one, which also proves how perfect the method is in
Table 1. The scheme can be effectively applied also in the case when the original problem has a solution with certain
singularities.
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