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Abstract

In this paper, we consider a fractional thermostat model involving Caputo fractional derivatives. Based on recent fixed point theorems of sum
operators on cones, we give the existence and uniqueness of positive solutions for the model and we can construct an iterative scheme to
approximate the unique solution. In the last section, we list two concrete examples to illustrate our main results.
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1. Introduction

It is well-known that fractional differential equations arise in many fields, such as economics, mechanics, physics and biological sciences, etc;
for more details we refer the reader to [2, 3, 5, 8, 10, 11, 12, 13, 14, 15] and the references therein. Many authors have investigated the existence
of positive solutions for fractional differential equation boundary value problems, see [4, 5, 12, 14, 15, 16, 17, 21, 22, 24] and the references
therein. Besides, the uniqueness of positive solutions for fractional problems has been studied widely, see [14, 15, 19, 20, 21, 22, 24] for
instance.

In [9], the authors studied the following fractional boundary value problem:

{ —D%u(r) = f(t,u(1)), 0<t<1,
u (0)=0, BDF"u(1)+u(n) =0,

where 1 < o0 <2, “DZ denotes the Caputo fractional derivative of order ¢, § > 0,0 <1 <1 and f:[0,1] X [0,00) — [0,0) is a continuous
function. Some existence results were established by using Guo-Krasnoselskii fixed point theorem. But the uniqueness of solutions was not
studied in [9]. For other related results to the problem, see [2, 3, 8, 10] for example.

In [2], the authors studied the following fractional thermostat model:

{ —ICDg‘u(t) =y(t), a<t<b,
u(a) =0, DI 'u(b)+u(n)=0,

where 1 < a <2, B >0, a <n < b. The authors present some Lyapunov-type inequalities for a nonlinear fractional heat equation with
nonlocal boundary conditions depending on a positive parameter. As an application, a lower bound for the eigenvalues of corresponding
equations was obtained. However, the authors do not provide the existence of the solution in this article.

Inspired by the above works, we mainly consider the existence and uniqueness of positive solutions for the following fractional thermostat

model:

{ —D%u(r) = g(t,u(r))+ f(t,u(r)), a<t<b, (1)

u (a)=0, BDE 'u(b)+u(n)=0, '

where “DZ denotes the Caputo fractional derivative of order a, 1 <@ <2, >0anda <n <b. f,g: [a,b] x [0,00) — [0, 0) are continuous
functions. In this paper, we mainly prove the existence and uniqueness of positive solutions for the corresponding model. Our methods are
two fixed point theorems of sum operators on cones. Moreover, we can construct an iterative scheme to approximate the unique positive
solution.
The rest of the paper is organized as follows. In Sect.2, some preliminaries on fractional calculus and fixed point theory are presented. Next,
we state and prove our main results in Sect.3 and two examples are provided.
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2. Preliminaries and previous results

In this section, we present the basic results about fractional calculus theory which will be used later. We refer the reader to [1,2,3] and the
references therein.
We denote by N the set of positive natural numbers, that is: N = {1,2,3,---}.

Definition 2.1. [7] Let f : [a,b] — R be a given function. For o > 0, the Riemann-Liouville fractional integral of order & of f is defined by
1 t
1%1)(t) = =—— / t—5)%1f(s)d
(g 1)) @) Ja (t—9)%" f(s)ds,
where T'(o) denotes the classical gamma function.

Definition 2.2. [/] Let f : [a,b] — R be a given function. For a > 0, the Caputo derivative of fractional order o of f is given by

1 i n—o— n
m/ﬂ(f—s) Lr(s)ds,

‘DG f(t) =

where n = [o(] + 1 and [o] denotes integer part of o.

Consider the fractional boundary value problem:

—D%u(t) =y(t), a<t<b,
{ i (@) =0, BEDZu(b)+u(n) =0, @1

where 1 < a0 <2, 8>0,a<n<b, (a,b) €R? and y € Cla,b].
Lemma 2.3. [2] Suppose that u € C?[a,b] is a solution to (2.1) if and only if
b
u € Cla,b], u(x) = / G(t,s)y(s)ds, a<t<b,
Ja

where G is the Green’s function given by:
G(t,s) =B +Hy(s) —H;(s) (2.2)
and for r € [a,b], H, : [a,b] — R is the function defined as

Lemma 2.4. [2] The Green’s function given by (2.2) satisfies the following properties:
(i) G is continuous in [a,b] X [a,b];
(ii) We have:

)01
max {G(t,s) :agt,sgb}:ﬁ—k% (2.3)

and vl
min{G(t,s): a < 1,5 <b} :ﬁ—% (2.4)

Suppose that E is a real Banach space which is partially ordered by a cone P C E. We say that x <y if and only if y —x € P. P denotes the
interior of P. An operator A : P — P is increasing if x <y implies Ax < Ay for x,y € P.For x,y € E, the notation x ~ y means that there exist
A > 0and u > 0 such that Ax <y < px. Clearly, ~ is an equivalence relation. Given & > 6(i.e.,h > 0 and h # 0), we denote by P, the set
P, ={x € E|x~ h}.ltis easy to see that P, C P.

Definition 2.5. [15] An operator A : E — E is said to be homogeneous if it satisfies
A(Ax) = AAx, VA >0,x€E.
An operator A : P — P is said to be sub-homogeneous if it satisfies A(tx) > tAx for allt > 0,x € P.

Our main tools are the following lemmas.

Lemma 2.6. [4] Let M be nonempty closed convex subset of P, A: P — P and B : M — P, such that
(i) A is increasing, and there exists o € (0,1) such that A(tx) > t*A(x) for any x € P, t € (0,1);

(ii) B is continuous, and B(M) resides in a compact subset of P;
(iii) x =Ax+ By and y € M implies x € M.
Then there exists x* € M such that (A + B)x* = x*.

Lemma 2.7. [15] Let P be a normal cone, A : P— P be an increasing B—concave operator and B : P — P be an increasing sub-homogeneous
operator. Assume that

(i) there is h > O such that Ah € P, and Bh € Py, ;

(ii) there exists a constant &) > 0 such that Ax > 8yBx for x € P.

Then the operator equation Ax+ Bx = x has a unique solution x* in B,. Moreover, constructing the sequence y, = Ay, _1+By,_1,n=1,2,---
for any initial value yo € Py, we have y, — x* as n — .



178

Konuralp Journal of Mathematics

3. Main results

In this paper, we work in Banach space E = C[a, b], equipped with the norm:
[[ul| = max {|u(t)] : 7 € [a, b]}.

Let P be the cone in E given by:
P={ucCla,b]|u(t) >0, € [a,D]}.

;’ denotes the interior of P, then
o
P={ueCla,b]|u(t) >0,t €[a,b]}.

bh— a—1
Take R >0,Cy = B — r?&) »d = max [g(t,u)],e = max | f(1,u)|.
0<u<oo 0<u<R

Define
[e]
M:{u€P| HquR},

where R satisfies C> (b — a)(d — e) < R, then M is closed and convex in P .
From Lemma 2.6, we know that the solution of the problem (1.1) can be expressed as

b
u(t) = /a G(1,9)[g(su(s)) + £ (s,u(s))]ds.

For the convenience, we define two operators:

b
Au(t) = / G(t,5)g(s,u(s))ds,

Bu(t) = /a Gt 5) £ (5,u(s))ds.

(3.1)

Theorem 3.1. Suppose that BT(at) > (b—n)* " and f,g : [a,b] x [0,50) — [0,0) are continuous. In addition,
(Hy) g(t,u) : [a,b] x [0,00) — [0,00) is increasing in u with g(¢,0) £ 0, sup{g(t,u) : t € [a,b],u € [0,00)} < +oo, and there existsay € (0,1),

such that g(t,Au) > AVg(t,u) forall A € (0,1),u > 0;
(Hy) whenu >0, f(t,u) 0 forall t € [a,b].
Then the problem (1.1) has a positive solution u € M .

Proof. We apply Lemma 2.3 to discuss that the problem (1.1) has a positive solution in Cl[a, b].

First, we will show that A : P — P, B: M — P. In fact, for u € P, then u(t) > 0,7 € [a,b] and by (H,) and Lemma 2.4,

b

Ault) = / G(t,5)g(s,u(s))ds
b _ a—1

Z/a (ﬁ—%)g(&o)ds

(b—n)*!

~P T

) /j g(s,0)ds.

Since g(¢,0) # 0 for ¢ € [a,b] and g(¢,0) is continuous, we obtain fabg(s,O)ds > 0. Hence, Au € P, thatis,A: P — P.

For u € M, then u(t) > 0 for ¢ € [a,b], then by (H,) and Lemma 2.4,
b
Bu(t) = / G(t,5)f(s,u(s))ds
a
b

_ o—1
z/a (Bf%)f(s,u(s))ds>0.

Hence, B: M — P.
It is clear to show that A is increasing. In fact, from Lemma 2.4 and (H;),

Auy (1) = /a Gt 5)a(s,u1(s))ds < /a Gt )2 (s, u2(s))ds = Aus(r)

for uy,uy € IC; with u; < up. Also from (H),
b

AQu)() = / G(t,5)g(s, Au(s))ds
a

> / Gt 5)A g (s, u(s))ds
— 27(Aw)(0).
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We know A(Au) > AYAu for A € (0,1).

For the second step, we will prove that B is a completely continuous operator in M. From the continuity and nonnegativity of G(¢,s) and
f(t,u), B: P — P is continuous.

Let Q C P be bounded, there is a constant C; > 0 such that ||u|| < C) forallu € Q. SetL; = max f(t,u)+1, then use Lemma 2.4, for u € Q,

ueQ

(Bu)(t /Gtsf(su())ds<L1/Gtsds<N

where N =L (B + >) )(b— a). Therefore, B is uniformly bounded.

Next, for u € M and 11,t2 € la,b], let Ly = ma)}sf(t,u)7
a<t<

ueM

(B0e) - B0 =| [ Gl tsatss [ G091 Gsuls)s

/ (Glt,5) — G(t1,9)]f (s, u(s))ds

<L / (Glt2,5) — Gl11,5)|ds

" —s)*! 2 (1 —5)%"!
<L A B2 P / RSy
<ia [ P | B
Ly o o
F(a+1)[(1 a) (2 a)]7
then (Bu)(t;) — (Bu)(t2) as t; — ;. So we claim that B is equi-continuous. Hence, B(M) is precompact by Ascoli-Arzela theorem. Since

o
(Bu)(t) > 0, B(M) resides in a compact subset of P.
For all v e M, let u = Au+ Bv, by Lemma 2.6, we need to prove u € M. Indeed,

b b
u(t) = [ G9)g(s.us)ds+ [ G1.9)f(5,v()ds

. _ ol
< [+ e gt + £l

< Cy(d+e)(b—a) =R,

and thus || u ||< R, which shows u € M.
So, assumption (iif) of Lemma 2.6 is satisfied, hence the problem (1.1) has a solution u € M by using Lemma 2.6. [ O

Let h(t) = ja G(t,s)ds, then

b
h(t):/a (B +Hy(s) — H(s))ds
b b b
= /a Bds+ /a Hy(s)ds— [ H(s))ds

_Socfl t _slel
:ﬁ(b_a)+/L1n(nF(o)c) ds—/a (t=s) ds

(M-—a)*—(t—-a)
I(a+1)

=B(b—a)+

Theorem 3.2. Suppose that BT (a) > (b—1)*"and f,g : [a,b] x [0,400) — [0, +o0) are continuous. In addition,

(H3) f,g:[a,b] x [0,40e0) — [0,+0) are increasing in u, argighf(t,ﬁ(b —a)+ W) >0;

(Hyg) f(t,Au) > A f(t,u) for A € (0,1),7 € [a,b],u € [0,+o0), and there exists a constant y € (0,1) such that g(t,Au) > A¥g(t,u) for all
t€la,b], A € (0,1),u € [0,00);

(Hs) there exists a constant 8y > 0 such that g(t,u) > & f(t,u),t € [a,b],u>0.

Then the problem (1.1) has a unique positive solution u* in P, where

W) =Blbo—a)+ ="~ 007

T Tax) t € [a,b].

Moreover, for any initial value ug € Py, the sequence

b b
qu(Z):/u G(z,s)g(s,un(s))ds+/a G(t,5) (5, un(s))ds,n = 0,1,2, -

satisfies uy (t) — u*(t) as n — oo.
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Proof. From Theorem 3.1, we easily prove that A : P — P and B : P — P. Next we verify that operators A and B satisfy assumptions of
Lemma 2.7.
Obviously, A is an increasing operator. Let u (1) < uy(t),t € [a,b], by (H3) and Lemma 2.4,

Buy (1) = /  G(t5) £ (5.1 (5))ds < / Gt 5)f(5,12(s))ds = Bua (1),

so we know that B is increasing.
It has been proved that the operator A is a y-concave operator in Theorem 3.1. For any A € (0,1) and u € P, from (Hy),

b b
B(Au) (1) = /a G(t,5)f (s, Au(s))ds > A /{ G(t,5)f (s,u(s))ds = ABu) (1),

this is, B(Au) > ABu for A € (0,1), u € P. So the operator B is sub-homogeneous.
Now we show that Ak € P, and Bh € P,. Set

v = max {h(¢) 1 € [a ]} = B(b—a) + LT— D%
max . bl F((x + 1) )
. —a)*—(b—a)”
hmin:mm{h(t):te[a,b]}:ﬁ(b—a)—i-(n 1")(05—|—(l) ) ,
then fimax > hin > 0. Denote di = argaébg(t,hmax), d, = agighg(t,hmm), e1 = max (t,hmax), €2 = argnligbf (t, hmin) -

From (H3) and Lemma 2.4,

b b
Ah(t) = / Glt.9)s(s.h(s))ds < max, |g(s.Jims)| / G(t,5)ds = dih(t),

b b
An(e) = [ G(0.9)g(s,h(5))ds > min, [g(s. )] [ Gt.5)d5 = doh0).

From (H3) and (Hs), we can obtain
dy = dy = §yer > 0,

dah(t) < Ah(r) < dyh(r), t € [a,b)],

so Ah € P,. Similarly,
exh(t) < Bh(t) < eyh(t),

from (H3) we easily prove Bh € P,. Hence the condition (i) of Lemma 2.7 is satisfied. In the following we show that the condition (ii) of
Lemma 2.7 is satisfied. For u € P, from (Hs),

b b
Au(t) = / G(t,5)g(su(s))ds > & / G(t,5)f (s,u(s))ds = &Bu(t).

Then we get Au > 89Bu, u € P. Finally, an application of Lemma 2.7 implies: the operator equation Au + Bu = u has a unique solution «* in
P,,. That is, the problem (1.1) has a unique positive solution u* in P,. Moreover, for any initial value ug € P, we construct a sequence

b b
1 (1) = / G(t,5)g(s, un(s))ds + / G(t,5)f(5,1n(s))ds,n = 0,1,2,- -,
then u, () — u™(¢) as n — 0. OJ O

Example 3.3. Consider the fractional boundary value problem:

(3.2)

whereaz%,bzl,()t:%,ﬁz ,n:%,f(t,u)zétzsinqu%,
Vu+2, 0<u<l,
g(t,u):{

1+23,  u>1,

and g(t,u) > 0 is increasing in u with g(t,0) = t> # 0, where (t,u) € [%, 1] x [0,0), and there exist y =%, such that g(t,(Au)) = VAu+1% >
/'L%(\/ﬁ-i-lz) = l%g(l,u), when 0 <u<1; g(t,Au) =1+ > /’L%g(t,u)7 when u > 1 for all A € (0,1). It is obvious that f(t,u) =
%tzsinu—i— % is continuous on [%7 1] x [0,00), when u > 0, f(t,u) #0 for all t € [%, 1]. And C; =0.1316,b—a = %, d=2e= %sinl—l— %
and R=Cy-(d+e)(b—a) =0.1316 x 2+ (% sinl + %)] X % = 0.2782 is bounded. So all the hypotheses of Theorem 3.1 are fulfilled.
Therefore, it follows from Theorem 3.1 that the boundary value problem (3.2) has a positive solution.
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Example 3.4. Consider the fractional boundary value problem:

3

where a = % b= % a=3, B=2n= % where n > 0 is a constant, q : [0,1] — [0, 4o0) is continuous with q # 0.
In this example, take 0 < m < n and let

Obviously, gmax > 0, f,g : [a,b] X [0,00) — [0,00) are continuous and increasing in u. f(t, % +

g(l,u):u%—i-ﬁ—i-m7 flt,u)= q(t) +n—m.

T+u
1
Y=7 dmax= max {¢(r) : t € [a,b]}.

w) >n—m > 0. Besides, for

A €(0,1), t €la,b], u €[0,4), we have

gt Au) = (Au)? +3+m > A2 (w2 +13 +m) = A2g(t,u),

F(620) = ) nm = g0+ A ) = 2700
In addition, if we take &) € (0, quiﬁ]’ then we have
gl =ub 404 m=m= " (quax +n—m) = &y g(t) +n—m] = & f (¢, u).
’ - Gmax +n—m = 4w ’

Therefore, all the conditions of Theorem 3.2 are satisfied. This implies that (3.3) has a unique positive solution in P, where

2, 4VEl(h): — (1= 3)

4. Conclusion

In this paper, we proved the existence and the uniqueness of solution for the fractional thermostat model involving Caputo fractional
derivatives (1.1) under different conditions. Our methods are two recent fixed point theorems of sum operators. Moreover, we can give a
sequence to approximate the unique solution. As applications, we list two concrete examples to illustrate our main results.
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