Turk. J. Math. Comput. Sci.
13(1)(2021) 204-210

© MatDer

DOI : 10.47000/tjmcs.866357

PresSi¢ Type Operators for a Pair Mappings
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ABSTRACT.  In this study, we extended the Presi¢ type contraction mapping using (6, L)-weak contractive. We
investigate PreSi¢ type weak contraction mapping and obtain some fixed point results in Presi¢ type weak (almost)
contraction mappings for a pair of mappings using Jungck type mappings. Additionally, we establish an example
to show that the new results are applicable.
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1. INTRODUCTION

Fixed point theory has a significant role in diverse branches of mathematics. Banach [1] proved the basic fixed
point theorem and results, that has formed a major part in fixed point theory. The Banach fixed point theorem has been
generalized in different ways by many authors. Among these generalizations, weak contractive mapping is the most
interesting one. Berinde [2—4] introduced (¢, L)-weak contractive (or almost contractive) mappings. Later, Berinde
proved some generalizations of (9, L)-weak contraction theorem. PreSi¢ [9] introduced a contraction condition on finite
product space and gave a fixed point theorem. Then, Ciri¢ and Presi¢ [5] and Rao et al. [10] have extended this fixed
point theorem. Several authors have extended the contractive type given by Presi¢, for example [7,8, 11, 12].

Considering the convergence of certain sequences S.B. Presi¢ [9] generalized Banach contraction principle as fol-
lows:

Theorem 1.1. Let (X, d) be a complete metric space, k be a positive integer and T : X* — X be a mapping satisfying
the following contractive type condition

d(T(ﬁl, 192, ceey 19](), T(ﬁz, 193, . 19k+1)) < qld(ﬁl, 192) + QQd(ﬁz, 193) + ...+ qkd(ﬂk, 0k+1)’ (11)

for every 31,1, ..., 041 in X, where q1, qo, ..., g are non negative constants such that gy + g, + ... + qx < 1. Then, there
exist a unique point ¥ in X such that T(9, 9, ...,9) = 9. Moreover, if ¥,3, ..., 0, are arbitrary points in X and for
neN,

ﬂFH-k = T(ﬂl‘l9ﬂl’l+l7"-7ﬁn+k—l)’ (n = 1529-")

then the sequence {1,}," | is convergent and

lim#, = T(lim9,,lim¢,, ..., lim ).
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Remark that in Theorem 1.1, if k = 1 the condition (1.1) coincides with the well-known Banach contraction mapping
principles. So, theorem 1.1 is a generalization of the Banach fixed point theorem.
Ciri¢ and Presi¢ [5] generalized the above result as follows:

Theorem 1.2. Let (X, d) be a complete metric space, k be a positive integer and T : X* — X be a mapping satisfying
the following contractive type condition

d(T (01,02, ... ), T(02, 03, .., 1)) < ﬁ{gg{d(ﬁi,ﬂm)},
where A € (0,1) is constant and 91,1, ..., 911 are arbitrary elements in X. Then there exist a point ¢ in X such that
T,9,...,9) = 9. Moreover, if 91,9, ..., 9, are arbitrary points in X and for n € N,
Gk = TG, Fpir ooy Onak-1), (n=1,2,..)

then the sequence {,}" | is convergent and

lim#, = T(lim?J,, lim¢,, ..., lim ).
If in addition we suppose that on a diagonal A C X*

d(T(k,k,....,k), T(v,v, ..., v)) < d(k,V)
holds for all k,v € X, with k # v, then ¥ is the unique point in X with T(¢,9, ...,9) = 9.

Definition 1.3. For any @ € Z, there exists a sequence {#,},-, € Z such that S¢,,; = T?,. The Jungck iteration

is defined as the sequence {S¥,} ., such that S¢,.; = T¥,, n > 0. This procedure becomes Picard iteration when

Z = X and § = I; where 1I; is the identity map on X. Similarly, Jungck [6] contraction maps are the maps S, T
satisfying

d(TY,Tv) < kd(S9,Sv), O0<k<1foralld,veZ (1.2)
IfZ=XandS = I, then maps satisfying (1.2) become the well known contraction maps.

Some authors [10] introduced fixed point theorems for Jungck type mapping as an extension of the Banach Con-
traction Principle.

In this paper, following by Ciri¢ and Pregi¢ [5] Berinde [2—4] and Rao et al. [10], we obtain some new fixed point
results for a pair of mappings using Jungck type mappings and we give an example which illustrate the effectiveness
of our main theorem.

2. Mam Resurrs

In this section, we obtain a fixed point theorem for Pre§i¢ type almost contraction mapping using Jungck type
mappings and introduce some new fixed point results.

Theorem 2.1. Let (Z,d) be a complete metric space, r is a positive integer and let A, B be mappings of Z*" to Z
satisfying the following conditions

d(A(D, T, ..., 02r_1,D2,),B(02, D3, ..., Par, Pori1))
<0 max {d(%, F+1)}
1<t<2r
+ A min {d(11, A1, P2, ..., For_1, 92,))), 2.1
1<t<2r
forall 91,9, - , 2, 0241 € Z and similarly
d(B(s1, 52, ..., $2r-1, 52r),A(82, 83, ..., 827, $2741))
<0 max {d(s;, S1+1)}
1<t<2r
+ A min {d(st+1a B(S], 825 000y S2r—15 52r))}9
1<t<2r

forall s1, 82, , S2r, 2741 € Z, where 8 € [0,1) and A > 0. Suppose 91,1, - , 0, are arbitrary points in Z and for
allv e N, let

Dorp20-1 = A(D2p-1, Doy, oo, D2p420-2)s
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and
BDars20 = B2y, D241, ooy P2ps2r-1).
Then, the sequence (1) is converges to some k € Z such that
Ak, K, ..., k) = kK = B(K, K, ..., K).
Proof. Let,--- , 1, are arbitrary points in Z and for every v € N, let

Dorp20-1 = A(D2p-1, P2, oo, D2p420-2)s

and

Borr20 = B(Way, Vovs1s -os P2s2r-1).

Therefore, we get

d(ﬁ2r+1, ﬁ2r+2) =d(A(ﬂ1s 192, ooy ﬁZr)’ B(ﬂz, ﬁ3’ B 02”1))
<& max {d(ﬁt, V1))
1<t<2r

+ A min {d(G41, A0, Do, ..., For))
1<t<2r

By using the fact that &, = A(Jy, 9, ..., F2,), we obtain
min {d(F,1, A%, P, ..., H))} = 0.

1<t<2r

Then, we get
d(Vrrs1, P2r42) <0 max {d(Fy, Pri1)}
1<t<2r
+ A min {(d(%11, A(D1, D2, ..., D2,)))

1<t<2r

=0 max {d(¥;, 9.1)}.

1<t<2r

Similarly, we can write

d(D2r+2, 02r43) =d(B(02, 93, ..., O2r41), A(F3, U4, ..., D2r42))
<8 max {d(;, %))

2<t<2r+1

+ A min {d(G41, B(D2, 73, ..., Pore1))}

2<t<2r+1

By using the fact that ¢,., = B(t,, 93, ..., #2,+1), We obtain
min {d(Js;1, B(d2, 93, ..., 241)} = 0.

2<t<2r+1

Then, we have

d(D2r42,P2r43) <8 , max {d(F:, 0141))

<t<2r+l

+ A4 min {d(@.1, B(D,, 93, ..., 02041))}

2<t<2r+1

=0 max {d(¥, 1)}

2<t<2r+1

Continuous this condition, we obtain

d(@2ws2r, D2ps2r41) =d(B(Dov, P2p41, ooy Fovr2r-1)s AD2011, D2042, .., Dovs2r))
<6 max {d(;,I41)}

n<t<L2v+2r—1
+A4_  min A{d(D11, B2, Fops1s ooy Fopr2r-1))}

20<t<20+2r-1

By using the fact that ©,42, = B(ty, $2p+15 --.» F2p42r-1), WE Obtain
min l{d(ﬂm, B(92y, D2p115 -y P2042r-1))} = 0.

20<t<20+2r—
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So, we get

d(Ws2r, Popsare1) <8 max  {d(¥, F11)).

n<t<2v+2r-1

War
§2r

For simplicity set w, = d(t},, #,41) for allv € N, M = max{=!, %, .y
v=1,2,..2r:

}. We shall prove by induction that for each

w, < MR, 2.2)
where h = 87 . Thus, we obtain

wore1 =d(D2r41, D2r+2)
=d(AW1, ..., P21, B2p), B(D2, ... Dor, B2r41))
<6 max {d(d;, ¥141)}
1<1<2r
=0 max{wy, wa, ..., wa,}
<dmax{Mh, MI*, ..., Mh*"}
=0Mh
:Mh2r+l

and hence wy,,; < Mh¥+!. Likewise

W22 =d(192r+2, 192r+3)
=d(B(0, ..., 02, D2141), A(F3, ..., D2ps1, 2r42))
<& max {d(%, 1)}

2<t<2r+1

=0 max{wy, w3, ..., W11}

<d max{Mh*, MK, ..., Mh*"}
=dMHK?

:Mh2r+2

and thus, wy,,» < Mh**2. So, our hypothesis are true. Using (2.2) for any v, m € N we have the following argument:
d(ﬂu, ﬂm) Sd(ﬂuy ﬂu+1) + d(ﬁv+1’ ﬂv+2) +--t d(ﬁm—ls ﬁm)
SWy + Wyel + 00+ Wy
<MK + MR + .+ MR

<MK +h+h+..)
MR
T1-h

Ash = 8% < 1, thus, 11‘%: — 0 as v — oo. Thus, (¥,) is a Cauchy sequence. There exists a point x € Z such that

lim,_,., ¥, = « because Z is a complete space.
Now we prove that « is a fixed point of A and B.

A(A(K, K, .oy K), Dopinr_1) = d(A(K, K, ..., K), A(D2p_1, Doy, ..., Tap12r-2))
<d(A(k,k, ...,k), Bk, ..., k, 02,_1))+
A(B(K, ..oy Ky T2y—1), A(K, oy Ky Tay—1, D2y))+
d(A(k, ...k, P2_1,12,), B(K, ..., K, O2p_1, T2, F2p41))
+ o+ d(BK, Doyt ooy Dopi2r-3), A1, By Hapi2r2))
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and by (2.1), we obtain
d(A(K’ K’ ceey K)’ 7-920+2}’—l)
<0d(k, ¥yp-1) + Amin{d (D1, Ak, K, ..., K)), d(k, A(K, K, ..., K))},
+ 6 max{d(k, ty-1), d(F2-1, %2,)}
+ Amin{d(P2,, B(k, ..., k, P2_1)), d(@ 21, B(K, ..., K, F2_1)),
d(K’ B(Ks seey K, 1921)—1))}3
+ ... + d max{d(k, Pr-1), d( D21, F2), ... A(D2p12r-3, P2042r-2)}
+ Amin{d(P2,-1, B(k, D251, ..., P2012r-3)),
d(ﬂZw B(K7 1921)—1 AT 02U+2r—3))’ ceey d(ﬁ2v+2r—2’ B(K’ ﬁZU—] EREES] ﬁ2v+2r—3))}-
Letting v — oo in the above inequality, we obtain
2r—1 2r—1
dAK Kk K) < 2 . ) Ad(AK. K, o)1) + r2 ) Ad(Blk. k. .. ). ). 2.3)
Similarly,
d(B(K, K, ..., K), O2ys2r) = d(B(K, K, ..., K), B0, D201, o P2042-1))
<d(B(k,Kk, ...,K), A(K, ..., K, T))+
d(A(K7 AR ] K’ ﬁ2U)9 B(Ka sy K7 02U9 ﬂ2U+1))+
d(B(K7 ceey Ka 1-921}7 ﬁ2v+l)’ A(K’ ceey K9 ﬁZU’ 7-920+1 b 02U+2))
+ o+ d(AK, Oy, ooy D2p2r-2), B(F20, D041, P2042r-1))
and by (2.1), we obtain
d(B(Ks K9 ceey K)9 ﬁ20+2r)
<8d(k, %) + Amin{d(,, Bk, k, ..., k), d(k, B(k, K, ..., K))},
+ 0 max{d(k, %), d(P2, F2041)}
+ ﬂ min{d(ﬂZU, A(K’ - K, 020))9 d(ﬁZIH»l ) A(Ks wn K, 1920))3
d(K’ A(K7 sy K& ﬂZU))},
+ ... + d max{d(k, ), d(D2, D2041), oes d(D 204272, P2012r-1)}
+ A min{d(ﬂzv’ A(K’ 1-920, cee ﬁ2v+2r—2)),
d(W2p1, A(K, D2, ooy B2042r-2))s ooy A 2p420-1, AlK, T2y <oy Dpi2r-2))}-
Letting v — oo, we get
2r—1 2r—1
d(B(k,k, ...,K), k) < ( rz )/ld(B(K, Ky .oy K), K) + ( rz )/ld(A(K, Ky ..oy K), K). 2.4

Using (2.3) and (2.4), we obtain B(k, k, ..., k) = k = A(k, K, ..., k). Therefore, this completes the proof of the theorem. O

Let us give an example to show the application of fixed point theorem for Presi¢ type almost contraction mapping

using Jungck type mappings.

Example 2.2. Let Z = {9, = s> +s, s N}U{0}and d(w,v) =| w—v|. Obviously, (Z, d) be a complete metric spaces,
let r = 1 and define A, B : Z> — Z by A(¥y, w;) = ﬂ% and B(¥y, wy) = ﬂ% for all ¥y, w, € Z. Subsequently

A=1>0andd=1€[0,1).
Then for all ¥, ws € Z with ¥ = ¥,,.-1 and w, = 5., we obtain

A(A(D2e-1,D2¢), B(D2e, D2e41)) <O max{d(Bre-1,%20), d( D¢, D2er1)}

+ Amin{d(D2e, A(D2e-1, D2¢)), d(P2041, A(D2e-1, 02¢))}

(2.5)
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for & € [0, 1). Then,
m d(A(D2e-1,%2¢), B(02e, D2e41)) — Amin{d(D2e, A(Hre—1,92¢)), d(D 2041, A(D2e-1, ¥20))}

li
e—e0 max{d(®,, 41), d(Dr11,0r42)}
. 2e+1 1

Tesode+2 2

Thus, the inequality (2.5) is satisfied with 4 = 1 and § = % € [0,1). So, Theorem 2.1 shows that A and B have a fixed
point, that is, A(0,0) = B(0,0) = 0.

Corollary 2.3. Let (Z,d) be a complete metric space, r is a positive integer and let A, B be mappings of Z*" to Z
satisfying the following conditions

d(A@D1, D2, ... Dop—1, 12,), B(D2, B3, ..., B2r, P2r41))
<81d(%1,97) + 82d(92,93) + ... + 82,d(2, F2r11)
+ 11d(B, A(D1, 02, ..., Oar_1, B2y)) + Apd(F3, A(D1, D2, ..., Dop_1, D)) + ...
+ A d(Brr41, AW, Do, .y a1, 21)),

forall 91,9, - , 2, O2rs1 € Z and similarly

A(B(S1, 52, s S2r—15 521 ),A(82, 83, ovs $27, $2741))
<01d(s1, 52) + 02d(s2, 83) + ... + O2,d( 82y, S2r41)
+ A1d(s2, B(s1, $2, ..., S2r-1, 52,)) + A2d(s3, B(S1, 52, ..., $2,-1, S27)) + ...

+ Ao, d(S2r11, B(S1, 52, .. S2-1, $2/)),

forall sy, 0, , S2ry Sop+1 € Z, Where 8 +02+ ...+ 82, =8 € [0, 1) and A} + Ay + ... + Ay, = A > 0. Then, the sequence
(%) is convergent to a k € Z such that

Ak, K, ...,k) = k = B(K, K, ..., K).

Corollary 2.4. Let (Z,d) be a complete metric space, r is a positive integer and let A, B be mappings of Z" to Z
satisfying the following conditions

dAW, 0, .. 0121, 9,).B([2, 3, ... 0, Dra1)
<8 max{d(J;, 941)}
1<t<r

+ ﬂ {nin{d(ﬁH»l’A(ﬂ] ) ﬁ23 ceey 'L‘}'r,l, ﬁr))},
<t<r
forall 91,9, - , 8,01 € Z and similarly

d(B(s1, $2, .- Sr—1, 5r),A(52, 83, ..., Sr, Sr41))
<d max{d(s;, S+1)}
1<t<r

+ /1 min{d(sl+1’ B(S] 3825 s =15 Sr))}a
1<t<r

forall sy,s2,--+ ,Sp, Sp+1 € Z, where d € (0,1) and A > 0. Suppose 1,9, -+ , 9, are arbitrary points in Z and for all
veEN, let

Brpv-1 = A(Wyo1, By, oy Borro2),
and
Dy = By Fpr1s oor Forr—1)-
Then the sequence (3,) is convergent to some k € Z such that

A(K, K, ...,k) = k = B(k, K, ..., K).
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3. CONCLUSIONS

In this paper we introduce a new fixed point theorem by combining the ideas of’Ciri¢ and Presi¢ [5] Berinde [2—4]
and Rao et al. [10]. We prove a fixed point theorem and some fixed point results in Presic type weak (almost) contraction
mappings using Jungck type mappings. Subsequently, we give an example to show that the new theorem and results
are applicable.
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