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1. Introduction

Bertrand curve was introduced by Bertrand in 1850 (see [1]). When a curve is given, if there exists a second curve whose the principal
normal is the principal normal of that curve, then the first curve is called Bertrand curve and the second curve is called the Bertrand mate of
the first curve. The most important properties of Bertrand curves in Euclidean 3-space are that the distance between corresponding points
is constant and there is a linear relation between the curvature functions of the first curve, that is, for A,u € R, Ax + ut = 1, where « is
curvature and 7 is the torsion of the first curve. Also the absolute value of the real number A in this linear relation is equal to the distance
between corresponding points of Bertrand curves. The Bertrand curves in Euclidean 3-space was extended by L. R. Pears to Riemannian
n—space and gave general results for Bertrand curves [16]. If these general results were applied to Euclidean n—space, then either torsion
or bitorsion of the curve vanishes. Otherwise, for n > 4, then no special Frenet curve in E” is a Bertrand curve [13]. Hence, Matsuda and
Yorozu gave a new definition of Bertrand curve which is called (1,3)—Bertrand curve and obtain a characterization of (1,3)—Bertrand curve.
[13]. After then many researchers have made a lot of papers about (1,3)—Bertrand curves [4], [6], [9], [18], [19], [20].

In 1987, Bharathi and Nagaraj introduced the Serret-Frenet formulas for spatial quaternionic curves in R3 and quaternionic curves in R* [2].
Since the quaternionic multiplication of two orthogonal vectors in R? becomes vector product of these vectors, they reconsider the Serret-
Frenet formulae of any curve in R? which is well known in differential geometry by using the quaternionic multiplication and then they
compose the Serret- Frenet formulae of quaternionic curves in R* by means of the the Serret-Frenet formulas of spatial quaternionic curves
in R3 [2]. After then various studies have been carried out on the adaptation of some special curves to quaternionic curves [3], [5], [7], [8],
[11], [14], [15], [17], [21], [22], [23]. Kegilioglu and Ilarslan defined (1,3)—Bertrand curves for quaternionic curves in Euclidean 4-space
and obtained a characterization for such curves [12].

Also, Kahraman Aksoyak defined a new type of quaternionic frame for quaternionic curves in Euclidean 4- space which is called Type
2-Quaternionic Frame [10].

In this paper, by using the method which is given by Matsuda and Yorozu [13], we give the definition of quaternionic (1,3)—Bertrand curve
according to Type 2-Quaternionic Frame and obtain some results about these curves.

2. Preliminaries
A real quaternion is defined as:

q=qo+qie1 +qrex+qze3

where ¢; € R for 0 <t <3 and ey, e3, e3 are unit vectors in usual three dimensional real vector space. Any quaternion ¢ can be divided into
two parts such that the scalar part denoted by S, and the vectorial part denoted by V;, where S; = go and V; = g1e1 + gze2 + gze3. So, we
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can rewrite any real quaternion as ¢ = Sq+V,. If ¢ = S, 4V, and ¢’ = Sy + V,y are any two quaternions, addition, the multiplication by a
real scalar ¢ and the conjugate of ¢ denoted by yq are defined as, respectively:

g+d = (Sq+Sy)+(Vg+Vy)
cq = cSq4+cVy
Yg = Sq—Vq

Let denote the set of quaternions by Q. Q is a real vector space according to this addition and scalar multiplication. A basis of this vector
space is {1, ej, ez, e3} and it is a four dimensional vector space. Hence we can think of any quaternion g as an element (g, q1,¢2,43) of
R* Evena quaternion whose the scalar part is zero (it is called spatial quaternion) can be considered as a ordered triple (¢1,¢2,93) of R3.
The product of two quaternions is defined by means of the multiplication rule between the units e, e;, e3 are given by:

e%:e%:e%:elezazfl 2.1)
So, by using (2.1), quaternionic multiplication is obtained as:
qxq =848y — (V. V) + SV +SqVy+Vy NVy forevery q, ¢' € Q,

where (,) and A denote the inner product and cross products in IR3, respectively. The quaternion multiplication is associative and distributed
but non-commutative. So Q is a real algebra and it is called quaternion algebra.
Now, the symetric, non-degenerate, bilinear form % on Q is defined as :

h:0x0—R,

1
hg,q") = 5(ax 14 +d x vq) for g, ¢' € 0
and the norm of any real quaternion ¢ is determined as:
lgl* = h(g.9) = 4% vg = S5+ (Vg Vy) -

So the mapping 4 is called the quaternion (or Euclidean) inner product [2].
In this paper, a quaternionic curve in R* is denoted by a™ and the spatial quaternionic curve in R3 associated with a® in R* is denoted by
o. Bharathi and Nagaraj introduced the Serret-Frenet formulas for spatial quaternionic curves in R? and quaternionic curves in R* follow as:

Theorem 2.1. (see [2])Let I = [0, 1] denote the unit interval in the real line R and S be the set of spatial quaternionic curve

a:ICR—S,

s—ros) = oy (s)ey + ar(s)er + o3 (s)es

be an arc-lenghted curve. Then the Frenet equations of & are as:

t 0 k O t
nl=| -k 0 r n
4 0O —-r O b

. . . . . . . . . .
where t = @ is unit tangent, n is unit principal normal, b =t X n is binormal, where x denotes the quaternion product. k = ||t'|| is the
principal curvature and r is the torsion of the curve y. Morever these Frenet vectors hold the following equations:

h(t,t) = h(n,n) = h(b,b) =1,
h(t,n) = h(t,b) =h(n,b)=0.

Theorem 2.2. (see [2]) Let I = [0,1] denote the unit interval in the real line R and

a®:1cR— 0,

s — a¥ (s) = Oc(()4) (s)+ af‘” (s)er + a§4) (s)ex + Ot§4) ()es

be an arc-length curve in R*. Then Frenet equations of a® are given by

T 0 K 0 0 T
N |_| K 0 k 0 N;
Nyl 0 —k 0 (K—r) Ny
N} 0 0 —(K-r) 0 N3

4)
where T = d‘;s , N1, Ny, N3 are the Frenet vectors of the curve a® and K = HT"

is the principal curvature, k is the torsion and (K —r) is

the bitorsion of the curve a™. There exists following relation between the Frenet vectors of a® and the Frenet vectors of o
Ny (s) =t(s) X T(s), Na(s) =n(s) x T(s), N3(s) =b(s) x T(s)
and these Frenet vectors satisfy the following equations:

h(T,T) h(Ny,N1) = h(N2,Np) = h(N3,N3) =1,
WT,Ny) = h(T,N>) =h(T,N3)=h(N1,N>) = h(N1,N3) = h(N,,N3) = 0.
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Type 2-Quaternionic Frame for a quaternionic curve in R* is defined as:

Theorem 2.3. (see [10] )Let I = [0, 1] denote the unit interval in the real line R and

a®:1cR—0Q,

s — a@ (s) = OC(()4) (s)+ Ot§4) (s)er + oc§4) (s)ex + oc§4) (8)e3

be an arc-length curve in R*. Then Frenet equations of a® are given by

T 0 K 0 0 T
N, | _| -K © —r 0 N
Nyl | 0 r 0 (K —k) N, (2.2)
N, 0 0 —(K—k 0 N;

4) . L . .
where T = d%, N1, Na, N3 are the Frenet vectors of the curve a® and K = HT/ H is the principal curvature, —r is the torsion and (K — k)

is the bitorsion of the curve o (). There exists following relation between the Frenet vectors of a™ and the Frenet vectors of o
Ny (s) =b(s) X T(s), N2 (s) =n(s) xT(s), N3(s) =t(s) x T(s)
and these Frenet vectors satisfy the following equations:

WT,T) = h(Ni,Ni)=h(N2,Np) = h(N3,N3) = 1,
WT,Ny) = h(T,N>) =h(T,N3) =h(N1,N>) = h(N1,N3) = h(N,,N3) = 0.

3. Characterizations of the Quaternionic (1,3)-Bertrand Curve in Euclidean Space R*

If there exists a quaternionic Bertrand curve in R*, then the torsion —r or bitorsion K — k vanishes. So we can say that there is no quaternionic
Bertrand curves whose torsion and bitorsion are non-zero. Hence by using the method which is given by Matsuda and Yorozu [13], we give
the definition of quaternionic (1,3)—Bertrand curve according to Type 2-Quaternionic Frame and then obtain a characterization for such
curves.

Definition 3.1. Ler o) : 1 C R - R* and B(4) :1 C R — R* be a quaternionic curves. There exists a regular C*—function ¢ : 1 — 1,5 —
@(s) = § such that it corresponds each point o (s) of a'*) to the point B (s) of B, for all s € I If (1,3) —normal plane spanned by the
normal vectors N (s) and N (s) at the each point o® (s) of a'®) coincides with (1,3) —normal plane spanned by the normal vectors N (3)
and N3 (5) at the corresponding point B (5) = B (@(s)) of B® then we called a'¥ is a quaternionic (1,3) —Bertrand curve in E* and
B is called a quaternionic (1,3) —Bertrand mate of o*).

Theorem 3.2. Let a® : I CR - R* bea quaternionic curve whose the curvatures functions K, —r, K —k and ot : I C R — R3 be a spatial
quaternionic curve associated with quaternionic curve a® in R* with the curvatures k and r. Then o/® is a quaternionic (1,3) —Bertrand
curve if and only if there exists constant real numbers a # 0, b # 0, ¢, d satifying

ar(s)+b(K —k)(s) #0, @3.1)

ak(s) —clar(s)+b (K —k) (s)] = 1, (3.2)
cK(s)+r(s) = d (K —k)(s) (3.3)

(1= ) K)r(s) + ¢ (K2 5) = () = (K =k ()) 0, 34

forall s € 1.

Proof. We suppose that a®isa quaternionic (1,3) Bertrand curve given by arc-lenght parameter s and 3 @ isa quaternionic (1,3)-Bertrand
mate of o) with arc-lenght parameter §. Then we have

B (5) =B (9(5) = & (s) +a(s)Ni(s) + b(s)N3 (s) (33)
for all s € I, where a, b : I — R are differentiable functions. Taking the derivative of (3.5) with respect to s and using (2.2), we have
T($)¢' (s)= [1—al(s)K(s)|T (s)+a (s)Ni(s) 3.6)

— [a(s)r(s) +b(s) (K = k)(s)] Na(s) +b'(s)N3(s)

forall s € 1.
Since Sp{N;(s),N3(s)} = Sp{N,(5),N3(5)}, we can write

N1 (8) = cos 8(s)N (s) + sin 6 (s)N3(s), 3.7

N3(5) = —sin O(s)Ny (s) +cos O(s)N3(s). (3.8)



Konuralp Journal of Mathematics 349
We notice that sin 8 (s) # 0. Otherwise, N1 (5) = +N;(s). By using (3.6) and (3.7), we get
h(T (5) @' (s),N1(3)) = cos O(s)a'(s) +sin O (s)b'(s) = 0. (3.9)
By using (3.6) and (3.8), we get
h(T (3) @' (s),N3(5)) = —sinO(s)a'(s) +cos B(s)b'(s) = 0. (3.10)
From (3.9) and (3.10), since CO.S 0(s)  sin(s) =1, we find
—sinB(s) cosO(s) ’
a(s)=0,b'(s)=0.
From above equalites, we obtain that a and b are real constants.
So, we can rewrite 3 “) given by (3.5) as:
B (5) = o (s) +aNi (s) + bNs (s) 3.11)
and the unit tangent vector of ﬂ(4) is following:
T(5)¢'(s) = (1—aK(s)) T (s) — (ar(s) + b(K —k)(5)) Na(s), (3.12)
where
(¢'(5))* = (1 —aK(s))> + (ar(s) + (K —K)(s))* #0 (3.13)
for all s € I, if we denote by
cos 7 (s) = (%(’j@) Sint (s) = — <%{s{)’")(”), (3.14)
where 7 is differentiable function on /, so we can rewrite (3.12) as:
T (5) =cost(s)T(s)+sint(s)Na(s) (3.15)
If we calculate the derivative of (3.15) with respect to s and use (2.2), we obtain
RN (5) @' (s) = (cosT(s)) T(s) + [cos T (s) K(s) + sinT (s) r(s)] Ny (s)
+(sinT(s)) Na(s) +sint(s) (K — k) (s)N3(s)
From (3.7), we know that Ny (5) € Sp{N;(s),N3(s)}. So, from the above equation
(cost(s))' =0, (sinz(s)) =0,
and it means that T = 1 is a real constant. Then we can rewrite (3.15) as:
T (5) = costo(s) T(s) +sin (s) Na(s) (3.16)
and from (3.14), we get
cos o' (s) =1 —akK(s) 3.17)
and
sinto@' (s) = — (ar(s) + b(K —k)(s)) (3.18)
From (3.17) and (3.18)
(1—akK(s))sinty = — (ar(s) +b(K —k)(s))cos 1o (3.19)

If sin7y vanishes, then cos 7y = 1. And from (3.16), we get T (§) = £T(s). If we differentiate this equality and use (2.2), we have

N1 (5) = £1N;(s). It is a contradiction. So sin Ty # 0, that is, from (3.18) implies that
ar(s)+b(K —k)(s) #0.

Hence we obtain the relation (3.1).

ey e COST
If we denote the constant ¢ by ¢ = £ 1:(?’ from (3.19),

aK(s)—c(ar(s) +b(K—k)(s)) =1

for all s € 1. Thus we find the relation (3.2). Differentiating (3.16) with respect to s and using the equations of Type 2- Quaternionic Frame

given by (2.2), we have

K(5)N1 (5) @' (s) = (cos 1K (s) + sin tor(s)) N (s) + sin 7o (K — k) (s)N3 (s).

(3.20)
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By using (3.20) we have

COS Ty
sin Ty

2
(RE)9 ()° = (sint)? {( K<s>+r<s>) +<<Kk><s>>2} .

By using (3.17) and (3.18) in above equality,
(RE9'(5)) = (ar(s) +b(K ~K)())* [(cK(5) +r(s))> + (K ~K)5)] (9'(5))
On the other hand, from (3.2) and (3.13), we obtain

(¢'(5))* = (14¢) (ar(s) + b(K = K)(s))?

Then if we consider with (3.21) and (3.22), we get

-2

(ROP ()" = 1 (K () +r(6)P+ (K -0

By using (3.17), (3.18) and the ralation (3.2), we rewrite (3.20) as:

Ny (8) = cosn (s)Ni(s) +sinn (s)N3(s),

where
—(ar(s)+b(K —k)(s)) (cK(s)+r(s))
cosn(s) k(f) () 3
and
sinn(s) = — (ar(s) + b(K — k)(s))z(K— k)(s)

for s € 1. Here, 1 is differentiable function on /.
Taking the derivative of (3.24) and using the equations of Type 2- Quaternionic Frame given by (2.2), we have

(—ROT () =F(5)N2(5)9'(s) = —cosn(s)K(s)T(s)+ (cosT(s)) Ni(s)
+ (—cosn(s)r(s) —sinn(s) (K —k)(s)) Na(s)
+ (sin7(s)) N3 (s)

From (3.27), it satisfies

(cosm(s))' =0 and (sinn(s))' =0,

that is, 1 = 1 is a constant function on /. Let d = €T he 4 constant then from (3.25) and (3.26), we find following relation:

sinng
cK(s)+r(s) =d(K—k)(s).

Thus we obtain the relation (3.3).
Since 11 = 1 is a constant function, we rewrite (3.27)

(—K®T (5)=F(5)N2(5)) @' (s) = —cosmoK(s)T(s)+
+(—cos Mgr(s) — sinTo(K —k)(s)) Na(s)
By considering above equation with (3.12), we get

5o ]_“K )) — cosToK(s ))T(s)

FEMEe () = (1?
r(s)+b(K—k)(s))
+ < IO ) Ny (S)

—cosnor —smno(K k) (s)

= o VAT (s) +B(s)Na(s) ),

K(S')(<P ()
where
Als) = (RG)e' (S))z(l—aK( )) ( (S)+b( k)(s)) (cK(s) +r(s)) K(s),
Bls) = — (K9 () (@r —K)()+ (ar(s) + b(K ~K)(s)) (cK () +7(s) r(s)
+(ar(s) +b(K — )( ))(( )(S))2
By using (3.23) and the ralation (3.2), we can rewrite A(s) and B(s) as:

Als) = (1 +c2>_l (ar(s) +b(K —k)(s)) { (1 —c2) K(s)r(s) +c <K2 () — 2(s) — (K — k) (s))}

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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and
B(s) = —c (1 +02)71 (ar(s) +b(K —k)(s)) { (1 _c2) K (s)r(s) +c (1<2 (s) = r2(s) — (K—k)z(s)>}
Since 7 (5) N (5) @' (s) # 0 for Vs € I, we have
(1 7c2> K(s)r(s)+c (K2 () — 2(s) — (K — k)2 (s)) £0

for all s € I. Thus we obtain the relation (3.4).
Conversely, let a®:IcR—>E*bea quaternionic curve with curvatures K, —r, (K — k) # 0 satisfying the equations (3.1), (3.2), (3.3),
(3.4) for constant numbers a, b, ¢, d and 8 ) bea quaternionic curve such that

BW(s) = a® (s)+aN (s) + bN3 (s)

for all s € I. Differentiating above equality with respect to s and using the equations of Type 2- Quaternionic Frame given by (2.2), we have

4) (s
dﬁds (s) =(1—aK(s))T (s)— (ar(s) + b(K —k)(s)) N2(s),
thus, by using the relation (3.2), we obtain
4) (s
dﬁds( ) (ar(s) + K —K)($)) (€T (5) + N s))

for all s € 1. From the relation (3.1), since ar(s) + b(K — k)(s) # 0, the curve B(*) is a regular curve. Then there exists a regular C—function
@ : I — I defined by
i=p0)= [

where § denotes the arc-length parameter of 8 ). Then

ds

) |

0'(s) =eV1+c%(ar(s) +b(K —k)(s)) (3.28)
where if ar(s) + b(K —k)(s) > 0 then &€ = 1, if ar(s) + b(K — k)(s) < 0 then &€ = —1 for all s € I. Hence we can express (*) again as:
B (5) =B (9 () = o« (5) +aNi (5) + bl (5)

Differentiating the above equality with respect to s, we have

A ()
' (s) =z =~ (ar(s) + (K —k)(5)) (cT (5) + N2(s)) (3.29)
Considering (3.28) and (3.29) with together, we can write
- 1
T (§) = ——(cT(s)+Na(s)), 3.30
(5) ém( (s) +Na2(s)) (3.30)
where € = —¢. Differentiating (3.30) with respect to s and using the equations of Type 2-Quaternionic Frame, we get
dT (5 1
99 T L ((ek(5) ) M1 5) 4 (K K63 o)

ds EVI1+c?

Then we can calculate curvature of ﬁ(4> as:

(cK(s)+r()*+ (K —k) (5))°
‘: \/ PV . (3.31)

R(s) = H dz;s_)

for all s € I. From using the equations of Type 2-Quaternionic Frame given by (2.2), we can determine the unit normal vector Ny along B(4)

M) = Kés’) dY;E_s‘)
(€K () + () N1 (3) + (K~ K) ()N (5))
£/ (cK(s)+ ()’ + (K= k) (5))®
for all s € 1. Thus we can put
N(5) = cos y(s)Ni (s) +siny(s)N3 (s), (3.32)
where
cos y(s) = cK(s) +r(s) (3.33)
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and
K —
siny(s) = (K—h) () 7 (3.34)
£/ (K (5) +r(s) + (K =) (5))°
So differentiating (3.32) with respect to s and using (2.2), we have
N (5 ‘
igwm = —K(s)cosy(s)T (s) + (cos ¥(s)) N1 (s)
+(=r(s)cosy(s) — (K —k) (s)siny(s)) N2 (s) + (siny(s)) N3 (s)
On the other hand, from the relation (3.3), we get
cK(s)+r(s)
(K—k)(s)
Calculating the derivative of the last equation with respect to s, we find the following equality:
(K (5) 47 (5)) (K= ) (5) = (cK(s) +r(5)) (K—K)'(5) = 0 (3.35)
Taking the derivatives of (3.33) and (3.34) and using (3.35), we obtain
(cosy(s))' =0and (siny(s)) =0,
that is, 7 is a real constant with value }y. Thus we have
K
cos Yy = cK(s) +r(s) (3.36)
é\/(cl((s) +7(s))> 4+ (K —k)* (s)
and
sinyp = (K—k)(s) (3.37)
£/ (cK(5) + ()2 + (K =) (5)
Hence we can rewrite (3.32) as:
N1 (5) = cos N (s) +sinypN3 (s) (3.38)

Differentiating (3.38) with respect to s and using the equations of Type 2- Quaternionic Frame given by (2.2), (3.36), (3.37), we have

awmE (cK(s) +r(s)) K(s) 19

s 89/ (5) 1/ (cK(s) + 7(s))> + (K~ ) (5))?
KW ) (KR
£9' (5) 1/ (cK(s) + r(s))> + (K~ ) (5))?

By using (3.30) and (3.31), we have

2 _ B 2
RETE) = (cK(s)+r(s))" + (K 2k)( ) :
gq'(s) (1+¢2) \/(cK(s)—i—r(s)) +((K—Fk)(5))

By using the above equalities, we have

(cT (s)+Na(s))

dNi(5) | P(s) 0(s)

r +R(T(3) = mT(s)+ R() Na(s),
where we can easily show
Pls) = - [(Hz)K( )rs )+c{1<2<s>7r2<s>f(kaf(s)}]
o) = ¢[(1=)K(s)r(s)+e{K2 ) =)~ (K=k] ()}

Ris) = ¢<>(1+c)¢< K(5)+r(s)> + (K ) (5))* £0.

Since d]\;‘ (®) + R (5)T(5) = —F (5) N»(5), we obtain the torsion of §(4)
r = |6 +12(5)T(5)H (3.39)
_ 1 Jm s 2(s

(1= K(5)r(s) + e {K2(5) = 2(5) — (K =k (5) }]

0 (5)EVT T/ (cK () + () + (K k) (5))?
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Now we can define unit vector field N> (5) along /3(4),

A 1 le (S) — -
809 =~ (T ROT)
that is,
_ 1
Ny (5) = i (=T (s)+cN(s)) (3.40)
Also, we can define the unit vector field N3 () along B(*) as:
N3(5) = —sinyNy (s)+cos N3 (s)
_ 1 — (K—k)(s) N1 (s)
- (sexe Lot ) 4D

£/ (cK(s) + () + (K =) (5))°

Finally we define the bitorsion of (4

K-D)E = <dN2(§),N3(§)>

_ (K—k) (s)K(s)V1+c2 (3.42)

9 () (K (5) 4 () + (K k) (5))°

for all s € 1. Using the Frenet vectors T, Ny, Ny, N3 we can easily see that
h(T,T) =h(Ni,N1) = h(N2,N>) = h(N3,N3) = 1,
and
h(T,N1) = h(T ,N2) = h(T ,N3) = h(N1,N2) = h(Ny,N3) = h(N>,N3) =0,
for all s € I where {T(5), N1 (5),N2(5),N3(5)} is Frenet frame along quaternionic curve B* in E*. And it is fact that (1,3) normal plane

Sp{N;,N3} of ¥ coincides (1,3) normal plane Sp {N;,N3} of B*). Consequently, (¥ is a quaternionic (1,3) Bertrand curve in E* and
B is quaternionic (1,3) Bertrand mate of it. This completes the proof. O

Theorem 3.3. Let a'¥) : 1 C R — E* be a quaternionic (1,3) Bertrand curve and B(4> be a quaternionic (1,3) Bertrand mate of a® and
¢ :1—1, 5= @(s) is a regular C*—function such that s and § are arc-length parameter of a™ and [3(4>, respectively. Then the distance
between the points a'®) (s) and B (5) is constant for all s € I.

Proof. Let a® : 1 € R — E* be quaternionic (1,3)-Bertrand curve in E* and B®*) : T ¢ R — E* be a quaternionic (1,3)-Bertrand mate of
a® . Then we can write,

B (5) = ol (s) +aNy (s) + bN3(s)
where a and b are non-zero constants. Thus, we can write
BY ()~ ¥ (s) = aNi (s) + b3 (s)
and
|89 )= al¥ (5)| = Va2 412
O
Theorem 3.4. Let o®) : 1 CR — E* be a quaternionic (1,3)-Bertrand curve such that o, : 1 C R — B3 is a spatial quaternionic curve

associated with a®). If [3(4) is a quaternionic (1,3)-Bertrand mate of o “4) then the curvature Sfunctions of B ) are determined in terms of
the principal curvature K of the curve a™ and the principal curvature k of the curve o as follows:

_ V12 (KK (s)

K(5) 55(1+62)(1—a1((s))7
5 = c|(c(1+d%) (K—k)(s) = (1+c*) dK(s))|
g(1+c2)V1+d*(1-akK(s)) :
R(3)—k(3) = cK (s)

g5V1+d?(1—akK(s))’

where 8 is the signature of the curvature K — k, that is, 6 (K — k) > 0.
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Proof. We suppose that a®:IcR—E*isa quaternionic curve whose the curvatures functions K, —r, K —kand a : I C R — E3 be a
spatial quaternionic curve associated with quaternionic curve o (4) in E* with the curvatures k and r. In that case for constant real numbers
a#0,b+#0,c,d hold the relations (3.1), (3.2), (3.3), (3.4). If B(4> is a quaternionic (1, 3)-Bertrand mate of a® then the curvature functions
of B(4) are defined by the equations (3.31), (3.39) and (3.42) in Theorem 3.2. If we consider (3.31), (3.39) and (3.42) with the relations (3.1),
(3.2), (3.3), (3.4), we obtain these curvature functions in terms of the principal curvature K of the curve a® and the principal curvature k of
the curve . O

Remark 3.5. We note that ifoc(4) is a quaternionic (1,3)-Bertrand curve and B(4) is a quaternionic (1,3)-Bertrand mate of a® then the
curvature functions of ﬁ(4) is independent of the torsion —r of a®.

Theorem 3.6. Let a'®) : I € R — E* be a quaternionic (1,3)-Bertrand curve and B®) be a quaternionic (1,3)-Bertrand mate of o).
Then the curvature functions of the curve B which is a spatial quaternionic curve associated with 3 ) are defined by

- c[(1+d?) (K—k)(s)— (1+c)K(s)]

O = (1+c2) V1+d? (1—aK(s))
M) = _c|(c(1+d2) (K—k)(s)— (1+c*)dK(s))|
E(1+c*)V1+d?(1—aK(s)) '
Proof. Itis obvious from Theorem (3.4). O

Example 3.7. We will examine a special case of the example which is given by Matsuda and Yorozu in [13] for quaternionic (1,3)-Bertrand
curve according to Type 2-Quaternionic Frame and we will see that the Theorem (3.2) is provided with this example.
Let consider a quaternionic curve a® (s) in R* defined by

cos (V%s) ,

@ sin (55
O o ().
sin (ﬁs)

for s € 1. The curve a™ is a unit speed regular curve. With the help of Type-2 Quaternionic Frame, we get o, spatial quaternionic curves in
R3 associated with quaternionic curve a® inR* as:

1 6 4 . 4
o(s)= 75 (\/—ros, —7cos <\/T>OS> ,—7sin (\/—ros)) .
The principal curvature and torsion of @ are given
112 24
= 0vE2 and r = oV

Then we have the curvatures of o, @ gs -
8 _ 24 _ 30

— —r=———, K—k=———+.
1082 1082 1082
Fora=10v82, b= —10v82, c = % d= f%, the curvatures of quaternionic curve a® satisfy the relations (3.1), (3.2), (3.3), (3.4).

Hence a™ is a quaternionic (1,3)-Bertrand curve and its quaternionic (1,3)-Bertrand mate B is obtained as:
B 35
11cos < 7 m) s
T 35
ﬁ(4)(§):9 11sin 27—\/@ ,
9cos ;> ,
27130
: 5
osin{ 37150

where § = @ (s) = 27\/13s. By using Type-2 Quaternionic Frame given by (2.2), B spatial quaternionic curves in R3 associated with
quaternionic [3<4) in R* is obtained as:

1 22 45 45
§)= —— (——=—5,-837cos [ —— ), —837sin
P \/122( V130 (27\/130) (2%/130))

The principal curvature and torsion of B are given

Z 496 J7 88
=————andi=———
3510122 3510122
So, the curvatures of [3<4) are computed as :
o 366 e 88 R—f—— 130
3510122 3510122 35101122

From (3.31), (3.39) and (3.42), we can compute the curvatures 0f[5<4) by using the curvatures of a® and the real numbers a, b, c, d, too.
Hence we see that Theorem (3.2) is provided.
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4. Conclusion

Since there is no Bertrand curves whose torsion and bitorsion are non-zero in R*, Matsuda and Yorozu defined a new type of Bertrand curves
which is called (1,3)-Bertrand curve. Kegilioglu and Ilarslan introduced quaternionic (1,3)-Bertrand curves in Euclidean 4-space by using the
quaternionic frame given by Bharathi and Nagaraj. Kahraman Aksoyak defined a new type of quaternionic frame in R* which is called
Type 2-Quaternionic Frame. In this paper, we investigate quaternionic (1,3)-Bertrand curve according to Type 2-Quaternionic Frame. The
most important point of working on quaternionic curves is this: if a quaternionic curve is given in R?, a spatial quaternionic curve in R3 is
determined individually. So, when we study about curves in R*, we get an idea of curves in R3. It allows us to work with curves in both R3
and R*
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