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Abstract 
Thermo elastic properties of nanomaterials has been very interesting among the researchers during the last decade, 

still it is a great challenge to predict the exact thermoelastic behaviour of nanomaterials.  In the present work we have 

studied the volume thermal expansion coefficient of low dimensional solid and the variation of Young’s modulus with 

change in temperature for different shapes of nanomaterials by considering the effect of packing factor. We have 

computed the volume thermal expansion coefficient of Silver (Ag), Aluminum (Al), Copper (Cu), and Lead (Pb) with 

their varying size. The effect of temperature on Young’s modulus of Silver (Ag), Gold (Au), Nickel (Ni), Copper (Cu) 

and Silicon (Si) has also been studied. The computed results are compared with available experimental data which 

confirms that the volume thermal expansion coefficient increases with reduction in size of the nanomaterials. It has 

been also observed that the Young’s modulus has linear decrement with increase in temperature which indicates that 

Young’s modulus of nanomaterials has negative temperature coefficient. 

  

Keywords: Thermal expansion coefficient; packing factor; elastic properties; nanostructures.  

 

1. Introduction 

Nanomaterials are characterized as materials which have 

at least one of the dimensions measuring less than 100 nm 

are known as nanomaterials. Nowadays nanomaterials have 

become one of the most vigorous fields of research because 

at this scale a unique optical, thermodynamic, magnetic, 

electrical and other property emerges. Because of their small 

size, nanomaterials have distinct properties when compared 

to the bulk type of same material. This change is profoundly 

because of the quantum confinement effect and larger 

surface area. At the point where the size of particle reduces 

at nanolevel, the surface to volume ratio increases quickly. 

Many investigations of size and temperature dependent 

thermal and mechanical property of the nanoscaled materials 

are being carried out for many years. In this study, our aim 

is to examine the effect of size on volume thermal expansion 

and effect of temperature on Young’s modulus of 

nanomaterials. Different group of researchers did the both 

experimental and theoretical works on these properties [1-9]. 

Out of the different theoretical models, the most effective 

model for thermal expansivity was given by R. Kumar and 

M. Kumar [10] based upon the most basic concept of 

cohesive energy of the materials. As the material’s 

dimensions approaches from bulk to the nanoscale, the 

thermal expansion coefficient changes with change in size of 

the material. This fact is experimentally observed many 

times. Change in size or volume of a given material of fixed 

mass in retaliation to change in temperature is termed as 

thermal expansion. Upon heating a substance, its kinetic 

energy increases and thus molecules begin to vibrate more 

and usually keep up greater mean separation. The change in 

size of an object with change in temperature is suitably 

explained by the thermal expansion coefficient. It measures 

the change in size for unit degree rise in temperature at a 

constant pressure. 

The temperature-dependent mechanical properties such 

as elastic property of nanomaterials is significant to abstain 

to processing defects, to understand and to enhance the high-

temperature performance. The stability of devices at 

nanolevel is related to elasticity and its temperature 

dependence. For instance, the elastic instability by increasing 

the temperature may cause the failure of integrated circuits 

as well as other microelectronic devices. Thus the study of 

the effect of temperature on elastic modulus is more useful. 

The stability or consistency of nanoscale devices is 

related to elastic properties of nanomaterials and 

temperature, thus the analysis of the elastic properties of 

nanomaterials under temperature is very important. On the 

basis of above discussions we can conclude that the elastic 

modulus of nanomaterials vary not only with the temperature 

but also make significant impact on the volume thermal 

expansivity of the material. It has been found that, as 

temperature increases the effect on phonon energy and strain 

may increases and decreases, respectively. Our special 

attention was focused to investigate the effect of temperature 

on elastic modulus uniquely Young’s modulus of 

nanomaterials at different thickness. For theoretical 

demonstration, we consider a well-established model 

proposed by Sharma et.al. and considered a very simple and 

fundamental relation between thermal behavior and elastic 

behavior of nanomaterials [11]. 

 

2. Theoretical Analysis 

Thermal and elastic behavior of nanomaterials is directly 

related to the cohesive energy of the nanomaterials. It is also 

reported that the thermal expansivity of the nanomaterial is 

closely related to its cohesive energy. Total cohesive energy 

of the nanosolid Etotal is given in terms of the cohesive energy 

of its surface and inner atoms, which can be given as [12]- 

 
2

total o o
N

E E n N E           (1) 

where, Eo is the cohesive energy of an atom, n is the total 

number of atoms of the nanosolid, N is the total number of
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surface atoms. If EN is the cohesive energy per mole of the 

nanosolid given by 

total
N

AE
E

n
           (2) 

where, A is the Avogadro number and EB is the cohesive 

energy per mole of the equivalent bulk sample given by EB = 

A Eo, then Eq. (1) becomes: 

1
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 
  

 
         (3) 

The cohesive energy of nanomaterials is directly dependent 

to its elastic modulus of elasticity [10], thus we have the 

following relation: 

1
2

N B

N
Y Y

n

 
  

 
        (4) 

where YN is the Young’s modulus of elasticity of the 

nanosolid and YB is the Young’s modulus of elasticity of the 

corresponding bulk material. 

Kumar et. al. uses the relation between bulk modulus (B) 

and thermal expansion coefficient (α) i.e.  αB = constant, to 

formulate the expression for the variation of volume thermal 

expansion coefficient with the size of the nanoparticles [10]. 

According to this relation  
1

1
2

N B

N

n
 



 
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 
         (5) 

 

2.1 Volume Thermal Expansion Coefficient of 

Nanoparticle 

If we consider the case of spherical nanocrystal of 

diameter D with atomic diameter d, then the total number of 

atoms n is given by [13]  
3

3

D
n

d
          (6) 

where η is the atomic packing factor which may be defined 

as the fraction of volume of crystal occupied by its 

constituent atoms. 

atom

cell

V

V
   

where, Vatom is the volume of an atom and Vcell is the volume 

of the unit cell. Now, the surface area of nanoparticle is πD2 

and area of each surface atom that contributes to the surface 

area of nanoparticle is πd2/4. 

Thus, the total surface atoms N is given by [14] 
2

2

4D
N

d
           (7) 

Therefore, using Eq. (6) and Eq. (7) we have 
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Hence,  
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2.2 Volume Thermal Expansion Coefficient of Nanowire 

The volume of a nanowire of diameter L and height h, is 

πL2h/4, thus in reference of Eq. (6), total number of atoms n 

becomes 

2

3

3

2

L h
n

d
         (10) 

The total surface area of the nanowire will be (πL2/2) + πLh. 

Number of atoms on the surface N is 
2

2

2 4L Lh
N

d


        (11) 

Hence, from Eq. (10) and Eq. (11) we have 
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 
       (12) 

For nanowire, h>>L, thus we have from above equation 

4
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Hence Eq. (9) becomes 
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2.3 Volume Thermal Expansion Coefficient of Nanofilm 

If we consider Eq. (12) with similar meaning of the 

parameters in the case of nanofilms, then L>>h, so from Eq. 

(12)  

2

2 3

N d

n h
  

Thus, 
1
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 
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Eqs. (9), (13) and (14)  give the relation between volume 

thermal expansion coefficient of the nanomaterials (αN ) and 

the bulk material (αB), depending on  atomic diameter (d) and 

the size of the  nanomaterials. 

 Kumar et. al. has proposed a model for studying the 

temperature dependence of thermal expansion of 

nanomaterials [15], according to this model 

 
1

01N
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B
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 

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           (15) 

Here, αN and αB is volume thermal expansion of 

nanomaterials and corresponding bulk materials, 

respectively. 𝛿T is known as the Anderson–Gruneisen 

parameter. Putting the value αN in Eq. (15) from the Eq. (5) 

we get, 
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    (16) 

For nanomaterials thermal and elastic behavior are 

inverse to each other [11]. Accordingly, we can compose a 

relation to study the temperature dependence on elastic 

properties of nanomaterials.  

Therefore, finally we can write an expression for the 

temperature dependence of Young’s modulus for 

nanomaterials, which is given as: 

 
1
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Y n
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  
     

   

     (17) 

Here, YN is Young’s modulus of nanomaterials. YB is 

young modulus corresponding to bulk materials.
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The fraction N

n
 represents the number of surface atom in 

comparison to the total number of atoms in the material 

which depends on the shape of the nanomaterials. The values 

of this fraction for different shapes of nanomaterials are 

calculated in previous section.  

For spherical nanosolid 
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     (18) 

For nanowire 
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For nanofilm 
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Eqs. (18)-(20) are the general relations to examine the impact 

of temperature on Young’s modulus of all three dimensions 

viz. nanosolid, nanowires and nanofilms, respectively. 

3. Results 
For the better understanding of the above theory, we 

have studied the variation of the thermal expansion 

coefficient with size of the nanostructured materials and the 

variation of the Young’s modulus of different nanomaterials 

with temperature for their fixed sizes. 

In the first part of our work we have used Eqs. (9), (13) 

and (14) for computing the size dependent volume thermal 

expansion coefficient of all the three dimensions for Al 

(aluminium), Ag (silver), Cu (copper), and Pb (lead) 

nanosolids. Input data for computing the results are obtained 

from the Table 1. Computed results are plotted in the Figures 

1-4, and the obtained results are also compared with the 

available experimental results. 

Table 1. Required data for the atomic diameter d (nm), 

atomic packing fraction η and the bulk volume thermal 

expansion coefficient αB (x 10-5 K-1) of nanomaterials[16-

21]. 

 

 

Figure 1. Variation of volume thermal expansion coefficient 

of Aluminium nanoparticle, nanowire and nanofilm with 

change in size D, L and h (nm) respectively. The 

experimental points represent nanoparticles [17].  

 

Figure 2. Variation of volume thermal expansion coefficient 

of silver nanoparticle, nanowire and nanofilm with change 

in size D, L and h (nm) respectively. The experimental points 

represent nanoparticles. [17]. 

 

Figure 3. Variation of volume thermal expansion coefficient 

of copper nanoparticle, nanowire and nanofilm with change 

in size D, L and h (nm) respectively. The experimental points 

represent nanoparticles[17].
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Nanoparticle Equation (9)

Nanowire Equation (13)

Nanofilm Equation (14)

Nanoparticle Experimental 
Nanomaterial 

Atomic 

diameter d 
(nm) 

Atomic 

Packing 
Fraction η 

αB 

(x 10-5 K-1) 

Al 0.2860 0.74 6.9 

Ag 0.2880 0.74 5.83 

Cu 0.2560 0.74 4.9 
Pb 0.3898 0.74 8.7 



 
4 / Vol. 24 (No. 1)    Int. Centre for Applied Thermodynamics (ICAT) 

 

Figure 4. Variation of volume thermal expansion coefficient 

of lead nanoparticle, nanowire and nanofilm with change in 

size D, L and h (nm) respectively, the experimental points 

represent nanoparticles [22]. 

Fig.1-4 are showing the variation of volume thermal 

expansion coefficient of nanoparticles, nanowire and 

nanofilms with their sizes. The available experimental 

results are also compared with our computed results. Our 

computed results can be discussed as following: 

(a) The size dependent volume thermal expansion coefficient 

of Al, Ag Cu, Pb nanoparticles is verified with the 

available experimental results. From the figures 1, 2, 3 

and 4, it is well observed that our theoretical results are 

in good agreement with the available experimental data. 

This validates the model for thermal expansivity 

suggested in the present work.  

(b)   The nanomaterials show an increasing trend of volume 

thermal expansion coefficient with decrease in its size. It 

is marked here that the variation of thermal expansion 

coefficient is effective in lower nanoscale, above which 

its value slowly approaches towards the bulk value of the 

material. Available experimental results and predicted 

curves shows same trend of variation.  

Another fact that is noticeable from above figures is that 

at a particular size of the nanomaterial, the thermal expansion 

coefficient of the nanoparticles is higher than that of the 

nanowire and the least in case of nanofilms. The reason to 

this fact lies in the ratio N/2n; it can also be explained by 

cohesive energy of nanomaterials. It is observed that there 

are a greater number of atoms are revealed to the surface than 

in the interior in case of nanoparticles in comparison to the 

other two dimensions. Similarly, the least number of atoms 

are exposed to the surface than in the interior in nanofilms. 

Since larger the number of surface to interior atoms, lesser is 

the cohesive energy required for that material. Thus, the 

cohesive energy required for the material of a particular size 

is highest for nanofilms and the least for nanoparticles. Since 

the cohesive energy is inversely proportional to thermal 

expansivity thus, the volume thermal expansion coefficient 

for nanofilms is lowest than nanowires and nanoparticles of 

at the same size. 

In the second part of our work, we have used Eqs. (18)-

(20) for computing the variation of Young’s modulus with 

temperature for Au (gold), Ag (silver), Ni (nickel), Cu 

(copper), Si (silicon) nanosolids at particular size. In our 

present work, we have focused to predict the effect of 

temperature on Young’s modulus of FCC structured 

nanofilms.  Input data to computing the results are obtained 

from the Table 2. Computed results are shown in the Figures 

5-11, which has also been compared with the available 

experimental results.   

 

Table 2. Required data for the atomic diameter d (nm), 

bulk volume thermal expansion coefficient αb (10-6 K-1) 

and bulk Young’s modulus Yb (GPa)  

 

Figure 5. Variation in Young’s modulus of Copper (Cu) 

nanofilm with temperature at 12nm thickness. The simulated 

data is shown by * for Cu nanofilm [23]. 

 

Figure 6. The deviation in Young’s modulus ratio of Silicon 

(Si) nanofilm with temperature at 10.9nm thickness. The 

simulated data is shown by * for Si nanofilm [23].
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Theoratical prediction of Cu nanofilm for 12nm

Liang et. al.
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Theoretical prediction of Si nanofilm for 10.9 nm

Liang et. al

Nanomaterials Atomic 
diameter d 

(nm) 

Bulk volume 
thermal 

expansion αb 

(10-6K-1) 

Bulk 
Young’s 

modulus Yb 

(GPa) 

Au 0.2880 14.2 78 
Ag 0.3300 18.9 83 

Ni 0.2480 13.4 200 

Cu 0.2556 16.5 130 
Si 0.3368 4.2 47 
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Figure 7. The deviation in Young’s modulus ratio of copper 

(Cu) nanofilm with temperature at 10.4nm thickness. The 

symbol * represents experimental data [24]. 

 

Figure 8. The deviation in Young’s modulus ratio of Nickel 

(Ni) nanofilm with temperature at 11.4nm thickness. The 

symbol * represents experimental data available [24]. 

 

Figure 9. The variation of Young’s modulus of Silver (Ag) 

nanofilm with temperature at 6.01nm thickness. The symbol 

* represents experimental data available [24]. 

 

Figure 10. The deviation in Young’s modulus ratio of Silver 

(Ag) nanofilm with temperature at 10.97nm thickness. The 

symbol * represents experimental data available [24]. 

 

Figure 11. The deviation in Young’s modulus ratio of gold 

(Au) nanofilm with temperature at 100nm thickness. The 

symbol * represents experimental data available [9]. 

 

Sharma et. al. [11] predicted the model for studying the 

temperature effect on Young’s modulus of Cu nanofilm at 

10.4nm and 12nm and Si nanofilm at 10.9nm thickness 

where they compared their work with the experimental data. 

It has been found that the model agrees well with 

experimental available data. So, in this work, we further 

implement the model for Au nanofilm at 100nm, Ni nanofilm 

at 11.4nm, Ag nanofilm at 6.01nm and 10.97 nm thickness. 

The variation of Young’s modulus for varying sizes of Cu 

and Ag have been shown in Figures 5 and 7; Figures 9-10. 

From these graphs it is clear that the Young’s modulus 

decreases with decrease in size in each cases [5]. Since the 

experimental data on temperature dependence of Young’s 

modulus for different shapes (viz. nanowires and nanosolids) 

are not available in literature. Therefore, we predict the 

results in the absence of experimental data. 

We have verified our results using the experimental data 

available for Ag, Cu, Ni and Au nanoparticles. Our computed 

results for Cu, and Si are also compared with the simulated 

results reported by other researchers [25]. There is a very 

good agreement between our computed results and the 

experimental results or the simulated results reported by 

[25]. Variation of Young’s modulus with temperature for 
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different nanomaterials are plotted in the Figures 5-11. The 

computed values for Young’s modulus along with available 

experimental data reported by Liang et.al. [23] is shown 

Figures 5 and 6. This section includes the discussion on the 

facts which are marked in the plots showing the variation of 

Young’s modulus with temperature as described below: 

  

(a) Validation of our results is based on the available 

experimental results and the simulated results reported by 

Liang et. al [23]. They performed molecular dynamics 

simulations of the biaxial tension of copper nanofilms at 

various temperature to validate the temperature impact 

on the elastic modulus. In the present work the 

temperature dependence of Young’s modulus obtained 

from Eq. (20) are reported in Figures 7-11 along with the 

corresponding experimental data. It is obvious from the 

graphs that, the predicted results showing the temperature 

impact on the Young’s modulus has excellent agreement 

with experimental values for nanomaterials. Using same 

theory Eqs. (18)-(20) have been used for predicting the 

variation in Young’s modulus with temperature for other 

nanomaterials. 

(b) It is observed that the Young’s modulus decreases with 

the increase in the temperature    due to the increase in the 

amplitude of atomic vibrations and thermal expansion. At 

a point when temperature is higher, the atomic thermal 

vibration increases which will lead for the changes in 

lattice potential energy. Thus, the Young’s modulus 

changes accordingly.  As temperature increases the 

Young’s modulus of nanofilms decreases linearly up to 

1000 o K, and perhaps well beyond. Hence, it is noticeable 

that the Young’s modulus of nanomaterials has negative 

temperature coefficients. 

 

4. Conclusion 

The behavior of volume thermal expansion coefficient 

with size and the Young’s modulus of nanomaterials with the 

change in temperature have been studied. It is concluded 

that, the volume thermal expansion coefficient increases 

with reduction in size of the nanomaterial (for all the three 

dimensions) and at a particular size of the material, the 

thermal expansion coefficient of nanoparticles is higher than 

that of nanowires and the least for nanofilms.  

It is also observed that the Young’s modulus decreases 

with increase in temperature linearly up to1000o K and 

perhaps well beyond. The negative temperature coefficients 

of Young’s modulus of nanomaterials has also been 

observed. From the variation of Young’s modulus for 

varying sizes of Cu and Ag, it is clear that the Young’s 

modulus decreases with decrease in size. In our work much 

weightage has been given to packing fraction of crystals, 

because due to this key factor our predictions are much closer 

to the experimental evidences than the earlier reported 

simulated results. 
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