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1. Introduction

An arithmetical function is a complex valued function defined on the set of positive integers and the set

of these functions is denoted by A. The (Dirichlet) convolution
(
g ∗h

)
of g and h is defined by

(
g ∗h

)
(n) =∑

d |n g (d)h
(n

d

)
for all g ,h ∈ A. Rearick [2] introduced the notions of Logarithm and Exponential operators of

arithmetic functions. These operators were inverses of one another. The Logarithm operator takes Dirichlet

products to sums in A, and the Exponential operator takes sums to Dirichlet products. Inspired by Rearick’s

work Li and MacHenry introduced LOG and EXP operators. The LOG operates on generalized Fibonacci

polynomials(Fk,n(t )) giving generalized Lucas polynomials(Gk,n(t )). The EXP is the inverse of LOG[1]. Then

Li and MacHenry defined the "Hyperbolic" SINE and "Hyperbolic" COSINE functions with the help of the

EXP operator. First, let’s give the definitions necessary to make sense of these definitions.

Definition 1.1. [1] An isobaric polynomial is a polynomial in the variables t1, t2, . . . , tk for k ∈ {1,2, . . .}, with

coefficients in Z, of the form

Pk,n(t1, t2, . . . , tk ) = ∑
α`n

Cαtα1
1 tα2

2 . . . tαk

k

where α= {α1,α2, . . .αk } and α` n means that
k∑

j=1
jα j = n.
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Article History: Received: 04.02.2021 - Accepted: 05.04.2021 - Published: 02.06.2021

https://dergipark.org.tr/tr/pub/ikjm
https://orcid.org/0000-0001-5739-4117
https://orcid.org/0000-0001-6028-8817
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Definition 1.2. [1] A weighted isobaric polynomial given by the following explicit expression:

Pw,k,n(t1, t2, . . . , tk ) = ∑
α`n

(
|a|

α1,α2, . . . ,αk

)∑k
j=1 w jα j

|α| tα1
1 tα2

2 . . . tαk

k

where w is the weight vector (w1, w2, . . . , wk ), w j ∈Z and |α| =α1 +α2 + . . .+αk .

Fk,n(t ) and Gk,n(t ), are defined inductively by as follows:

Fk,0(t ) = 1, Fk,n+1(t ) = t1Fk,n(t )+·· ·+ tk Fk,n−k+1(t )(n > 1),

and

Gk,0(t ) = k, Gk,1(t ) = t1, Gk,n(t ) =Gk−1,n(t )(1 ≤ n ≤ k),

Gk,n(t ) = t1Gk,n−1(t )+·· ·+ tkGk,n−k (t )(n > k),

where the vector t = (t1, t2, . . . , tk ) and ti (1 ≤ i ≤ k) are constant coefficients of the core polynomial

P (x; t1, t2, . . . , tk ) = xk − t1xk−1 −·· ·− tk .

Li and MacHenry [1] defined two operators L (LOG) and E (EXP).

Definition 1.3. [1] For a fixed k and n ≥ 1,

L (Pn) =−tn−1P1 −2tn−2P2 − ...− (n −1)t1Pn−1 +nPn

where Pn is weighted isobaric polynomial and ti = 0 for i > k.

Definition 1.4. [1] For a fixed k, E (Gk,0) = 1,

E (Gk,n) = 1

n
(Fk,n−1Gk,1 +Fk,n−2Gk,2 + ...+Fk,1Gk,n−1 +Gk,n).

Lemma 1.5. [1]L and E are inverses of one another on F and G, i.e.,

L (Fn) = Gn

E (Gn) = Fn

Definition 1.6. [1] "Hyperbolic" SINE and "Hyperbolic" COSINE functions are defined as;

C (G) = 1

2
(E (G)+E (G))

S(G) = 1

2
(E (G)−E (G)).

2. "Hyperbolic" Trigonometric Operators

The purpose of this article is to give proofs of some properties provided by "Hyperbolic" trigonometric

functions defined in [1].
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Theorem 2.1. [1] Let δ be the function whose values are (1,0,0, ...,0, ...),

C (G)∗2 −S(G)∗2 = δ.

Theorem 2.2. [1] Let F and G be induced by the core
[
t1,...,tk

]
, F

′
and G

′
be induced by the core

[
t
′
1,...,t

′
k

]
with L (F ) =G and L (F

′
) =G

′
, then

C (G +G
′
) = C (G)∗C (G

′
)+S(G)∗S(G

′
),

S(G +G
′
) = S(G)∗C (G

′
)+C (G)∗S(G

′
).

Theorem 2.3. Let F and G be induced by the core
[
t1,...,tk

]
, with L (F ) =G then,

S(2G) = 2(S(G)∗C (G))

Proof.

2(S(G)∗C (G)) = 2(
1

2
(E (G)−E (G))∗ 1

2
(E (G)+E (G)))

= 1

2
(E (G)−E (G))∗ (E (G)+E (G))

= 1

2
(E (G)∗E (G)+E (G)∗E (G)−E (G)∗E (G)−E (G)∗E (G))

= 1

2
(E (2G)−E (2G))

= S(2G).

Theorem 2.4. Let F and G be induced by the core
[
t1,...,tk

]
, with L (F ) =G then,

C (2G) = 2(C (G))∗2 −δ.

Proof.

2(C (G))∗2 −δ = 2

(
1

2
(E (G)+E (G))

)∗2

−δ

= 1

2

(
E (G)+E (G)

)∗2 −δ

= 1

2
(E (G)∗E (G)+2E (G)∗E (G)+E (G)∗E (G)−2δ)

= 1

2
(E (2G)+2δ+E (2G)−2δ)

= 1

2
(E (2G)+E (2G))

= C (2G).
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Theorem 2.5. Let F and G be induced by the core
[
t1,...,tk

]
, with L (F ) =G then,

C (2G) = (C (G))∗2 + (S(G))∗2

Proof.

(C (G))∗2 + (S(G))∗2 =
(

1

2
(E (G)+E (G))

)∗2

+
(

1

2
(E (G)−E (G))

)∗2

= 1

4

((
E (G)+E (G)

)∗2 +
(
E (G)−E (G)

)∗2
)

= 1

4
(E (G)∗E (G)+2E (G)∗E (G)+E (G)∗E (G)

+E (G)∗E (G)−2E (G)∗E (G)+E (G)∗E (G))

= 1

4
(E (2G)+E (2G)+E (2G)+E (2G))

= 1

4
(2

(
E (2G)+E (2G)

)
)

= 1

2
(E (2G)+E (2G))

= C (2G).

Theorem 2.6. Let F and G be induced by the core
[
t1,...,tk

]
, with L (F ) =G then,

C (2G) = 2(S(G))∗2 +δ

Proof.

2(S(G))∗2 +δ = 2

(
1

2
(E (G)−E (G))

)∗2

+δ

= 1

2
(
(
E (G)−E (G)

)∗2
)+δ

= 1

2
(E (G)∗E (G)−2E (G)∗E (G)+E (G)∗E (G)+2δ)

= 1

2
(E (2G)−2δ+E (2G)+2δ)

= 1

2
(E (2G)+E (2G))

= C (2G).
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