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Abstract

The real and complex quaternion algebras are isomorphic to real matrix algebras including the special types 4 x 4
and 8 x 8 real matrices, respectively. These situations are based on the fact that a finite dimensional associative
algebra L over any field K is isomorphic to a subalgebra of M,(K) where dimension of L equals n over the
field K. Considering this fact and using the left Hamilton operator, we get 8 x 8 real matrix representations of
elliptic biquaternions in this study. Then a numerical method is developed to solve the linear elliptic biquaternion
equations with the aid of the aforesaid representations. Also, an illustrative example and an algorithm are
provided to show how this method works.
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1. Introduction

Real quaternions were introduced in 1843 by Hamilton [1]. The set of real quaternions is represented as
H={q=qo+qii+qi+q3K:90,91,92,93 € R},

where the quaternionic units i, j and k satisfy the following rules:
iP=j=K=-1, ij=—ji=k, jk=—-kj=i, ki=—ik=j. 1)

Hamilton also discovered the biquaternions(complex quaternions) [2]. The set of biquaternions is given as in the following:
He ={A=Ap+A1i+Aj+Ask: Ag,A,Ar,A3 € C},

where quaternionic units satisfy the same rules in (1).

The algebra of real quaternions is isomorphic to a real matrix algebra including special type 4 x 4 real matrices. Also, from
[3], we know that there is an algebra isomorphism between the biquaternion algebra and a real matrix algebra including special
type 8 x 8 real matrices. These representations can be seen as useful tools for discussing the solutions of linear real quaternion
equations and linear biquaternion equations. There can be found some studies [4, 5, 6, 7], which investigate the solutions of the
aforesaid equations, in the literature.

*This study is the completed version of the study titled ”On the Solutions of Linear Elliptic Biquaternion Equations”, which was presented as an oral
presentation at the 3rd International Congress on Statistics Mathematics and Analytical Methods. The congress was held at the Hampton by Hilton Istanbul
Zeytinburnu hotel between 12-13 March 2020 and the abstract was published in the abstract book of the congress.
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In recent years, the set of elliptic biquaternions, that includes the set of biquaternions and real quaternions as a special case,
has been introduced. The set of elliptic biquaternions is given in the cartesian form as

HC, ={U =Uy+ U i+ Uj+Usk : Uy, U;,Up,U3 € C, },

where C, = {x+1y x,yeER, P=p,pe R’} states the system of elliptical complex numbers [8]. Some interesting studies
[9, 10, 11, 12, 13] on elliptic biquaternions can be found in the literature.

Investigating the solutions of linear elliptic biquaternion equations is a new and interesting topic. A general method, derived
from the right Hamilton operator, was given for solving linear elliptic biquaternion equations by Ozen & Tosun in [12]. This
study has motivated us in the process of preparing the present paper.

8 x 8 real matrix representations of elliptic biquaternions, derived from left Hamilton operator, are obtained in this study.
Also, we develop a numerical method to discuss the solutions of linear elliptic biquaternion equations with the aid of these
representations. Finally, we provide an illustrative example and an algorithm to show how this method works.

Throughout this study, the set of all matrices on real numbers and the set of all matrices on elliptical complex numbers are
shown with M., (R) and My, (C,), respectively.

2. Preliminaries

Let U = Up+Uii+Urj+Usk, V = Vo +Vii+ V2j+ Vzk € HC, be any elliptic biquaternions and A € C, be any elliptical
complex number. Then, the operations of addition, scalar multiplication and multiplication are defined as in the following [8]:

U+V =(Uy+Vo)+ (U +W)i+ (U +Va)j+ (Us+V3)k

AU = (AUp) + (AU i+ (AU)j+ (AUs) k

+ [(U()Vl) + (U]V()) + (U2V3) — (U3 ]i
+[(UoV2) = (U1V3) + (UVo) + (UsW1)]§
+[(UoV3) + (U1Va) — (UaV1) + (UsVo) k.

In the matrix set M,,;x, ((Cp), the ordinary matrix multiplication and addition are defined. On the other hand, the scalar
multiplication is stated as

AA = A (aij) = (Aaij) € Mpsn (Cp) ,
where A = (a;j) € Miuxn (Cp) and A € C,, [14].

4 x 4 elliptic matrix representations of elliptic biquaternions is another concept that can be of importance. For
U = Uy + Ui+ Usj+ Usk € HC,, the following matrix

Uy -U U -Us
Ur U Uus -Up

HOU=\y, v, v v |
Us U, -U U
which corresponds to left Hamilton operator
h~:HC, — HC,
V - h(V)=VU,
is a faithful elliptic matrix representation of U. The properties

(H-(U)y=H (V))&U=V

H (U+V)=H (U)+H (V)
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H (UV)=H (V)H (U)
are satisfied for U,V € HC,, [13].

Any elliptic matrix B = By + 1By € My« (C,) has a faithful real matrix representation as in the following:

)= oy “VaplE: | @

since the function

Yo : Minxn (Cp) = M5}, 5, (R)
B, —/I[p|B: ]
B=B|+IB, — ¥,(B) =
1 2 }/P( ) [ \/WBZ B,
is a linear isomorphi h Q - E —VIplF | .
phism where M5 ., (R) = P £ CEF € My, (R) p [11].

3. Exact Solutions of Linear Elliptic Biquaternion Equations

In this section, we get 8 x 8 real matrix representations of elliptic biquaternions derived from left Hamilton operator. Then, we
use these representations to give a method investigating the exact solutions of linear elliptic biquaternion equations. We must
emphasize that the computations in this section are performed by using the MATLAB package Symbolic Math Toolbox. The
aim of using this Toolbox is to ensure the exact solution. Note that a similar matrix representation derived from right Hamilton
operator and a similar method obtained by means of this representation were given in the study [12]. We will follow similar
steps and approaches in this study.

We continue to take into consideration the aforementioned arbitrary elliptic biquaternion U = Uy 4 Ui+ Usj+ Usk € HC,,.
Then, the matrix H~ (U) = H~ (Up + Ui+ Uzj + Usk) can be written as

* * * *
uy —up —uy —Uus Uy —Uuy —Uu, —Uuj

up U Uz  —up uroup wy  —u; # /

H™(U)= +r |0 o T T g (U) +1H (U
U —us ug Ui Uy —us U uj
us Uy —up U i uy  —uyoup

where U; = u; +1u;* € C,, 0 <i < 3. As can be seen easily, the matrices

up —uyp —uz —us

H-Uyf=| " % wm —w
Uy —u3 ug ui

us Uy  —ul U

and

uy —uy —uy  —uj

* * * *

I’ (U)' _ | w ug uy; o —u
wy —ub o ou ul

2 3 0 1

* * * *

Uy Uy —Up Uy

are real matrices. When H~ (U)* and H~ (U)’" are considered in (2), 8 x 8 real matrix representation of U is found as follows:

_ # _ — I
plo- @) =] L8 ] g

For convenience, we will show the matrix representation of U with (U) ,, instead of ¥, (H~ (U)) in the rest of the study. In
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this case we can rewrite (3) as follows:

uo —uj —up —u3 —us\/Ipl wiIpl  wNIpl w3/ Dl
Uy Uo u3 —uy  —ui\/Ipl —up/Ipl —us/Ipl ws/Ipl
u —u3 uo uy —uws\/Ipl  wi/Ipl —ug/Ipl —ui/1p]
v —| 0 —u1 —u5\/Ipl —us/Ipl wi/Ipl —ug/Ipl
v us/Ipl —uiv/Ipl —u5/1p| §\/> ug —u —uy —u3
wi/Ipl g /Ipl  wIpl /el m o u3 —u
ws\/Ipl —usy/Ipl ugy/Ipl ui/Ipl U —u3 uo uy
L w5l wsIpl =i/l /Tl 3 w —u o

As mentioned earlier, a similar 8 x 8 real m

found in the study [12].
Proposition 1. Let U,V € HC, be any elliptic biquaternions. In this case

LU=VeU),={V),,

pY =
2. (U + V)py = (U)py+ (V)pyv (Uv)py = (V)py(U)py’
3. If U is invertible, then (U)m, is invertible and (U*I)m/ = (U[,y)_l,
0 -L
_ -1 _ 4
4. (U),y =T (U),yT where T = {14 0 }

Proof. Here we will prove the third item. The other items can be proved easily.

(3) Itis not difficult to see the following equality

(1) oy =18

Taking into consideration the inverse property, the equality
vut=u"'u=1

can be written. In this case, we get

(U‘l)py(U)py: (UU‘l)p

and

(U)py(U_l)py: (U_IU)])’)/: (1)177 Is

by the help of first two properties in this proposition. Consequentially, the equality (U ")W = (Upy) ! holds.
Remark 2. Let the general linear elliptic biquaternion equation

UXVi+..+UXV, =W
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atrix representation, which is derived from the right Hamilton operator, can be

&)

be given where W, U;, V; € HC,,, 1 <i < k are known elliptic biquaternions and X € HC,, is an unknown elliptic biquaternion.

Then, one can easily define the real representation of (5) as follows:

(Vi) ¥ (U1) py - oee - (Vi) ¥ (U)o = (W)

pY”

Also, it is clear that (5) is equivalent to the following

(V1) py(X) py v X0 py (Ui py

from the first and second items of the Proposition 1.

(U])m,—F...—F(Vk)p = (W)

124
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Theorem 3. Let Uy, Us,...,U € HC,, Vi, Va,....,Vi € HC, and W € HC,, be given. Then (5) has a solution X € HC,, if and
only if (6) has a solution Y € Mgy g (R). Additionally, if the matrix Y = (y;;) € Mgxg (R) is a solution of (6), then the elliptic
biquaternion

X = (v 1) + (x1 + Ix}) i+ (2 + [3)j + (13 + I} k € HT, )

is a solution of (5) where

1
X0 = 5 (V11 +y22 + 33 + Y44 + Y55+ Y6 + Y77 + y8g)

8
. 1
Xy = 87|| (51 =15 + Y62 — Y26 +¥73 — ¥37 + Y84 — Yas)
p
1
=g (y21 =12 + Y65 — Y56 + Y34 — Y43 +y78 — Y87)

1
X} = ——= (Y16 — Y52 + Y61 — Y25 + Y74 — Y38 + Y47 — ¥83)
8Pl

)
1
Xy = 3 (V31 = Y13 +Y75 — Y57 + Y42 — Y24 + Y86 — Ye8)

1
.
Xy = ———— (Y17 = ¥53 + Y71 — ¥35 + ¥28 — Y64 + Y82 — V46)
VIpl
(41 —y14 + Y85 — 58 +¥23 — ¥32 + Y67 — ¥76)

1
X3 = ———= (yis —¥s4 +y81 —Ya5s+ Y36 —y72 + Y63 — ¥27) -
8v/Ipl

X3 =

0| — 00

Proof. Considering Remark 2, we can conclude that an elliptic biquaternion X’ € HC,, satisfies (5) if and only if
(X") y € Msxs (R) satisfies (6). In that case, the proof remains to reveal that if the matrix

Y = (yij) € Mgxs (R) )

is a solution of (6), then the elliptic biquaternion in (7) is a solution of (5). When Y is a solution of (6), from the fourth item of
Proposition 1, the equation

(V1) (TYT) (U1) )+ -4 (Vi) py (TTIYT) (Uk) pyy = (W),

can be written. This shows that 7~!YT is also a solution of (6). Then, the matrix

Yirtyss Yi2+yse Yi3+Ys7 Yia+Yss YI5—Y51 Yie—Y52 Y17 —Y53 VI8 — Y54
Y21 +Yes Y2+tYes Y23+Ye1 Y24+Ye8 Y25 —Y6l Y26 —Ye62 Y27 —Y63 Y28 — Y64
31+y75s Y2+yie Y3+Yr o ¥a+yis ¥is—Y71 Y36 —Y72 Y37 —Y13 Y38 — V74
y -1 (Y 4 T‘IYT> _ L | yar+yss yart+yse Yaztys7 Yastyss Yas—Y81 Va6 —Y82 V47 —Y83  V4g — Y4 (10)

2 Ys1=Y15 Y52—Y16 Y53 —Y17 Y54—Y18 Yi1+Ys55 Yi2+Yse Y13+Ys7 Yia+Yss
Y61 —Y25 Y62 —Y26 Y63 —Y271 Yea—Y28 Y21 +Ye5 Y22+Yes Y23+Ye7 Y24+ V63
YIL=Y35 Y72—Y36 Y73—Y371 Y14—Y¥38 Y31+Y¥75 ¥Y32+yie Y33+Y11 Y34ty
Y81 —Y45 Y82 —Y46 Y83 —Y47 Y84 —Ya8 Y41+Y85 Ya2+Ys6 Y43 +Y87 Va4 +Ys8

satisfies the equation (6) as it is well known from the matrix theory. In other words, Y’ is another solution of (6). In regard to
(10) and (4), let us construct the elliptic biquaternion

X = (xo+1Ixp) + (x1 +Ix7)i+ (2 +Ix5) j+ (x3 +Ix3) k € HC,,

which satisfies (X),,, =Y’. Then, we achieve x;, x;, 0 < i < 3 as in (8). In a similar way followed at the beginning of the proof,
we conclude that aforesaid X € HC,, is a solution of (5). This completes the proof. |

Theorem 3 can be seen as a numerical method for solving linear elliptic biquaternion equations. As it is clear this method is
derived from the left Hamilton operator and it does not preserve the order of matrices in the multiplication case. A similar
method, which is derived from the right Hamilton operator and preserves the order of matrices in the multiplication case, can be
found in the study [12].
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Example 4. Let us try to solve the equation
-+ A+2DjX+X[(1+1)+B -2k =(—6+4)+ (5-5D)i+ (21 +11)j+ (-19+ 1)k

over the space HC_4. We can rewrite this equation as in the following:
C-D+04+2DHX)(H+(HX)(1+DH+(B-2Dk)=((—6+4)+(5-35D)i+ 21+ 111)j+ (—-194+1)k).

By keeping the equality (1) sy =18 Remark 2 and Theorem 3 in mind, we get real representation of the last equation as

2 o -1 0 2 0 4 0 1 0 0O -3 -2 0 0 —4
0 2 0 -1 0 2 0 4 0 1 3 0 0o -2 4 0
1 0 2 0 -4 0 2 0 0o -3 1 0 0O -4 -2 0
v 0 1 0 2 0 —4 0 2 + 3 0 0 1 4 0 0o -2 v
-2 0 -4 0 2 0O -1 0 2 0 0 4 1 0 0 -3
0O -2 0 —4 0 2 0 -1 0 2 -4 0 0 1 3 0
4 0o -2 0 1 0 2 0 0 4 2 0 0o -3 1 0
| 0 4 0o -2 0 1 0 2] | -4 0 0 2 3 0 0 1]
[ -6 -5 —21 19 -8 —10 22 2 ]
5 -6 —-19 -21 10 -8 -2 22
21 19 -6 5 =22 2 -8 10
| -1 21 -5 -6 -2 =22 —-10 -8
- 8 00 -2 -2 -6 -5 =21 19
—10 8 2 =22 5 -6 —-19 =21
2 -2 8 —-10 21 19 -6 5
| 2 22 10 8 —-19 21 -5 -6 |
This equation yields
0o -1 0 -2 0 -6 0 0 ]
1 0 2 0 6 0 0 0
0o -2 0 1 0 0 0 6
Y — 2 O -1 0 0 0 -6 0
0 6 0 o 0 -1 0 =2
-6 0 0 0O 1 0 2 0
0 0 0O -6 0 -2 0 1
| O 0 6 0 2 0 -1 0 |

Consequently, we get
X=(1-3Ni+2ke HC_,4

from (7) and (8).

Finally, we give an algorithm for solving the problems related to Theorem 3.
Algorithm

1. Input U, V;, W € HC,,.

2. Form (U;) ,y, (Vi) ,y» Wpy by considering (4) (1 <i <k).

3. Compute Y = (V;;) € Mgyg (R) satisfying (6).

4. Calculate x;, x; by considering (8) (0 <i < 3).

5. Output X = (xo +Ixj) + (x1 +Ix7)i+ (x2 +1x3) j+ (x3 +Ix5) k € HC),.
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4. Conclusion

In this study, a new real matrix representation of an elliptic biquaternion in HC,,, which can be needed to discuss many topics
on elliptic biquaternions, is obtained. By the help of this representation, a new method for investigating the exact solutions of
linear elliptic biquaternion equations is developed.

AX+B=0,AX+XB=C and X = AXB = C are some examples for the linear elliptic biquaternion equations and they are
well known in the literature. Since our method is a general method, it solves these linear equations and all of the others if they
have a solution. Existing or not existing of the solution is determined based on the real representation in virtue of Theorem 3.

Since elliptic biquaternions are generalized form of complex quaternions and so real quaternions, we expect that the results
obtained in this study will be used as valuable tools in the various areas of science.

A natural question is to investigate the solutions of quadratic elliptic biquaternion equations. We leave that as a future
project.
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