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An Application to the Existence of Solutions of the Integral Equations
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ABSTRACT. Integral equations provide mathematical models of many important problems in the physical sciences
and engineering. This paper treats one class of such equations, concentrating on methods involving the use of
classical fixed point theorem. The study of integral equations in connection with nonlinear equations has a long
history, during which a variety of approaches has emerged. Here, we effectively use a strategy that derives key
properties of the solvability of integral equations from previously established results in Holder spaces. Moreover,
our approach leads to solvability of the Fredholm integral equations.
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1. INTRODUCTION

Fredholm integral equations show up thoroughly in many scientific areas like approximation theory, computational
mathematics, physical mathematics and contact problems in the theory of elasticity. A short time since, several authors
have comprehensively studied the integral equations and the solution of the Fredholm integral equation with the fixed
point approach [1-10].

For example, J. Caballero, M. Darwish and K. Sadarangani et al. [3] study the following equation;

1
x(t) = p() + x(¢) f k(t, T)x(r(7))dT. (1.1
0
This article concerns the entity of solutions of the a quadratic integral equation of Fredholm type,

1
x() = (T1x)(t) + (sz)(t)f k(t, T)x(p(1))dr, te€l=1[0,1], (1.2)
0

where k, p are given functions, T, T, are given operators satisfying conditions specified later and x is unknown func-
tion. Notice that equation (1.1) in study [3] is a particular case of (1.2), for (T x) (r) = p(¢) and (T»x) () = x(¢).
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2. PRELIMINARIES

Let [a,b] be a closed interval in R, by Cl[a,b] we indicate the space of continuous functions defined on [a, b]
equipped with the supremum norm, i.e.,

Ixllee = sup {|x(®)| : ¢ € [a, D]}

for x € Cla, b]. For a fixed @ with 0 < @ < 1, by H,[a, b] we will indicate the spaces of the real functions x defined on
[a, b] and satisfying the Holder condition, that is, those functions x for which there exists a constant H¢ such that

|x(t) — x(s)| < HYlt — s|* 2.1

forall ¢, s € [a, b]. It is well proved that H,[a, b] is a linear subspaces of C[a, b]. Also, for x € H,[a, b], by H{ we will
indicate the least possible stable for which inequality (2.1) is satisfied. Rather, we put

He = Sup{lX(t) - x(s)|

T ct,s €la,bland t # s}. 2.2)
— sl@
The space H,[a, b] with 0 < @ < 1 may be equipped with the norm

llxlle = Ix(a)l + HY

for x € Hyla, b]. Here, H{ is defined by (2.2). In [1], the authors demonstrated that (H,[a, b, || - Il,) withO < o < 1is
a Banach space.

Lemma 2.1 ([1]). For0 < a < 1 and x € Hyla, b], we have:

lIxlle < max (1, (b = a)*) l|xl,-
In particular, the inequality ||x||., < ||xll, is satisfied fora =0 and b = 1.
Lemma 2.2 ([1]). For0 < a <B <1, we have

Hpgla,b] c H,la,b] C Cla,b].
Furthermore, for x € Hgla, b], we have:

lxlly < max (1, (b — a)*™)IIxl.
FParticularly, the inequality ||x||. < |lxll, < |lxllg is satisfied for a = 0 and b = 1.

Lemma 2.3 ( [3]). Let’s assume that 0 < @ < § < 1 and E is a bounded subset in Hgla, D], then E is a relatively
compact subset in H,[a, b).

Lemma 2.4 ( [3]). Assume that 0 < a <8 < 1| and by Bf we indicate the ball centered at 6 and radius r in the space
Hpgla,b), i.e, B[: = {x € Hgla,b] : ||Ixllg < r}. Then Bf is a closed subset of H,[a, D).

Corollary 2.5 ( [3]). Assume that0 < o <3< 1 and Be = {x € Hpla,D] : ||Ixllg < r}. Then Bf is a compact subset in
the space H,[a, b).

Theorem 2.6 (Schauder’s fixed point theorem [10]). Let E be a nonempty and convex subset of a Banach space (X, ||-||)
andlet T : E — E be a continuity mapping. Then T has at least one fixed point in E.

3. MaIN REesurr

Theorem 3.1. Assume that the following conditions (i) — (iv) are satisfied:

(i) The operators Ty, T, : Hgl0,1] — HplO0, 1] are continuous on Hgl0, 1] with respect to the norm || - ||,. Also,
T, and T, hold the inequalities

1Ty xllg < fi(llxllp) and IT2xllg < fo(llxllg)

for any x € Hpgl0,1], where a and 8 are the fixed constants satisfying 0 < a < < 1 and the functions
fi, > : Ry = R, are nondecreasing on R,.
(ii) k:[0,1] x[0,1] — R is a continuous function such that there exists a constant kg > 0 satisfying

Ik(t, 7) — ks, 7)] < kglt — sPP,
foranyt,s,t €[0,1].
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(>iii) p : [0,1] — [0, 1] is measurable function.
(iv) There exists a positive solution ry of the inequality

Ji(r) + QK + kg)r fo(r) < r,

where the constant K is defined by

1
sup {f |k(z, T)|dT : t € [0, 1]} <K.
0

Then the equation (1.2) has at least one solution x = x(t) belonging to space H,[0, 1].

Proof. Let us consider x € Hg[0, 1] and the operator F defined on the space Hp[0, 1] by the formula:

1
(Fx)(®) = (T1x) (1) + (T2x) (1) fo k(, T)x(p(7))d,

for 7 € [0, 1]. Then for arbitrarily fixed 7, s € [0, 1], (¢ # s), in view of our assumptions we get
(F00) = (F9(5) = (T2 0+ (T 0) [ 'kt Do

(T () - (T20) () fo k(s o

= M0 0=~ T )+ 100 [ k(e Do)
- [ ks (o)
+ (Tx) (5) f: k(t, T)x(p(1))dt
-2 [ 'kt Do)

= (1) 0=~ T )+ (20 ) = T 6) [ 'kt (oo

1
+ (T2x) (s) fo (k(z,7) — k(s, 7)) x(p(1))dT

and

[((Fx)(®) — (Fx)(s)l < [(T1x) (1) — (T1x) (s)| + [ (T2x) (1) — (T2x) (s)|
|t — s|f - |t — s|f |t — s|8

LD ) f Ik(t,7) — k(5.7 Ix(p(D)] dr
|t — s

1
fo k(2 D) (o)) d

< HT,x"' ”x”oo“TzJCHﬁj(; k(t, T)|dt
|t — s
< Hy It — s

|
o Xl T2xllgK + ”x”ﬁ’”TZx”ﬁf kg——
! o lt—sp

Htlloo 172X dr

dr

< Hf"lx + [lxdls 2 (lIxlIp) K + llxllg fa(llxl|s)ks
= Hj,  + (K + kgllxllg fa(llxl). o

This demonstrates that the operator ' maps Hg|0, 1] into itself.
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Besides, for any x € Hg[0, 1], we get

1
[(F)O) < [(T1x) (0)] + [ (T2x) (0] j(; k0, D)l [x(o(7)| dT

< [(T1x0) O + IT2x]|co |16l | oo K
< [(T1x0) (O + T2 xllgllxl s K
< [(T1x) (O] + lIxllg 21| xl|g) K- (3.2

By the inequalities by (3.1) and (3.2), we derive that

IFxllg < [IT1xllg + 2K + kg)llxllg f2(11x]]5)
< fillixllg) + 2K + kp)lixllg f2(llxllg)- (3.3)

Since positive number ry is the solution of the inequality given in hypothesis (iv), from (3.3), we conclude that the
inequality

I1Fxllz < fi(ro) + K + kg)rof2(ro) < ro 3.4
holds. As a results, it follows from (3.4) that F' transforms the ball
B} = {x € Hgl0, 1] : |lxll < ro}

into itself. That is, F : B - Bfo. Thus, we have that the set Bfo is relatively compact in H,[0, 1] forany0 < @ < 8 < 1.

ro
Furthermore, Bfn is a compact subset in H,[0, 1].

We will show that the operator F is continuous on B/fo with respect to the norm || - ||,, where 0 < @ < 8 < 1. Let
y e B'[fo be an arbitrary point in B[fo. Then, we get

(P90 = (P ) = (25 = E9)6) = D00+ T2 o) [ 'kt Do
() @)~ () (0 fo K (e
-1 ) =T [ k(s Dol
T+ T [ k(s oo (3.5)

for any x € Bfo and ¢, s € [0, 1]. Let us take

(T3x)(1) = x(p(7)) and (T3y)(7) = y(p(7))

for the sake of shortness, then the equality (3.5) can be rewritten as:
(Fx)(@) — (Fy)(@) — (Fx)(s) = (Fy)(s)) = (T1x0)(1) = (T1y)(0) — (T1x)(s) = (T1y)(s))
1 1
+(T2x) (1) fo k(t, T)(T3x)()dt — (T2y) (1) fo k(t, T)(T3x)(7)dt

1 1

F Ty O fo ke, T30t — (T2y) (0 fo Kt T(T3)()dr
1 1

(T30 (5) fo ks, DT (D + (o) (5) fo ks, DN(Ts0(T)d

1 1
= (T2y) (s) fo k(s, T)(T3)()dT + (T2y) (s) j(; k(s, T)(T3y)(7)dT. (3.6)
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By (3.6), we have

(Fx)(@) = (Fy)@) = (Fx)(s) = (Fy)(s)) = (T10)(@) = (T1y)(@) = (T1x)(s) = (T1y)(5))
1
+((T2x) (1) = (T2y) (1)) j(; k(z, T(T3x)(T)dt

+(T2y) (1) fo 1 k(z,7) (T3x)(7) — (T3y)(T)) dT

—((T2x) (s) = (T2y) (5)) fo 1 k(s, T)(T3x)(7)dT

—(T2y) (s) fo | k(s, ) (T3x)(7) = (T3y)(1)) d. (3.7
(3.7) yields the following equality:

(Fx)(1) = (Fy)(®) = (Fx)(s) = (Fy)(8)) = (T10)(®) = (T1y)(@) = (T1x)(s) = (T1y)(5))
1
+[(T2x) (1) = (T2y) (1)) = (T2x) (5) = (T2y) (5))] fo k(z, X(T3x)(T)dT

1
+((T2x) (s) = (T2y) (5)) j(: (k(t,7) = k(s, D)(T3)(T)dT
1
+((T2y) (1) = (T2y) () fo k(t,7) (T3x)(7) — (T3y)(7)) d7

1
+(T2y) (s) fo (k(t,7) = k(s, 7)) (T3x)(7) — (T3y)(7)) dT. (3.8)

Since |(T3x)(7)]| < ||xlle and [(T3x)(1) — (T3y)(7)| < ||x — yll, forall x,y € B[jo and 7 € [0, 1], taking into account (3.8)
and hypotheses, we can write:

I(FX)(@) — EY)O = (F)(S) = EVED] _ [(T120 (@) = (T1y) (1) = (T12) () = (T1y) ()]

r— s t—sl®
o +|<sz>(r>—<sz)|(r|)t il (@90 - T ) fol Kol oo ede
el | k(1) — kG5, DTl
gl [ DT - (Tl
e () = ks, DT — (Tl

1
S Tix = Taylly + 1T2x = ToylllIxllco K+ 172X = Toyllool 1]l f kelt = st~ dr
0

1
+ T2yl = Ylleo K+ 1727 lleol1x = Yoo f kel — sP~dr
0
S Tvx = Toylly + KlIT2x = ToyllolIxlle + kgl T2x = Toyll,llxllo

+ KlIToyllol1x = Yl + Kl T2 llallx = vl
= [IT1x = Thyll, + (K + kg)IT2x = Toyll, llxlle + (K + k)l T2yl l1x = Yl
(3.9)
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forall 7, s € [0, 1] with 7 # s. Besides, for x,y € B2, we obtain following equality:
(Fx)(0) = (Fy)(0) = (T1x) (0) + (T2x) (0) jo‘ | kO, )(T3x)(7)dt
—(T1y)(0) = (T2y) (0) fo l k@O, T)(T3y)(T)dT
= (T'x)(0) = (T1y) (0) + (T2x) (0) jo‘ 1 kO, T)(T3x)(7)dT
= (T2y)(0) j; | kO, T)(T3x)(7)dt + (T2y) (0) L 1 kO, T)(T3x)(7)dT
= (T2y) (0) fo l k0, )(T3y)(m)dt
= (T1x) (0) = (T1y) (0) + ((T2x) (0) - (T2y) (0)) fo 1 k@O, T)(T3x)(T)dT

1
+(T2y) (0) fo k(0,7) (T3x)(7) — (T3y)(7)) dr. (3.10)

By (3.10), we get that

1
[(Fx)(0) = (Fy)(O)] < [(T1x) (0) = (T1y) (O)] + |(T2x) (0) = (T2y) (0)] [k(0, 7)] fo [(T3x)(7)| dt

1
+|(T2y) (0)] [k(O0, 7)| fo |(T3x)(7) = (T3y)(D)| dt

S Tyx = Tyl + 1T2x = Toylloo KlIxlleo + I T2)1le0 Kllx = Yl
< NTvx = Tiyll, + IT2x = Toyll Klixlly + 172511, Kllx = yll, - (3.11)
From (3.9) and (3.11), we have that

IFx—Fyll, = I(Fx— Fy)(O0)| + Hy
|(Fx)(0) = (Fy)(O)|

N Sup{l(FX)(t) - (Fy)(?t_—(s(ﬁ)C)(S) — EVOI fs €0, 1]and 1 % s}

2||T1x = Tiylly + QK + kp)lT2x = Toyll,[Ixlle

+Q2K + kgl T2yll, llx = yll,

2Ty x = Thylly + QK + kp)lIT2x = Toyll,lIxllg

+Q2K + kgl T2y llgllx — ¥l

2||T1x = Tiyll, + QK + kp)lTox = Toyll,lIxllg

+(2K + kg) f2(Iylipllx = yll,- (3.12)

Moreover, since ||x]|g < rp and ||y||ﬁ < rg, we derive from (3.12) that the following inequality holds:
IFx = Fylly < 2[IT1x = Tiyll, + QK + kg)rollTax = Toyll,
+(2K + kg) fa(ro)llx = yll,,- (3.13)
Since the operators Ty, T, : Hg[0, 1] — Hpg[0, 1] are continuous on Hg[0, 1] with respect to the norm || - ||, they are

x—Fy

IA

IA

IA

also continuous at the point y € Bfo. Let us take an arbitrary € > 0, then there exists the number ¢ satisfying

&
0<0< —77F———
3(2K + kp) f2(ro)
such that the inequalities
&
ITx = Tuyll, < =

6
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and e
Tox—T: < —
IT2x = Toyll, 3K +kpro

hold for all x € B, where ||x — yll, < 6. Then, taking into account (3.13), we derive the following inequality:

ry»

IFx—Fyll, <&

for all x € Bfo with [|x = y||, < 6. As aresults, we infer that the operator F is continuous at the point y € B[:O. Because
y was chosen arbitrarily, we deduce that F' is continuous on B/fo with respect to the norm || - ||,. As Bfo is compact in
H,[0, 1], from the classical Schauder fixed point theorem, we get the desired result. O
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