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Abstract

One of the important arguments that will carry today's world to the high technology of the future is the rare earth
elements. However, energy will be the most important field in future technology and also, the most important issue in the
field will be fusion energy. Of course, in all areas of technology, the rare earth elements will make an important
contribution to the development of fusion technology. Also, the nuclear structure of the rare earth elements in nuclear
physics has always been the focus of interest and is still a subject that is frequently studied today. Therefore, in this study,
nuclear ground-state properties such as the binding energies per particle, the root mean square (rms) charge neutron and
proton density radii, the deformation parameters, and the quadrupole moments of the rare earth nuclei as the 89Y,
138,139La and 175,176Lu are calculated by using the Skyrme-Hartree-Fock-Bogolyubov method. The calculations are
performed with the HFB9, SlII, SKI3, SKM *, SKO, SKP, SKX, SLY4, SLY5, SLY6, SLY7, UNEO and UNE1 Skyrme
force parameters. Also, the obtained results are discussed and compared with the available experimental data.
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89Y, 138,139La ve 175,176LLa Nadir Toprak Elementlerinin Baz1 Niikleer Taban
Durum Ozelliklerinin Arastirilmasi

Oz

Glinlimiiz diinyasin1 gelecekteki yiiksek teknolojiye tasiyacak oOnemli argiimanlardan biri nadir toprak
elementleridir. Gelecegin teknolojisinde ise en 6nemli alan enerji olacaktir ve ayni zamanda, bu alanda en énemli konu
fiizyon enerjisi olacaktir. Elbette, teknolojinin her alaninda oldugu gibi, fiizyon teknolojisinin gelisimine nadir toprak
elementleri de dnemli bir katki saglayacaktir. Ayrica, niikleer fizikte nadir toprak elementlerinin niikleer yapist her zaman
ilgi odagi olmus ve halen giiniimiizde siklikla arastirilan bir konudur. Bu sebeple, bu ¢alismada nadir toprak elementleri
89y, 138,139 3 ve 75176y gekirdeklerinin pargacik bagina baglanma enerjileri, kare ortalama karekok yiik, ndtron ve proton
yogunluk yarigaplari, deformasyon parametreleri ve kuadrupol momentleri gibi niikkleer taban durum 6zellikleri Skyrme-
Hartree-Fock-Bogolyubov metodu kullanilarak hesaplanmigtir. Hesaplamalarda Skyrme kuvvet parametreleri olarak
HFB9, SlllI, SKI3, SKM*, SKO, SKP, SKX, SLY4, SLY5, SLY6, SLY7, UNEO and UNE1 kullanilmistir. Elde edilen
sonuglar mevcut deneysel verilerle kiyaslanmig ve tartisilmustir.

Anahtar kelimeler: Skyrme kuvveti, niikkleer baglanma enerjisi, deformasyon parametresi, kuadrupol moment

INTRODUCTION

The rare earth elements (REEs) are used
extensively in the field of technology and will be an
important component in the high technology world of
the future (Sahiner, Akgdk, Arslan, & Ergin, 2017).
These elements have wide usage the areas such as
clean energy, lasers, microwave filters, camera
lenses, nuclear batteries, neutron capture, computer
memories, PET (positron emission tomography)
scanning detectors (Sahiner et al., 2017). Also, these

elements are important as they make metals stronger,
generators more efficient, mobile phones smaller and
laptops lighter. The REEs reserves in the world are
approximately 36.52% in the People's Republic of
China, 19.27% in Russia, 13.19% in the USA, 5.48%
in Australia, and 3.14% in India (Sahiner et al., 2017).
The rich reserves in terms of REEs in Turkey are
Kizilcadren-Eskisehir and Malatya-Kuluncak regions
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and the other available REEs reserves have been
identified but not operated yet (Sahiner et al., 2017).

The fusion reaction most likely to be used for
fusion energy is the deuterium (D) - tritium (T)
reaction. Plasma must be formed for this reaction to
occur, and this is only possible at very high
temperatures (over 100 million degrees). One of the
most important problems for the controlled
thermonuclear fusion is how the structural materials
in the severe environmental conditions due to the high
temperature and intense radiation of the fusion
medium will perform. These severe conditions cause
changes in the surface morphology of the fusion
structural materials as bubbling, embrittlement,
brittleness, thermal and mechanical properties etc.
(Luo et al., 2016). Therefore, the REEs are used to
make stronger and more resistant alloys in the fusion
structure materials. For example, W (tungsten) and its
alloys are considered potential plasma coating
materials (Shu, Wakai, & Yamanishi, 2007). In
Wurster et al. studies in 2013, they managed to
partially change the performance of W through
microalloying and doping of dispersed hard particles
to produce tungsten-based materials (Wurster et al.,
2013). Besides, as a contribution to this study in the
literature, it is possible to come across studies in
which REEs such as Y, Laand Lu are used to increase
the performance of tungsten-based material (Liu, Ma,
& Huang, 2007; Luo et al., 2016).

Knowing the ground-state properties of the
REESs nuclei such as Y, La and Lu, which are used to
increase the performance of tungsten-based fusion
structural material, is important for the performance
of the structural material. Therefore, the &Y, 138139
and Y518y REEs nuclei are considered in this study.
The natural abundances of these isotopes are 100%
for the ®Y, 0.089% for the **¥La, 99.911% for the
139 a and 97.401% for the Y°Lu and 2.599% for the
178 u. Also, *8La (T, = 103 Gy) and "®Lu (T, =
37.01 Gy) nuclei are long half-life radioactive
elements, while the others are stable nuclei (Kondev,
Wang, Huang, Naimi, & Audi, 2021). Nuclear
properties of these nuclei such as the binding energies
per particle, the root mean square (rms) charge,
neutron and proton density radii, the quadrupole
deformation parameters and the quadrupole moments
are calculated by using the axially deformed by
Skyrme-Hartree-Fock-Bogolyubov (SHFB) method
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(Bogolyubov, 1958; Skyrme, 1958). The calculations
are performed by the axially deformed solution of the
SHFB equations using the harmonic oscillator basis
in the hfbtho (v3.00) code (Perez, Schunck, Lasseri,
Zhang, & Sarich, 2017). In addition, the HFB9, SlIl,
SKI3, SKM *, SKO, SKP, SKX, SLY4, SLY5,
SLY6, SLY7, UNEO and UNEL parameter sets have
been used as Skyrme force parameters. The obtained
findings are compared with the available
experimental data in the literature.

MATERIAL AND METHODS
Skyrme-Hartree-Fock-Bogolyubov Method

The nucleus is a many-body problem, and Hartree-
Fock (HF) method is one of the basic methods of
solving the many-body problem. Also, there are
additional correlations between closed shells and
unpaired particle in the nucleus. In the Bardeen—
Cooper—Schrieffer (BCS) model, the behavior of
these correlations are examined in the generalized
single particle description defined as quasi-particle
(Ring & Schuk, 1980). The Hartree-Fock-
Bogolyubov (HFB) theory proposed by Bogolyubov
in 1958 (Bogolyubov, 1958) is the combined and
generalized version of these two methods. In this
theory, which is based on the superfluid model of the
nucleus (independent quasi-particle model). When
the HFB method, which reduces the multi-particle
problem to a set of differential equations, is applied
to the zero-range Skyrme force, this method is called
the  Skyrme-Hartree-Fock-Bogolyubov ~ (SHFB)
method. Using the HFB method together with the
effective Skyrme force makes it a powerful tool to
study the ground-state properties of the nucleus
(Bennaceur & Dobaczewski, 2005). The variation
method, which aims to find the ground-state energy
by minimizing the derivation of the SHFB equations,
is used. In the SHFB method, the local energy density
function is given as follows;

Elp,p] = [ d3FH(P). (1)

Here, the ground-state wave function is obtained by
minimizing the total energy. The Hamiltonian energy
density as the sum of the particle-hole and particle-

particle interactions are given as follows
(Dobaczewski, Flocard, & Treiner, 1984);
H(#) = Hpp () + pr ™. 2
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where H,, (7) is the particle-hole Hamiltonian and
explicit formula;

2 X
a0t
X 2
(o) 2erif i {(13) e 90 ]-
- 2 X
(a3 Byt 3 (7 o) [fra{(3) [or
3532 1 3 (5 2
20 ]- (xo#3) Za g3 (7 ) |}
% (X1t TXaty) Xjj [Jz] +l (t;-
t2) X[ J5] +%t3pa {(H )P -
(X3+ ) Zq P }+ ty Zuk ik {JUVkP+ Zq Jq ij VkP }(3)
Here p, 7 and ] are represented with p = p, + p,, ,
T=1,+1,and] =], +J, . Also, Ay, (7) isthe
particle-particle Hamiltonian as follows;
Hop () = Zq {7 to(1 = x0)p2 — 3621 —
— 2 ~
x1) [Bgtq + 3 (VF) | +3t(1 = x2) By T +
%t4 Yiillaidaji = Jaiidaji]l + ita(l - xa)PaﬁZ}
(4)

These Hamiltonians are created by using the effective
masses, the potential and the spin-orbital potential
energies depending on the kinetic densities. The
explicit form of the effective mass expression, also
called the parameter of inertia, is given as follows:

M =g = s a0 {(103) - (3o} +

a{(1#3)e-(urie @

The pairing effective mass is expressed with

7 = 1t (1-x))7,, ©)

Also, the particle-hole field, namesake as the HF area,
is as follows:
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U=to{(1+3) p-(x073) Zap, ryn {(1+3) |-
> (72p)]-

() a3 oo e {(1+3) [
370 )] (e 3) Za[re3 (7000 }-

%t3 {(H%) 2+ a)pett — (x3 +

I|ap®t Bqr 02 + 209 | + 31 -

x3)ap®t Xy ﬁ?,'} - %t4 Yijk €cjic Viellij + Jq,i5]-
(7

The particle-particle field is given as;

0 = S t(1-x0)g* 111 (1x1) 743 (V25) |+ = £.(1-
X3)pap~q, (8)

The fields representing particle and pairing spin-orbit
interaction are given as follows, respectively;

w

1 1
= —Z(Xm + thz)l+§ (t; —t2)]q + t4V(p + pg)

BN C)

W—[—lt (1+x)J+t ]j (10)
- 22 2 41Jq-"

To obtain the Schrodinger equation for the SHFB

method, these fields are written in matrix form as
follows:

M=o v=(" ) (11)
and
U =(l5 W) (12)

The Schrodinger equation is expressed in the
coordinate space using these matrices (Bennaceur &
Dobaczewski, 2005):

[+ U+ MR+ U] () = £(3)
13)
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The solution of the SHFB differential equation is
done by using the HF iteration. With this iteration,
when the optimum wave function is obtained, the
nuclear ground-state properties are calculated. The
rms charge and nucleon densities are calculated by
using this wave function and the rms charge, neutron
and proton density radii are obtained by using the
densities. Lastly, the quadrupole moments and the
deformation parameter are calculated using the

following expressions, respectively (Stoitsov,
Dobaczewski, Nazarewicz, & Ring, 2005);
Q =222 —r? (14)
_ |m<@>
T 5 <> (15)

The HFBTHOV3.00 Code

The HFBTHO code performs the HFB equation
on the harmonic oscillator basis. The first version
HFBTHOV1.66 code was only solved for even-even
nuclei using Skyrme effective force in the particle-
hole channel and also, the axial quadrupole
deformations (Stoitsov et al., 2005). In the second
version was the HFBTHOv2.00d code, which
included to solves of odd-even and odd-odd nuclei
and the calculation of axial multipole moments of a
nucleus (Stoitsov et al., 2013). The most important
modifications of the last version HFBTHOV3.00 code
solves the HFB equation for both the particle-hole
and particle-particle channel and also uses Gogny
force as another effective force option (Perez et al.,
2017). Also, the code contains a small fission toolkit
for the charge, mass and deformations of the fission
fragments.

RESULTS AND DISCUSSION

In this study, the binding energies per particle,
the rms charge, neutron and proton density radii, the
deformation parameters and the quadrupole moments
are calculated by wusing the Hartree—Fock-
Bogolyubov method with Skyrme forces for some
fusion structural materials as the 8%Y, 138139 3 ve
15178y nuclei. The calculated binding energy per
particle using different Skyrme force parameter and
their comparison with experimental data (Vasil’evich
et al., 2021) are presented in Table 1. According to
the results, the obtained binding energies per particle
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using the HFB9 parameter set for the 8%Y and *81¥a
nuclei, and the SKX parameter for the 1>76Lu nuclei
are in agreement with the experimental data.

The obtained rms charge density radii using the
SHFB method for different Skyrme force parameters
are rather close to each other and, the theoretical rms
charge radii are also obtained to be in good agreement
with the experimental data (Table 2). These results
show that the predictions of the rms charge density
radii with the SHFB method for the REEs in this
study are substantially effective. Also, for the
theoretical rms charge density radii closest to the
experimental data (Vasil’evich et al., 2021), the
Skyrme interactions are the SKX for the 8°Y and ***La
nuclei, the SKO for the **8La nucleus and the SlII for
the Y>178Lu nuclei.

The results of rms neutron and proton density
radii for the ®Y, 81 a and >8Lu nuclei are
presented in Table 3. The obtained results using the
SHFB method are not compared with the
experimental data, because of unavailable
experimental data in the literature. The values of the
rms neutron density radii for the Sl and SKO
parameter sets of the ®Y nucleus, for the SKI3
parameter set of the *1*°La, and Y>5Lu nuclei are
bigger than those for the other Skyrme force
parameters in this study. On the other hand, the
theoretical rms proton density radii of the SllI
parameter set of the 8%Y, 138139 3 and 1">17®Lu nuclei
in this study are bigger than those of the other Skyrme
force parameters.

The obtained deformation parameters and the
quadrupole moments, and the available experimental
data (Vasil’evich et al., 2021) for the Y, 1%1*°_a and
15178y nuclei are presented in Table 4 and 5.
Between the REEs nuclei considered in this study,
only, the experimental data of these quantities for the
8Y nucleus are not available in the literature. The
shape of the nucleus, according to calculated
deformation parameters using the thirteen Skyrme
force parameters, may be prolate for the SliI, SKO,
SKP and UNE1 or oblate for the other Skyrme
parameter sets. Also, while the values of deformation
parameters of the &Y nucleus for the prolate shape are
changed in between 0.010-0.057, it ranges from -
0.016 to -0.086 for the oblate. Besides, according to
the obtained deformation parameters, the %Y nucleus
has a small deformation. On the other hand, for the
138_a nucleus, the calculated deformation parameter
using the SKI3 parameter set is the closest to the
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experimental data. Also, the obtained deformation
parameters using the SllI, SKM*, SKX and SLY®6
sets for the 1*La nucleus have the same value (0.006),
and the value is the closest to the experimental data.
The theoretical results for the 13-1%° a isotopes have
small deformations like the 8Y nucleus. Among the
results of the deformation parameter for the >1/6Ly
isotopes, the closest Skyrme interactions to the
experimental data are the UNEO and SKX,
respectively. Also, according to the deformation
parameters for these isotopes, it is seen that these
nuclei deviate significantly from the spherical shape.

The experimental data of the quadrupole
moment for the %Y nucleus is not available in the
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literature. While the obtained quadrupole moments
using the SIIl, SKO, SKP and UNE1 Syrme
interactions for the nucleus have positive values,
those for the other Skyrme interactions in this study
have negative values (Table 5). For the 13133
isotopes, the calculated quadrupole moments using
the SLY6 and SLY4 Skyrme interactions,
respectively, are in agreement with the experimental
data. In the case of the >Lu isotopes, the
theoretical quadrupole moments for UNEO and SKP
Skyrme interactions, respectively, are compatible
with the experimental data.

Table 1. The calculated binding energy per particle (in MeV) using the Skyrme force parameters for the 8Y, 138139 g
and > Ly nuclei. The experimental data are taken from ref. (Vasil evich et al., 2021).

Parameter Set 8y 138 a 139 a Ly 176y
HFB9 8.705 8.361 8.372 7.93 7.917
SHI 8.649 8.304 8.317 7.869 7.859
SKI3 8.593 8.284 8.299 7.834 7.845
SKM* 8.674 8.322 8.335 7.886 7.874
SKO 8.571 8.267 8.270 7.887 7.884
SKP 8.667 8.315 8.333 7.960 7.954
SKX 8.931 8.546 8.551 8.137 8.143
SLY4 8.682 8.320 8.331 7.876 7.862
SLY5 8.644 8.272 8.313 7.870 7.856
SLY6 8.596 8.274 8.287 7.844 7.829
SLY7 8.576 8.264 8.273 7.845 7.830
UNEO 8.672 8.345 8.349 7.980 7.968
UNE1 8.689 8.323 8.349 7.951 7.934
Experiment 8.714 8.375 8.378 8.069 8.059

Table 2. The calculated rms charge density radii (in fm) using the Skyrme force parameters for the Y, 13813 a and
183781y nuclei. The experimental data are taken from ref. (Vasil evich et al., 2021).

Parameter Set 8oy 138 g 139 3 175y 178y
HFB9 4.279 4871 4.875 5.265 5.271
SHI 4.316 4.936 4.940 5.324 5.331
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SKI3 4.252 4.859 4.863 5.247 5.262
SKM* 4.280 4.868 4.868 5.255 5.263
SKO 4.238 4.847 4.850 5.255 5.267
SKP 4.300 4.878 4.884 5.271 5.283
SKX 4.248 4.849 4.855 5.244 5.266
SLY4 4.289 4.878 4.883 5.277 5.279
SLY5 4.285 4.869 4.872 5.266 5.271
SLY6 4.285 4.877 4.885 5.276 5.282
SLY7 4.290 4.884 4.889 5.278 5.290
UNEO 4.268 4.854 4.858 5.255 5.260
UNE1 4.262 4.865 4.873 5.263 5.271
Experiment 4.243 4.847 4.855 5.37 5.374

Table 3. The calculated rms neutron and proton density radii (in fm) using the Skyrme force parameters for the Y,
138139 3 and 5178Lu nuclei.

The rms neutron density radii The rms proton density radii
Parameter Set | %Y [ 38La | *¥La | YSLu | YeLu | ®¥Y | ¥¥La [ B¥La [ TSLu | TCLu

HFB9 4279 4.922 | 4933 | 5.332 | 5.344 | 4.202 | 4.805 | 4.809 | 5.205 | 5.211

Sl 4.302 | 4.957 | 4.967 | 5.361 | 5.373 | 4.239 | 4.871 | 4.875 | 5.264 | 5.272
SKI3 4291 4.961 | 4.974 | 5.375 | 5.396 | 4.174 | 4.793 | 4.798 | 5.187 | 5.201
SKM* 4.280( 4.928 | 4.935 | 5.335 | 5.349 | 4.203 | 4.803 | 4.802 | 5.195 | 5.203
SKO 4.302| 4.957 | 4.970 | 5.367 | 5.388 | 4.160 | 4.781 | 4.784 | 5.195 | 5.207
SKP 4.295| 4.925 | 4.937 | 5.330 | 5.347 | 4.224 | 4.812 | 4.819 | 5.210 | 5.223
SKX 4.257 | 4.903 | 4.916 | 5.307 | 5.333 | 4.170 | 4.783 | 4.789 | 5.184 | 5.206

SLY4 4.286 | 4.929 | 4.940 | 5.350 | 5.359 | 4.212 | 4.812 | 4.817 | 5.217 | 5.219
SLYS5 4.285| 4.927 | 4.934 | 5.342 | 5.352 | 4.208 | 4.803 | 4.807 | 5.206 | 5.211
SLY6 4.283| 4.928 | 4.941 | 5.347 | 5.358 | 4.208 | 4.812 | 4.819 | 5.216 | 5.222
SLY7 4.291| 4.935 | 4.946 | 5.349 | 5.365 | 4.213 | 4.818 | 4.823 | 5.218 | 5.230
UNEO 4301 4.938 | 4.952 | 5.345 | 5.361 | 4.190 | 4.787 | 4.793 | 5.194 | 5.200

UNE1 4.281| 4.937 | 4.950 | 5.343 | 5.358 | 4.184 | 4.799 | 4.807 | 5.203 | 5.211

Table 4. The calculated quadrupole deformation parameters (8) using the Skyrme force parameters for the 8, 138139 g
and Y8 Ly nuclei. The experimental data are taken from ref. (Vasil evich et al., 2021).

Parameter Set 89y 138 g 139 g 75y 178 _y

HFB9 -0.062 0.031 0.002 0.003 0.009
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St 0.021 0.009 0.006 0.004 0.005
SKI3 -0.074 0.034 0.004 0.005 0.098
SKM* -0.080 0.068 0.006 0.002 0.002
SKO 0.010 0.055 0.003 0.004 0.083
SKP 0.057 0.006 0.005 0.013 0.081
SKX -0.016 0.005 0.006 0.003 0.131
SLY4 -0.082 0.014 0.005 0.003 0.003
SLY5 -0.086 0.004 0.004 0.001 0.004
SLY6 -0.078 0.011 0.006 0.002 0.006
SLY7 -0.082 0.019 0.005 0.002 0.007
UNEO -0.031 0.028 0.005 0.073 0.066
UNE1 0.016 0.017 0.004 0.009 0.019
Experiment - 8822 0.024 8%8% §§§§

Table 5. The calculated quadrupole moments (Q) (in b) using the Skyrme force parameters for the Y, $313°_a and
11781y nuclei. The experimental data are taken from ref. (Vasil evich et al., 2021).

Parameter Set 8y 138 a 1%L a 5Ly 176y
HFB9 -1.264 1.299 0.098 0.163 0.586
SHiI 0.439 0.399 0.239 0.28 0.295
SKI3 -1.488 1433 0.157 0.311 6.143
SKM* -1.614 2.818 0.234 0.098 0.134
SKO 0.207 2.292 0.137 0.223 5.183
SKP 1.17 0.252 0.227 0.804 5.069
SKX -0.322 0.215 0.247 0.186 8.104
SLY4 -1.661 0.598 0.198 0.169 0.211
SLY5 -1.742 0.152 0.169 0.075 0.267
SLY6 -1.583 0.441 0.255 0.151 0.355
SLY7 -1.666 0.796 0.225 0.107 0.45
UNEO -0.624 1.168 0.226 4518 4.086
UNE1 0.331 0.687 0.172 0.582 1.179
Experiment - 8228 0.200 gggg E(gjé)

SUMMARY AND CONCLUSION

In this study, some ground nuclear properties
such as the binding energies per particle, the rms
charge, neutron and proton density radii, the
deformation parameters, the quadrupole moments of
the Y, 138139 3 and ">78|_u REESs nuclei, which are
important for the fusion structural material

performance are calculated using the SHFB method
and compared with the available experimental data.
For the binding energies per particle, the HFB9
Skyrme interaction for the &Y, 381¥_a nuclei and the
SKX Skyrme interaction for the ">1®Lu nuclei are
the optimal parameter sets. Also, the best of the
Skyrme parameters for the theoretical rms charge
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density radii are the SKX for the 8Y and *°La nuclei,
the SKO for the 38La nucleus, and the SIII for the
175178 y isotopes. In addition, the axially deformed
SHFB method using the harmonic oscillator basis is a
very effective on the rms charge density radii the
considered REEs in this study. On the other hand, the
experimental data for the rms neutron and proton
density radii for the 8Y, %813 3 and ">1"®Lu nuclei
are not available in the literature, thus no comparison
could be made between the theoretical results and
experimental data. Therefore, since the rms neutron
and proton density radii of these REEs are not
previously calculated, these results will contribute to
the literature.

According to the deformation parameter results,
it was concluded that there is a small deformation for
the 8Y, 13813 a nuclei, and a large deformation for
175178 isotopes. On the other hand, the obtained
guadrupole moment results using the SHFB method
are closer to the experimental data than the results of
the deformation parameter. Also, as it is known, the
extremely large quadrupole moments with a few
barns are quite difficult to theoretically predict.
Therefore, the prediction of the >18Lu nuclei with
the extremely large quadrupole moments via the
SHFB method is quite successful.

According to the results of this study, one of the
Skyrme interactions is not only sufficient to explain
all ground-state properties of the nucleus. The reason
is that each Skyrme parameter set is adjusted to the
different theoretical or experimental properties of the
nuclei, so one of the parameter sets is not successful
alone. Also, the results of this study can be used for
better understanding the nuclear structure of the REE
nuclei such as the &Y, 138139 g and 175176y,
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