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Abstract

In this paper, we give a generalization of the reverse Holder’s diamond-a inequality on
time scales by introducing two parameters. We note that many inequalities related to the
Holder’s inequality can be obtained via this inequality.
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1. Introduction

Holder’s inequality is one of the most important inequalities of pure and applied math-
ematics. It is the key for resolving many problems in social and natural sciences. Holder’s
inequality in time scales is given in the following theorem (see [2, Theorem 1.1.11] and
[3, Theorem 6.13]).

Theorem 1.1. Let h, f, g € Crq([a,b]T, [0, 4+00)). If% + I% =1 with p > 1, then

b b v [ b , 4
JRICHOUGINE ( / h(t)fp<t>At> ( | st <t>At> SN E)

The reverse Holder’s inequality has been explored by a number of scientists. The famous
ones are [2], [9].

Theorem 1.2. Let p > 1, % + }% =1 and a,b € T with a < b, f and g be two positive

P(t
functions defined on the interval [a,blT if 0 < m < 0 < M. Then

gv'(t)

</: f”(t)At>; (/abgp/(t)Aty < (]\nf)p; /abf(t)g(t)At. (1.2)
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Theorem 1.3. Let T be a time scale, a,b € T with a < b, and f and g be two positive

P(t
gfp'((t)) < M, on the set [a,b]. If% + 1% =1 with p > 1, then

(/ab fp(t)<>at>; (/abgp/(t)%t>5’ < (]\nf) /abf(t)g(t)oat. (1.3)

In 2020, Benaissa and Budak [1] give the following result:
Theorem 1.4. (Theorem 2.1, [1]) Let o, 5 >0, p > 1, %4—% =1 and f,g > 0 integrable

functions on [a,b], w a weight function (measurable and positive) on |a, b]. If
f(x)
9°(x)

functions satisfying 0 < m <

O<m<

< M for all x € |a, b], (1.4)

then

(/ab fa(z:)w(x)da:> :

In [10] the authors provide a version of the above inequality in time scales by the
following theorem.

' (M)plp//abfz(m)gf/(:r)w(m)dx. (1.5)
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Theorem 1.5. Leta € [0, 1], 3, A >0, p>1, %—i—% =1 and T is a time scale, a, b € T

with a < b. Let f,g € C([a, blr, [0, +00)), w a weight function (measurable and positive)
on [a, blr. If

B
0<m< g/\g)) < M forallt € [a, T, (1.6)
then
( A fﬁ<t>w<t><>at) p ( / bgA<t>w<t><>at> T () [ e wuwoa. 1)

The reverse Holder’s inequalities play an important role in many areas of pure and
applied mathematics. A large number of generalizations, refinements, variations and ap-
plications of these inequalities have been investigated in the literature (see [1,4,5,8]).

2. Preliminaries

We introduce the diamond-a dynamic derivative and diamond-a dynamic integration.
The comprehensive development of the calculus of the diamond-« derivative and diamond-
« integration is given in [6], [7]. Let T be a time scale and f(¢) be differentiable on T in
the A and V sense. For ¢t € T, we define the diamond-« derivative f®«(t) by

FOt) = aft (1) + (1 - a)fY ().
Thus f is diamond-« differentiable if and only if f is A and V differentiable.

Theorem 2.1. Let 0 < a < 1. If f is both A and V differentiable at t € T, then f is o
differentiable at t and

FOout) = af () + (1— ) fY(b).

Definition 2.2. Let a,b € T, and f : T — R. Then, the diamond-« integral from a to b
of f is defined by

/abf(s)<>a82oz/abf(s)Aer(l—a)/abf(s)Vs, 0<a<l,

provided that there exist A and V integrals of f on T.
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It is clear that the diamond-« integral of f exists when f is a continuous function. Let
a,b,c € T, \, € R and f, g be continuous functions on [a, b N T = [a, b]r. Then the
following properties hold:

b b b
@ / (A () + Bg(s) Gas = A / F&)0as+8 [ 9(5)0as.

(4) 1t f( )>Of0r all s € [a, b]T, then/ f(8)Oas > 0.
b

(5) Tf f(s) < g(s) for all s € [a, b]r, then/a £(8)0as g/ 9(5)as.

a

(6) If f(s) > Ofor all s € [a, b]T, then f(s) =0 if only if /b f(s)Oas =0.

Lemma 2.3. ([2, Theorem 1 1.21]). Let T be a time scale, a,b € T with a < b, and h, ¢
be two positive functions. If 5+ pi =1 with p < 1, then

1
7

/ W) d(F)Oar > (/ WP (7) Gt )1 (/abw’(f)oaT)p. (2.1)

3. Main results

In this section we give our results by using a simple proof method to generalize the
inequality (1.3).

Lemma 3.1. Let1 < g < p < o0, %—i—}% = %—i—% =1 and ¢, w be non-negative continuous
functions on [a, bjr. We suppose that 0 < f; P (H)w(t)Oat < 00, for s >1, then

[ ¢ w00 2 ( / bw<t><>at>qqp ( / asq(t)w(t)oat)z, (3.1)
/<ﬁ QJJ></1U Qa> E (AZW@ﬁmwoﬂ>ﬂ. (3.2)

Proof. If p = ¢q, then we have equality and for p # ¢, we use Holder’s integral inequality
(2.1) with T 1. we get
p

/:qbp(t)w(t)oat _ /ab (w"q”(t)> (" (Bwi (1)) Oat

> ( / bt<t><>at> o ( A ¢>q<t>w<t><>at) "

The proof of the second inequality is similar to the first one. We have

Q\

l<g<p<oo=1<p <q <o0.
]

Theorem 3.2. Leta € [0,1], , A >0, 1<g<p<oo, 1+ =1+ 7=1andT

is a time scale, a, b € T with a < b. Let f,g > 0 be continuous functions on [a, blT, w a
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weight function on |a, br. If

2()
= )

0<m

<M forallt € [a, T, (3.3)

then

< M () </abw<t><>at>q p ( abf5<t>gﬁ<t>w<t><>at)p ( " 1 @7 Ou00at

yielding
18
fP< MV frgv.
Multiplying the above inequality by w(t) and integrating on [a, b]T, we obtain

(/ ) a) < Mw (/ £ A’()w(t)oat>;. (3.5)

8
Now we use the inequality (3.1) and putting ¢ = f7, we get

/fﬁ <>at></w <>a> (/ o Qat>p
(/ £ (Hw <>at>1§</a ()<>at> " (/ 2 <>a>1. (3.6)

From the inequalities (3.5) and (3.6), we deduce that

</ i a) <M (/w <>“>pq (/f g (¢ ()<>a) . (3.7)

Similarly, from the assumption (3.3) we have

Hence

S

B A

mq < fag a.
Multiplying by ¢* yields
Ly B A
magt < fagd.
We deduce that

S
7

(/ab Nty <><>a) < (L (/f o (¢ <><>at>q. (38)

A
Again we put ¢ = g in the inequality (3.2). We get

1 /

b b pp’q b p'a ZT
/agA(t)w(t)OatZ (/a w(t)<>at> (a gq/(t)w(t)%t) ,
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which gives
9 —p
i

(/abg’”é*m <><>a) < (wa<t>oat> "

By the inequalities (3.8) and (3.9), we deduce that

1
I

U=

(/ab Mt ()%) S (39)

1
7

(/abg‘?(ww(t)%t)” ) ( /abw(t)%t>
</ f(tg? (><>a>

Finally, by multiplying the inequalities (3.7) and (3.10), we obtain the desired inequality
(3.4). O

(3.10)

Remark 3.3. If p = ¢, we obtain the reverse Holder’s inequality (1.7) [10].

3.1. Particular cases of Theorem 3.2

If we take o = 1, we get the following inequality for the A-integrable.

Corollary 3.4. Let 5, A > 0,1 < q <p < o0, %—F% :%+%:1 and T is a time scale,
a, b€ T with a <b. Let f,g € Crq(la, bT,[0, +00)), w a weight function on [a, bly. If

0<m< ]gef((g <M forallte€ a, b, (3.11)

then

1 1
7

(/abqu(t)w(m t) ' (/abg‘?(t)w(t)m> ’
sMplzf(;)q?(/ab )“(/f ” ) (/f g7 (¢ <>At>q'.

If we take o = 0, we get the following inequality for the V-integrable.

Corollary 3.5. Let 5, A > 0,1 < q <p < o0, %—F% Z%—F%:l and T is a time scale,
a, b€ T with a <b. Let f,g € Cq([a, b]T, [0, +0)), w a weight function on |a, blt. If

0<m< chf((g <M forallte€ a, b, (3.13)

then

1
7

(/abqu(t)w(t)v t)é (/abg’?(t)w(t)w) ’
SM;P’(;)‘ZI‘?'</: >§§</f 7 ) (/f g7 <>vt>

(3.14)

1
7

If we take T = R in the above theorem, we get the following corollary.
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Corollary 3.6. Let S, A > 0,1 < g < p < o0, %+%:%+%:1anda,b€ﬂ%with

a<b. Let f,g € C([a, b],[0, +00)), w a weight function on [a, b]. If

< gfég <M forallt€ [a, b, (3.15)
then

([ wunar) ([ o7 wuar)
SMizﬂ(;)fq’(/ab >§2</f el ()dt>;</abf§(t)g;’() <>dt>

(3.16)

0<m

1
7

Q=

U=

B

Remark 3.7. The inequality (3.16) is a new generalization with two parameters of the
weighted inequality given in Theorem 1.4 [1].

If we take 8 = p and A = ¢/ , we get the following corollary.

Corollary 3.8. Leta € [0, 1], 1 < ¢ < p < 0, %+I% = %Jr% =1 and T is a time scale,

a, b € T with a <b. Let f,g > 0 be continuous functions on [a, blr, w a weight function
on [a, blr. If

< 55((?) <M forallte |a, b, (3.17)

then

( A fq(t)w(t)%t) ‘ ( [0 <t>w<t><>at) !
< Mw () (/fw(t)oat) i(/abf(wg?( ) (/ £ ><>a>

(3.18)
Remark 3.9. The last inequality (3.18) is a generalization with two parameters of the
inequality given in Theorem 1.3.

1
7

If we put 6 =1, g =1, we get the following result.

Corollary 3.10. Let a« € [0, 1], 1 < ¢ < p < o0, %—I—}%: %—i—%:l and T is a time
scale, a, b € T with a < b. Let f > 0 be a continuous function on [a, blt, w a weight
function on [a, bly. If

0<m< f(t) <M forallt € [a, b, (3.19)
then

( :’fi(t)w(ww)q

a1 [ v b 1 7
< M (—)ar ([ w(t)oat / Frou®oat) | [ riouno.t) .
m a a
(3.20)
Remark 3.11. If we put p = ¢ in the above inequality (3.20), we get for p > 1,

[ rowo. < ()7 (/ w(t <>at) p(/abfiu)wumt)p. (321)



A generalization of reverse Holder’s inequality 389

4. Conclusion

In the present article, we obtained Hoélder’s original inverse diamond-« inequality with
two parameters. The proven inequalities generalize certain dynamic and classical inequal-
ities known in the literature.
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