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ABSTRACT Integral equations are topics of major interest and can found in a wide range of 

engineering and industrial applications. The analytical solutions of the integral equations is 

restricted to few range of applications, but in a general most authors tend to approximate or 

numerical methods due to the advances in the numerical methods and techniques. In the present 

paper, the He ‘perturbation method will be modified to solve Volterra integral equations(VIE). 

In the present paper, He’s homotopy perturbation(HPM) with a proposed technique was 

developed to" solve system of" Volterra integral equations of 1st type". Three different test 

problems were solved using the proposed technique and their results gave the impression that it 

is efficient for dealing with the Volterra integral equations.  
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1. INTRODUCTION 

Integral equations are topics of major interest and can found in a wide range of engineering and industrial 

applications. The analytical solutions of the integral equations is restricted to few range of applications, but in a 

general most authors tend to approximate or numerical methods due to the advances in the numerical methods 

and techniques. He in 1999 introduced the HMP. His method was applied by both researchers in the science and 

engineering fields for solving a wide range of linear and nonlinear problems. Between 2000 and 2004, the He’s 

method had been modified to resolve different kinde of integral equations with miscellaneous Differences 

 In the present paper,' the He’s perturbation technique will be modified to solveVIE. In the current paper, the 

modified version of the perturbed homotopy method was developed to resolve the system of VIE of 1st kind having 

the following form: 

∫  
𝑥

0
𝜁𝑖(𝑥, 𝑡)𝑘𝑖(𝑦1(𝑥), 𝑦2(𝑥), …… , 𝑦𝑛(𝑥))𝑑𝑡 = 𝑓𝑖(𝑥)                               (1) 

In equation (1), ( )xfi are prior recognized functions, ( )txi , are called Kernels, and

( ) ( ) ( )( )xyxyxyk ni ,...,, 21 . 

Exact and The sacrificial solution of integral equ. is of great Relevance because it has wide significance 

implementation in scientific research." Many researchers" [1,10,32,33] have solved various types of integral 

equations by several technique. By making use of operational matrix with block-pulse functions [11-14], this type 

of equations had been solved. The system of VIE of the 1st kind had been solved by AD technique [15,30,34], also 

by making some modification on homotopy perturbation method [16,31] solved nonlinear integral equations. In 

2010, Masouri introduced' numerical solution of VIE. of the 1st kind by introducing an expansion-iterative 

technique". In the present paper, He’s homotopy perturbation with a proposed technique was developed to solve 

system of VIE. of 1st type. Three different test problems were solved using the proposed technique and their results 
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gave the impression that it is efficient for dealing with the VIE." treat An operator that is integral or differential 

such that ": 

( ) 0u =                                                     (2) 

accordingly to homotopy technique, we can construct a homotopy ( )   → 1,0:r; and the domain 

 satisfies: 

H(r; 𝜌) = (1 − 𝜌)𝐹(𝑣) + 𝑝ℓ(𝑣) = 0                                                  (3) 

In equation (3),  is called embedding parameter. 

The term ( )νF  is known as 'functional operator with known solution 0u
'
, which can be gained easily. 

obviously, we have: 

( ) ( )νv;0H F=                          (4) 

And 

( ) ( )νv;1H =                                       (5) 

 

We show that this process of changing the include 'parameter from zero to unit is just a process of mutable 

from solution'. This is known as deformation and also in topology and is called symmetry. Therefore, we may 

postulate that the solution to eq. (4) and (5) can be 'expressed as': .....νννν 2

2

10 +++=                          (6) 

Putting 1= , we get the approximate solution of equation (1) as follows: 

u = 𝑙𝑖𝑚
𝑛→1

 𝑣 = 𝑣0 + 𝑣1 + 𝑣2 +⋯                                                    (7) 

"Let us consider the system of VIE of first kind. In the new proposed approach, we split ( )xif to infinite sums 

as follows": 

𝑓𝑖(x) = ∑  ∞
𝑗=0 𝐾𝑖𝑗(𝑥), 𝑖 = 1,2,3, … . , 𝑛                                     (8) 

Defining; 

𝜑𝑖(x; 𝜌) = ∑
∞

 𝐾𝑖𝑗(𝑥)𝜌
𝑗 , 𝑖 = 1,2,3, … . , 𝑛                                                  (9)  

Where 

 0,1 is an embedding parameter, now at 0= , ( ) 0x;0 ii K= , and at 1= ( ) ( )xfii =x;1 . Let us 

now construct the homotopy' ( )   → 1,0:x;iY ', which satisfies the following eq. 

𝑌𝑖(x; 𝜌) = 𝜑𝑖(x; 𝜌) + 𝜌𝑌𝑖(x; 𝜌) − 𝜌 ∫  
𝑁

0
𝑐𝑖(𝑥, 𝑡)𝑔𝑖(𝑌𝑖(x; 𝜌))𝑑𝑡𝑖 = 1,2,3, … . , 𝑛                              (10) 

 Where 

𝑌𝑖(x; 𝜌) = 𝑌1(x; 𝜌), 𝑌2(x; 𝜌), 𝑌3(x; 𝜌), …… , 𝑌𝑛(x; 𝜌)

𝑌𝑖(x; 𝜌) = 𝑌𝑖0 + 𝜌𝑌𝑖 + 𝜌
2𝑌𝑖2 +⋯ .

                                              (11) 

exchange Eq. (10) into Eq. (9), 'and equating the terms with equal powers of', we can obtain a series of linear 

eq. and solving them, we can get the approximate solutions. next,  

"The proposed approach has been applied to obtain accurate solutions to some linear and nonlinear systems of 

the first-type integrated Volterra equations" 
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Definition 1-1: 

     Any functional equation in which the unknown function appears under the sign of integration is called" 

integral equation". 

     The general form of non-linear integral equations may be written as follows: 

  𝜗(𝜒)𝜇(𝜒) = 𝜁(𝜒) + 𝜆 ∫ 𝜅(𝜒, 𝜏, 𝜇(𝜏))𝑑𝜏               𝜒𝜖Ι = [𝑎, 𝑏]
𝑏(𝜒)

𝑎
                                   

where the forcing function 𝜁(𝜒)  and the kernel function 𝜅(𝜒, 𝜏, 𝜇(𝜏)) are prescribed while 𝜇(𝜒)  is the 

unknown function to be determined. The parameter λ is often omitted; it is, however, of importance in certain 

theoretical investigations (e.g. stability) and in the eigenvalue problem. 

 

Definition 1-2: 

     The IE (1-1) is called LIE if the kernel (𝜒, 𝜏, 𝜇(𝜏)) = 𝜅(𝜒, 𝜏)𝜇(𝜏) , i.e. 

 𝜗(𝜒)𝜇(𝜒) = 𝜁(𝜒) + 𝜆 ∫ 𝜅(𝜒, 𝜏)𝜇(𝜏)𝑑𝜏               𝜒𝜖Ι = [𝑎, 𝑏]
𝑏(𝜒)

𝑎
   

otherwise it is called non-linear. 

 

Definition 1-3: 

      The IE (1-1) is said to be an equation of the first kind, if  𝜗(𝜒) = 0 ,i.e 

𝜁(𝜒) = 𝜆∫ 𝜅(𝜒, 𝜏, 𝜇(𝜏))𝑑𝜏
𝑏(𝜒)

𝑎

 

 

Definition 1-4: 

        The IE (1-1) is called non-linear Volterra integral equation(NLVIE) if  𝑏(𝜒) = 𝜒 , i.e 

 𝜇(𝜒) = 𝜁(𝜒) + 𝜆 ∫ 𝜅(𝜒, 𝜏, 𝜇(𝜏))𝑑𝜏
𝜒

𝑎
    

 

Example  

'Consider the system of linear VIE of 1st kind': 

∫  
𝑥

0

((1 − 𝑥2 + 𝑡2)𝑦𝑖(t) − (2𝑥 − 𝑡)𝑦2(t))𝑑𝑡 = −
1

3
𝑥3 −

2

15
𝑥5                                                                                         (12)

∫  
𝑥

0

((𝑥 + 𝑡2)𝑦𝑖(t) − (2 + 𝑥 − 𝑡)𝑦2(t))𝑑𝑡 = −𝑥2 −
1

6
𝑥3 +

1

3
𝑥4 +

1

5
                                                                               (13)

 

                                                   Having 

( ) ( ) xyxy == t,t 2

2

1  

as the exact solutions. 

In eq.(12) and (13): 

𝑓1(𝑥) = −
1

3
𝑥3 −

2

15
𝑥5                   

𝑓2(𝑥) = −𝑥2 −
1

6
𝑥3 +

1

2
𝑥4 +

1

5
𝑥5           

 

Now splitting ( )xf1 as: 



 

22 

 

𝑓1(𝑥) = −
1

3
𝑥3 −

2

15
𝑥5 =∑  

∞

𝑗=0

𝐾1𝑗(𝑥)                

 With 

𝐾10(𝑥) = 𝑥
2                                   

 

𝐾11(𝑥) = −𝑥
2 −

1

3
𝑥3 −

2

15
𝑥5                  

( ) 5432

21
5

1

3

1

6

1
xxxxxxK ++−−−=               

( ) 1,02 = jxK j
                                            

Now construct the homotopy" ( )   ( )   →→ 1,0:x;&1,0:x; 21  YY ", which satisfies the 

adjective equation: 

𝑌1(x; 𝜌) = 𝜑1(x; 𝜌) + 𝜌𝑌1(x; 𝜌) − 𝜌 ∫  
𝑥

0
((1 − 𝑥2 + 𝑡2)𝑦𝑖(t) − (2𝑥 − 𝑡)𝑦2(t))𝑑𝑡                                                         (13)

𝑌2(x; 𝜌) = 𝜑2(x; 𝜌) + 𝜌𝑌2(x; 𝜌) − 𝜌∫ ((𝑥 + 𝑡
2)𝑦𝑖(t) − (2 + 𝑥 − 𝑡)𝑦2(t))𝑑𝑡                                                                 (14)

            

                  (15) 

exchange "Eq. (11) into Eq. (14) and (15), and then collecting terms of same power of p", we get: 

𝜌0: {
𝑌10 = 𝐾10
𝑌20 = 𝐾20

                                                                                                                                                                                  (16)   

𝜌1: {
𝑌11 = 𝐾11 + 𝑌10 − ∫  

𝑥

0
((1 − 𝑥2 + 𝑡2)𝑦𝑖(t) − (2𝑥 − 𝑡)𝑦2(t))𝑑𝑡

𝑌21 = 𝐾21 + 𝑌20 − ∫  
𝑥

0
((𝑥 + 𝑡2)𝑦𝑖(t) − (2 + 𝑥 − 𝑡)𝑦2(t))𝑑𝑡

                                                                                (17)

  

Knowing that 

𝑌10 = 𝑥2   𝑌20 = 𝑥                                                                                                                                                                        (18)
𝑌11 = 𝑌12…… = 0; 𝑌21 = 𝑌22…… = 0                                                                                                                                   (19)
 And 

𝑦1(𝑥) = 𝑥
2 𝑦2(𝑥) = 𝑥                                                                                                                                                                 (20)

                     

Example 

Let us consider the integral 1st kind of NOVIE system ': 

∫  
𝑥

0

(𝑦𝑖(t) + (𝑥 − 𝑡)𝑦2(t))𝑑𝑡 = −
3

4
+
𝑥

2
+
1

2
𝑥2 +

1

12
𝑥4 + 𝑒𝑥 −

1

4
𝑒2𝑥                                                                                 (21)

∫
𝑥

0

(𝑦2(t) + (𝑥 − 𝑡)𝑦1(t)𝑦2(t))𝑑𝑡 =
5

4
+
𝑥

2
+
1

2
𝑥2 +

1

12
𝑥4 − 𝑒𝑥 −

1

4
𝑒2𝑥                                                                       (22)

      

   

In these two equations; 𝑦𝑖 = 𝑥 + 𝑒
𝑥 𝑎𝑛𝑑𝑦𝑖 = 𝑥 − 𝑒

𝑥 represent the exact solutions. 

In the present example: 

𝑓1(𝑥) = −
3

4
+

𝑥

2
+

1

2
𝑥2 +

1

12
𝑥4 + 𝑒𝑥 −

1

4
𝑒2𝑥

𝑓2(𝑥) =
5

4
+

𝑥

2
+

1

2
𝑥2 +

1

12
𝑥4 − 𝑒𝑥 −

1

4
𝑒2𝑥

              

As had been occurred in the previous example, let us start by splitting functions and let us start by splitting

( )xf1  as follows: 

𝑓1(𝑥) = −
3

4
+

𝑥

2
+

1

2
𝑥2 +

1

12
𝑥4 + 𝑒𝑥 −

1

4
𝑒2𝑥 = ∑  ∞

𝑗=0 𝐾1𝑗(𝑥)            

with 
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𝐾10 = 𝑥 + 𝑒
𝑥                     

𝐾11 = −
3

4
+

𝑥

2
+

1

2
𝑥2 +

1

12
𝑥4 + 𝑒𝑥 −

1

4
𝑒2𝑥

𝐾1𝑗 = 0, 𝑗 > 1                
                     

 Similarly| 

𝑓2(𝑥) =
5

4
+
𝑥

2
+
1

2
𝑥2 +

1

12
𝑥4 − 𝑒𝑥 −

1

4
𝑒2𝑥 =∑  

∞

𝑗=0

𝐾2𝑗(𝑥)         
 

 

 With 

𝐾10 = 𝑥 − 𝑒
𝑥                    

𝐾21 =
5

4
+

𝑥

2
+

1

2
𝑥2 +

1

12
𝑥4 − 𝑒𝑥 −

1

4
𝑒2𝑥     

𝐾2𝑗 = 0, 𝑗 > 1                            

 

Now construct the homotopy ( )   ( )   →→ 1,0:x;&1,0:x; 21  YY , which satisfies the 

adjective eq.: 

 

𝑌1(x; 𝜌) = 𝜑1(x; 𝜌) + 𝜌𝑌1(x; 𝜌) − 𝜌∫  
𝑥

0

(𝑦𝑖(t; 𝜌) + (𝑥 − 𝑡)𝑦𝑖(t; 𝜌)𝑦2(t; 𝜌))𝑑𝑡                                                                 (22)

𝑌2(x; 𝜌) = 𝜑2(x; 𝜌) + 𝜌𝑌2(x; 𝜌) − 𝜌∫  
𝑥

0

(𝑦2(t; 𝜌) + (𝑥 − 𝑡)𝑦1(t; 𝜌)𝑦2(t; 𝜌))𝑑𝑡                                                                (23)

 

 Similarly| 

𝑓2(𝑥) =
5

4
+

𝑥

2
+

1

2
𝑥2 +

1

12
𝑥4 − 𝑒𝑥 −

1

4
𝑒2𝑥 = ∑  ∞

𝑗=0 𝐾2𝑗(𝑥)                                                                                                (24)         

 

 With 

𝐾10 = 𝑥 − 𝑒
𝑥                   

𝐾21 =
5

4
+

𝑥

2
+

1

2
𝑥2 +

1

12
𝑥4 − 𝑒𝑥 −

1

4
𝑒2𝑥             

𝐾2𝑗 = 0, 𝑗 > 1                                

 

  

'exchange Eq. (11) into Eq. (23) and (24)', and then collecting terms of same power of p, we 

 

𝜌0: {
𝑌10 = 𝐾10                                                                                                                                                                                                                                                                 (25)
𝑌20 = 𝐾20                                                                                                                                                                                              

𝜌1: {
𝑌11 = 𝐾11 + 𝑌10 − ∫  

𝑥

0
(𝑌10(t) + (𝑥 − 𝑡)𝑌10(t)𝑌20(t))𝑑𝑡                                                                                                      

𝑌21 = 𝐾21 + 𝑌20 − ∫
x

(𝑌20(t) + (𝑥 − 𝑡)𝑌10(t)𝑌20(t))𝑑𝑡                                                                                          (26)

) 

 

𝑌10 = 𝑥 + 𝑒𝑥

𝑌20 = 𝑥 − 𝑒
𝑥                                                                                                                                                                            (27)

𝑌11 = 𝑌12…… = 0; 𝑌21 = 𝑌22…… = 0                                                                                                                              (28)
 And 

       

𝑦1(𝑥) = 𝑥 + 𝑒
𝑥

𝑦2(𝑥) = 𝑥 − 𝑒
𝑥                                                                                                                                              (29)
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   Example 

Let us consider the system of nonlinear VIE having
( ) 2x xyi =

and
( ) xy =x2 as the exact solutions 

∫  
𝑥

0

(1 − 𝑥2 + 𝑡2)(𝑦𝑖(𝑡) + 𝑦2
3(𝑡))𝑑𝑡 = −

1

12
𝑥6 −

2

15
𝑥5 +

1

4
𝑥4 +

1

3
𝑥3                                                                  (30) 

                                                            

∫  
𝑥

0
(5 + 𝑥 − 𝑡)(𝑦1

3(𝑡) − 𝑦2(𝑡))𝑑𝑡 =
1

56
𝑥8 +

5

7
𝑥7 −

1

6
𝑥3 −

5

2
𝑥2                                                                  (31) 

 

In the present example: 

𝑓1(𝑥) = −
1

12
𝑥6 −

2

15
𝑥5 +

1

4
𝑥4 +

1

3
𝑥3                                                                                                                         (32)

𝑓2(𝑥) =
1

56
𝑥8 +

5

7
𝑥7 −

1

6
𝑥3 −

5

2
𝑥2                                                                                                                                (33)

     

As had been occurred in the previous example, let us start by splitting functions and let us start by splitting

( )xf1  as follows: 

𝑓1(𝑥) = −
1

12
𝑥6 −

2

15
𝑥5 +

1

4
𝑥4 +

1

3
𝑥3 =∑  

∞

𝑗=0

𝐾1𝑗(𝑥)                                                                                              (34)          

 With 

 

 

𝐾10 = 𝑥
2            

𝐾11 = −
1

12
𝑥6 −

2

15
𝑥5 +

1

4
𝑥4 +

1

3
𝑥3 − 𝑥3                                                                                                                 (35) 

𝐾1𝑗 = 0, 𝑗 > 1                          

 Similarly 

 

𝑓2(𝑥) =
1

56
𝑥8 +

5

7
𝑥7 −

1

6
𝑥3 −

5

2
𝑥2 =∑  

∞

𝑗=0

𝐾2𝑗(𝑥)                                                                                                    (36)          

 With 

 

 

𝐾10 = 𝑥                        

𝐾21 =
1

56
𝑥8 +

5

7
𝑥7 −

1

6
𝑥3 −

5

2
𝑥2 − 𝑥                                                                                                                          (37)             

𝐾2𝑗 = 0, 𝑗 > 1                          

 

 

Now construct the homotopy 

  𝑌1(x; 𝜌): ℜ × [0,1] → ℜ&𝑌2(x; 𝜌):ℜ × [0,1] → ℜ, which satisfies the 

 
𝑌1(x; 𝜌) = 𝜑1(x; 𝜌) + 𝜌𝑌1(x; 𝜌) − 𝜌 ∫  

𝑥

0
(1 − 𝑥2 + 𝑡2)(𝑦𝑖(t; 𝜌) + 𝑦2

3(t; 𝜌))𝑑𝑡                                    (37)

𝑌2(x; 𝜌) = 𝜑2(x; 𝜌) + 𝜌𝑌2(x; 𝜌) − 𝜌∫ (5 + 𝑥 − 𝑡)(𝑦1
3(t; 𝜌) − 𝑦2(t; 𝜌))𝑑𝑡                                            (38)

 

 

 Substituting Equation (11) into Equations (38) and (39), and then collecting terms of same power of p, 

we get: 
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𝜌0: {
𝑌10 = 𝐾10                                                                                                                                                                                                                                                 (39)
       𝑌20 = 𝐾20                                                                                                                                                                  (40)

     

𝜌1:

{
 
 

 
 𝑌11 = 𝐾11 + 𝑌10 −∫  

𝑥

0

(1 − 𝑥2 + 𝑡2)(𝑌10(t) + 𝑌20
3 (t))𝑑𝑡                                                                                  (41)

𝑌21 = 𝐾21 + 𝑌20 −∫  
𝑥

0

(5 + 𝑥 − 𝑡)(𝑌10
3 (t) − 𝑌20(t))𝑑𝑡                                                                                        (42)

 

With 

𝑌10 = 𝑥
2                         

𝑌20 = 𝑥                              
𝑌11 = 𝑌12…… = 0; 𝑌21 = 𝑌22… . .= 0                                                                                                                              (43)

 

 And 

𝑦1(𝑥) = 𝑥
2

𝑦2(𝑥) = 𝑥
                                                                                                                                                  (44) 

 

2. CONCLUSIONS 

  Drawing on HPM, an analytical approach has been developed to solve the Volterra Type I integrated system 

of equations." When evaluating the examples", we noted that the proposed process is unpretentious in computation 

and highly effective in both linear and nonlinear situations. In addition, in most cases, 'it gives accurate solutions 

at a first rough estimation. 
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