Journal of Soft Computing and Artificial Intelligence J SCAI

Research Article 2(1): pp:19-26 (2021)
Received: February 17, 2021 Accepted: March 12, 2021 ISSN: 2717-8226

Homotopy perturbation technique to solve nonlinear
systems of Volterra integral equations of 1st kind
1Ahmed A. Mohammed Fawze ,’Borhan F. Juma'a ,and 3Waleed Al Hayani

!Mathematics Department, College of Computer Science and mathematics, University of Mosul, Mosul, Irag

irDa:partment of Computer Science, College of Computer Science and Information Technology, University of Kirkuk,

3 Mathematics Department, College of Computer Science and mathematics, University of Mosul, Mosul, Iraq

Corresponding author: 1Ahmed A. Mohammed Fawze (e-mail: aahmedamer68@uomosul.edu.ig).

ABSTRACT Integral equations are topics of major interest and can found in a wide range of
engineering and industrial applications. The analytical solutions of the integral equations is
restricted to few range of applications, but in a general most authors tend to approximate or
numerical methods due to the advances in the numerical methods and techniques. In the present
paper, the He ‘perturbation method will be modified to solve Volterra integral equations(VIE).
In the present paper, He’s homotopy perturbation(HPM) with a proposed technique was
developed to" solve system of" Volterra integral equations of 1st type". Three different test
problems were solved using the proposed technique and their results gave the impression that it
is efficient for dealing with the Volterra integral equations.
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1. INTRODUCTION

Integral equations are topics of major interest and can found in a wide range of engineering and industrial
applications. The analytical solutions of the integral equations is restricted to few range of applications, but in a
general most authors tend to approximate or numerical methods due to the advances in the numerical methods
and techniques. He in 1999 introduced the HMP. His method was applied by both researchers in the science and
engineering fields for solving a wide range of linear and nonlinear problems. Between 2000 and 2004, the He’s
method had been modified to resolve different kinde of integral equations with miscellaneous Differences

In the present paper,' the He’s perturbation technique will be modified to solveVIE. In the current paper, the
modified version of the perturbed homotopy method was developed to resolve the system of VIE of 1%t kind having

the following form:
Jy G ki r1.(), 2 (), o oo, Y (X))dE = fi(x) 1)

In  equation (1), fi(X)are prior recognized functions, Cfi(x,t)are called Kernels, and

AR ACISRACY)}

Exact and The sacrificial solution of integral equ. is of great Relevance because it has wide significance
implementation in scientific research." Many researchers" [1,10,32,33] have solved various types of integral
equations by several technique. By making use of operational matrix with block-pulse functions [11-14], this type
of equations had been solved. The system of VIE of the 1%t kind had been solved by AD technique [15,30,34], also
by making some modification on homotopy perturbation method [16,31] solved nonlinear integral equations. In
2010, Masouri introduced' numerical solution of VIE. of the 1% kind by introducing an expansion-iterative
technique". In the present paper, He’s homotopy perturbation with a proposed technique was developed to solve

system of VIE. of 1% type. Three different test problems were solved using the proposed technique and their results
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gave the impression that it is efficient for dealing with the VIE." treat An operator that is integral or differential
such that ":

#(u)=0 2

accordingly to homotopy technique, we can construct a homotopy V(r; p): Qx [0,1] — ‘R and the domain
Q satisfies:

H(r;p) = 1 = p)F () + pt(v) =0 @)

In equation (3), p is called embedding parameter.

The term F(v) is known as ‘functional operator with known solution U,,, which can be gained easily.

obviously, we have:

H(v;0) = F(v) 4)
And
H(v;1)=£(v) )

We show that this process of changing the include 'parameter from zero to unit is just a process of mutable
from solution'. This is known as deformation and also in topology and is called symmetry. Therefore, we may

postulate that the solution to eq. (4) and (5) can be ‘expressed as" v =v, + pv, + p2v2 + e (6)

Putting © =1, we get the approximate solution of equation (1) as follows:

n-1

u=Ilimv=vy+v, +v,+ ©)

"Let us consider the system of VIE of first kind. In the new proposed approach, we split fi (X)to infinite sums

as follows":
fix) = X750 Kij(x),i=123,...,n (8)
Defining;
Pi(xp) = XK;;(x)p),i =123, ....,n 9)
Where

p € [0,1]is an embedding parameter, nowat p = 0, ¢,(x;0) = K, and at p =1 ¢, (x;1) = f,(x). Let us

now construct the homotopy'Y; (X; p): R x[0,1] = R, which satisfies the following eq.

N .
Yi(x0) = 0i(xp) + pYi(xp) —p f, ci(x,)gi(Y;(x; p))dti = 1,23,...,n (10)
Where
Yi(x;p) = Y1(%; ), Y2 (%5 0), Ya(X; ), woe oo, Yn (X5 P) (11)

Yi(x;p) = Yio + pYi + p?¥ip + .
exchange Eqg. (10) into Eqg. (9), 'and equating the terms with equal powers of', we can obtain a series of linear
eg. and solving them, we can get the approximate solutions. next,

"The proposed approach has been applied to obtain accurate solutions to some linear and nonlinear systems of
the first-type integrated Volterra equations"
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Definition 1-1:
Any functional equation in which the unknown function appears under the sign of integration is called"
integral equation".
The general form of non-linear integral equations may be written as follows:
900u0) =S +2[; 1 ru@)dr  xel=[a,b]
where the forcing function {(y) and the kernel function K()(, r,u(r)) are prescribed while u(y) is the
unknown function to be determined. The parameter A is often omitted; it is, however, of importance in certain

theoretical investigations (e.g. stability) and in the eigenvalue problem.

Definition 1-2:
The IE (1-1) is called LIE if the kernel (x, 7, u(1)) = k(x, () , i.e.
900G = S00) + 2 L2 P k(D) de xel = [a, b]

otherwise it is called non-linear.
Definition 1-3:
The IE (1-1) is said to be an equation of the first kind, if 9(x) =0 ,i.e

b(x)
{00 =2 f k(7 1) de

Definition 1-4:
The IE (1-1) is called non-linear Volterra integral equation(NLVIE) if b(y) = x ,i.e

uG) =300 + A [ k(x, 7, u()dr

Example

'Consider the system of linear VIE of 1%t kind":

fx ((1—x%+ Dy () — 2x — )y, ())dt = —§x3 - 12—5x5 (12)

0

fx ((x+ Dy, — 2 +x— )y, ())dt = —x? — %x3 + %x‘* +% (13)
0

Having

Y1(t) = X21 Y2(t) =X
as the exact solutions.
In eq.(12) and (13):
1 2
_ _ 3 _ .5
filx) = 3 X 15 X
1

1
— —y2 __ 43 a4 45
f2(x) x 6x +2x +5x

Now splitting fl(X)as:
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Ls_ 2 s N
i) = =560 —22xS = ) Ky ()
7=0
With
Kio(x) = x*
1 2
K (x) = —x?— §x3 —Exs

KZl(x)z—x—xz—%x3+%x4+%x5
K,;(x)=0, j>1

Now construct the homotopy™ Y; (X; p): R x [0,1] —>RE&Y, (X; p): R x [0,1] — R ", which satisfies the
adjective equation:
Y,(%0) = 91 (%p) + pYa(xp) — p fy (A —x2 + t2)y, () — (2x — D)y, (D)dt
Y,(x0) = 025 p) + pYa(xsp) = pJ ((x + t2)y; () — 2+ x = )y, (D))dt
(15)
exchange "Eq. (11) into Eq. (14) and (15), and then collecting terms of same power of p*, we get:

0. {Yw = Ko
Y20 = Ky

ol {Yu =Ky +Y0— fox ((1 —x2+t)y; () — 2x — t)y, (t))dt
Vo1 = Kor + Yoo =[5 (G + 6)3:(0) — (2 + x — )y, (D)dt

Knowing that

Y10 = XZ YZO =X
Yll = Y12 ...... = 0; Y21 = YZZ ...... =0
And

yi(0) = x%y, (x) = x

Example
Let us consider the integral 1st kind of NOVIE system ":

* 3 X 1 2 1 4 X 1 2x
fo (yl-(t)+(x—t)y2(t))dt=—z+§+zx +Ex +e —7¢

* 5 x 1 , 1, . 1
fo (yz(t)+(x—t)yl(t)yz(t))dt=Z+z+zx +—12x —e —Ze

In these two equations; y; = x + e* andy; = x — e* represent the exact solutions.

In the present example:

=3, x 12 14yl
fikx) = Lt tox toxttet——e

_5,x,1 2,1 4 _x_1 2«
fz(x)—4+2+2x tox et —ce
s had been occurred in the previous example, let us start by splitting functions and let us start by splitting
As had b din th le, let us start by splitting funct d let us start by splitt

fl(x) as follows:
3 X 1 1 1 0

i) ==+ +sxP +oxt+eX —ce® =57 Ky (x)

with
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K10=x+€x

Kip=—24242x2 4 2ot fex -2
4 2 2 12 4
Ky;=0,j>1
Similarly|
1 2 4 x 2x N
f2(%) Z+§+§x +Ex —ef-ge =Z Ky (x)
j=0
With
Klo—x_ex
Ky =24+ 542x2 4 Tyt _ox _Zp2x
4 2 2 12
Ky =0,j>1

Now construct the homotopy Y, (X; p): Rx[0,1] > R &Y, (x; p): Rx[0,1] > R, which satisfies the

adjective eq.:

X
Yi(x;p) = 01(x;p) + pYi(x;p) — p f (vt p) + (x — Dyi (& p)y2 (6 p))dt (22)
0
X
Y2(x50) = (X, 0) + pYo(x0) — p f (y2(t p) + (x — D1 (6 )y, (t; p))dt (23)
0
Similarly|
5 X 1 5 1 4 x 1 oy 0
fo() = +5+5x" + Sxt —ef —2e™ =37, Ky;(x) (24)
With
KlO =X - ex
Ky =24 542x2 4 Zxt—ex — 22
4 2 2 12 4
K,j=0j>1

‘'exchange Eqg. (11) into Eq. (23) and (24)', and then collecting terms of same power of p, we

. Y10 = K10 (25)
po- { Y20 = Ky
1. {Yn =K +Y— fox (Yw(t) +(x — t)Yw(t)Yzo(t))dt
o1 = Kar + Yo = [© (Ya0(®) + (x = D)3 (Yo (0))dt (26)
(

Yip=x+e*

Y0 = x — e* (27)
Yy =Yig o= 0¥y =Yyp oo =0 (28)
And

yi(x) =x+e*

Y2 (x) = x — e* =
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Example

Let us consider the system of nonlinear VIE having Yi (X) =X and Y2 (X) -

x 1 2 1 1
fo (1 —x*+t)(8) + y3()dt = —Ex6 - Exf’ +Zx4 +§x3

- =1,845,7_1,3_5,2
yz(t))dt—SGx +ox' —oxt —cx

INCEFEICHO

In the present example:

1 2 1 1
fl(x)z—ﬁx —Ex +4x +3x
5 1 5
fZ(X) = gxs +§X7 —EXS —Exz

X as the exact solutions

(30)

(31

(32)
(33)

As had been occurred in the previous example, let us start by splitting functions and let us start by splitting

fl(x) as follows:

1 2

fl(x)=—ﬁx —1—5x +4x + x —Z Ky j(x) (34)
With
Ky = x?
K1 = ! 2 + + ! 35

e A TR E A L (35)
Ki;j=0,j>1

Similarly
fa(x) L N B > K;(x) (36)
2 56 7 6 2 - 2

]:

With

Kig=x
1 5 1 5

K. = 84 7,7 _—,3_",2_ 7

21 56x +7x 6x SX =% (37)
K,j=0j>1

Now construct the homotopy
Yi(x;0): R X [0,1] = R&Y,(x; p): R x [0,1] = R, which satisfies the
Yi(x0) = 01(p) + pYa(xp) — p [, (1 — 22+ t2)(y: (6 p) + ¥3 (6 p))dt (37)
(% 0) = 92(x;p) + pY2 (x5 0) = pf (5 +x = t)(¥3 (6 p) — 2 (t; p))dt (38)

Substituting Equation (11) into Equations (38) and (39), and then collecting terms of same power of p,

we get:
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Yio = Kio 39
poz{ (39)

YZO = K20 (40)
X
JYH =K1 +Yi0— f (1—x*+ tz)(Ym(t) + Y230(t))dt (41)
pl: x
|For = Kax + Yoo - [ 6+ 2= 0500 - (o)t 42)
0
With
Y10 = xz
Y20 =X
lel = lez ...... = 0; Y21 = YZZ ve..=0 (43)
And
y1(x) = x* (44)
y2(x) =x

2. CONCLUSIONS

Drawing on HPM, an analytical approach has been developed to solve the Volterra Type | integrated system

of equations.” When evaluating the examples", we noted that the proposed process is unpretentious in computation

and highly effective in both linear and nonlinear situations. In addition, in most cases, 'it gives accurate solutions

at a first rough estimation.
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