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Abstract

Let Ag be a matrix valued truncated Toeplitz operator — the compression of multiplication
operator to the vector valued model space H?(E) © ©H?(E), where © is a matrix valued
non constant inner function. Under supplementary assumptions, we find necessary and
sufficient condition that the product AgAy is itself a matrix valued truncated Toeplitz
operator.
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1. Introduction

Toeplitz operators are the compressions of multiplication operator to the usual Hardy
Hilbert space H2. In [3], Brown and Halmos describe the algebraic properties of Toeplitz
operators. Among other things, they found necessary and sufficient conditions for the
product of two Toeplitz operators to itself be a Toeplitz operator, namely that either the
first operators symbol is antiholomorphic or the second operators symbol is holomorphic.
In either case, the symbol of the product is the product of the symbols.

In the last decade, a large amount of research has concentrated on a generalization of
Toeplitz matrices, namely truncated Toeplitz operators. These are the compressions of
multiplication operator to subspaces of the Hardy space which are invariant under the
backward shift operator. They have been formally introduced in [11]; see [6] for a more
recent survey. Sarason [11] found equivalents to several of Brown and Halmoss results
for truncated Toeplitz operators on the model spaces Ky = H? © §H?, where 6 is some
non-constant inner function. The model spaces are the backward-shift invariant subspaces
of H? (that they are backward shift invariant follows easily from the fact that 0H? is
clearly shift invariant). We refer the reader to [1,2,6] (see also [5]) for the general theory
of these operators. It is well known that the product of two truncated Toeplitz operators
is not a truncated Toeplitz operator. In particular, in [12] Sedlock has investigated when
a product of truncated Toeplitz operators is itself a truncated Toeplitz operator.

Most recently, the basics of corresponding matrix valued truncated Toeplitz operators
(MTTOs), which are compressions to Kg of multiplications with matrix valued functions
on H%(E) has been developed in [9]. In view of the result of [12], there arises a basic
question related to the product of matrix valued truncated Toeplitz operators that is
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when the product of two MTTOs is still an MTTO? But there is no such simple result in
the general case, and we need some supplementary assumptions to obtain the main result
Theorem 4.6. The purpose of the present paper is to adapt the approach in [4] to the case
of MTTOs on an arbitrary model space.

The plan of the paper is following: By means of Section 2, we want to make sure that
the reader has become acquainted to model spaces and their operators and other useful
facts from this area, needed when we are going to start the main work in section 4.
In Section 3 we will introduce truncated Toeplitz operators (TTOs) and matrix valued
truncated Toeplitz operators (MTTOs). The last section contains a particular case of
MTTOs namely the Block Toeplitz matrices.

2. Model spaces and operators

Let C denote the complex plane, D the unit disc in C and T one dimensional torus in C.
In the sequel E will denote a fixed Hilbert space of dimension d. We designate the algebra
of bounded linear operators on E by £(E) and by £L(FE, K) the space of all bounded linear
operators from a Hilbert space E to a Hilbert space K. The space L?(E) is defined as
usual, by

L*(E) := {f T — E: fle") = i ane™ :a, € E, i lan||* < OO}

n=—oo n=—oo

endowed with the inner product

(e = [AH(E),g(e")dm
where dm = %tr is the normalized Lebesgue measure on T . The norm induced by the inner
product is given by

£l = [ 1f1dm.

If dimE = 1 (i.e., E = C) then L?(E) consists of scalar-valued functions and is denoted
by L2.

The Hardy space H2(E) is the subspace of L?(E) formed by the functions with vanishing
negative Fourier coefficients; it can be identified with a space of E- valued functions
analytic in D, from which the boundary values can be recovered almost everywhere through
radial limits. One can also view H?(FE) as the direct sum of d standard H? spaces. We
have the orthogonal decomposition

L*(E) = H*(E) @ (zH*(E))*.

The spaces L®(E) C L%(E) is formed by the essentially bounded functions with values
in E; then H*(E) C H?(E) are the functions in L>°(E) with vanishing negative Fourier
coefficients.

Taking into account that £(F) is a Hilbert space endowed with the Hilbert-Schmidt
norm, we may similarly define H?(L(E)) C L*(L(E)) and H®(L(E)) C L®(L(E)).
Note, however, that we prefer to consider on L*°(L(E)) and H*(L(FE)) the equivalent
norm obtained by considering on £(FE) the operator norm instead of the Hilbert-Schmidt
norm.

The space L?(£(E)) may be identified with the matrices with all the entries in L?. We
have an orthogonal decomposition

L*(L(E)) = [zH*L(E)]* @ H*(L(E)).

The space L>°(L(E)) acts on L?(E) by means of multiplication: to ® € L>®(L(E)) we
associate the operator Mg defined by Mg (f) = ®f for all f € L*(E).
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Let S denote the forward shift operator (Sf)(z) = zf(z) on H?(E) ; it is the restriction
of M, to H?(FE). Its adjoint (the backward shift) is the operator

7(z) = (0)

z

(5"N)(z) =

One sees easily that I — SS* is precisely the orthogonal projection onto the space of
constant functions.

The main object of study is formed by the model spaces and the operators acting on
them. These are defined as follows. First, an inner function is an element © € H?(L(FE))
whose boundary values are almost everywhere unitary operators in L£(E). The inner
function is called pure if [|©(0)|| < 1; this is equivalent to requiring that © has no constant
unitary part.

Consider then a pure inner function ©, with values in £(E). The model space associated
to a pure inner function ©, denoted by Kg and is defined by

Ko = H*(E) © ©H*(E).

Just like the Beurling-type subspaces ©@ H?(E) constitute nontrivial invariant subspaces
for the unilateral shift S on H?(FE), the subspaces K¢ play an analogous role for the
backward shift S*. The orthogonal projection onto K¢ will be denoted by Pg. It is also
known that Kg N H*>(FE) is dense in Keg.

The analogous space of matrix-valued functions is denoted by Mg; it is the orthogonal
complement of OH2(L(E)) in H?(L(E)).

The model operator Sg € L(Kg) is defined by the formula

(Sef)(2) = Po(zf)-
The adjoint of Sg is given by

. f(z) — f(0)
(s5.)(z) = 10,
it is the restriction of the left shift in H2(F) to the S* -invariant subspace Keg.
Let us assume that ©(0) = 0, so ©® = 201, which is the case we will consider in

the sequel. Then I — SgS§ is the projection Fy onto the constant functions, which are
contained in Kg, while I —S§Sg is the projection Pp, onto the space D, = {©1z : 2 € E}
(which is also contained in Kg).

The scalar valued model spaces and operators are obtained when dim E = 1; that is,
when E = C. We have then the classical spaces H2 C L? and L>. The inner function is
a scalar inner function 6, and the model space is Ky = H? © §H?. In particular, in case
0(z) = 2", Ky becomes the n-dimensional space of polynomials of degree at most n — 1.

Definition 2.1. A conjugation on a complex Hilbert space H is a function C' : H — H
that is
(i) conjugate linear: that is C(ax + By) = @Cx + BCy for all z,y € H and «, 3 € C,
(ii) involutive: C% =TI,
(iii) isometric: ||Cx| = ||z|| for all x € .

The following result is an immediate consequence of a theorem in [9].

Lemma 2.1. Suppose ©(0) =0, so © = 20;. Let T" be a conjugation on E, and suppose
that ©(e)* =TO(e")T a.e. on T. Then the map Cr defined by

Cr(f) = Z@lFf (2.1)

is a conjugation on zKeg,.
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3. Truncated Toeplitz operators and matrix valued truncated Toeplitz
operators

If ¢ € L°°, then the compression of the multiplication operator My to H 2 is called a
Toeplitz operator and is denoted by Tj,. That means that Ty = Py2My|H 2 where Ppo is
the orthogonal projection of L? onto H2. More than a decade ago, Sarason has introduced
in [11] the so-called truncated Toeplitz operators. Remember that Py is the orthogonal
projection onto the model space Kg. If ¢ € L, then the truncated Toeplitz operator
Ag) is defined to be the compression of My to Ky. That means that Ag) = PyMy|XKy. In

particular, we see that with this notation Sy = Ag.

Let us now remember that for §(z) = 2" the space Ky is formed by the polynomials of
degree not greater than n — 1. The monomials z¥, k = 0,...,n — 1 form an orthonormal
basis of K n. If we write the matrix of an operator with respect to this basis, then one
can see that truncated Toeplitz operators correspond precisely to Toeplitz matrices.

Passing now beyond the scalar case, suppose that © is a pure inner function. The
analogue of truncated Toeplitz operators have been defined in [9], where they are called
matriz valued truncated Toeplitz operators.

Suppose then that ® € L?(£(E)). Consider the linear map f — Pgo(®f), defined on
KeNH*®(E). If it is bounded, then it uniquely determines an operator in £(Xg ), denoted
by Ag, and called a matriz valued truncated Toeplitz operator (MTTQO). The function & is
then called a symbol of the operator. We will usually drop the subscript ©, as we consider
a fixed inner function. We denote by T(Kg) the space of all MTTOs on the model space
Keo.

Note that if ® € L>°(L(E)) (that is, it is bounded), then it follows that f — Pgo(®f)
defines a bounded linear operator on the whole of Xg, and thus Ag € T(Xo). But we may
have bounded MTTOs which have no bounded symbols, which is one of the complications
of the theory. However, a result of [9] tells that any operator in T7(Xg) has a symbol in
Mo + (Meg)*; this is why we will restrict in the sequel to considering operators A9 with
d e Mo + (Me)*.

The operator Sg is a simple example of MTTO; it is obtained by taking ®(z) = z[g.
This example is rather special because the symbol is scalar valued.

It is immediate that

» = Ag~,
so T(Kg) is a self adjoint linear space.

In section 5 we will see that if ©(z) = 2V Ig, then the MTTOs obtained are actually
familiar objects, namely block Toeplitz matrices of dimension N, in which the entries are
the matrices of dimension d. The theory of Block Toeplitz matrices has been an inspiration
for research in the domain of matrix valued truncated Toeplitz operators. In particular, it
should be mentioned that some of the classes of block Toeplitz matrices which are closed
to multiplication are found in [7] and [8].

As supposed above, we will consider a fixed inner function © and different MTTOs
acting on Kg. The symbols of these operators will be &, W, . ...

Before the ending of this section we need to quote a result from [10, Chapter VIJ.

Proposition 3.1. Suppose © be an inner function, and ® € H*(L(FE)) such that PO =
©O®. Then

(1) ©H%(L(E)) is invariant with respect to Mg (and consequently Kg is invariant
under M3 ).
(2) ApSe = SeAs and consequently A SE = SHAS.

For an operator A on Kg, define
A(A) = A— SeAS§.
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Note, in particular, that Py = A(I). The next result from [9] characterizes MTTOs among
all operators on Xg.

Proposition 3.2. A bounded operator A on Kg belongs to T(Ke) if and only if there
exist operators B, B' on Kg such that

A(A) =BPy + PyB’
In this case A = Ag g+, where ®, & € H*(L(E)).

4. Main results

In view of the result of Sedlock [12], a natural question is to determine when is the
product of two MTTOs still an MTTO. However, there is no such simple result in the
general case, and we need some supplementary assumptions to obtain the main result,
Theorem 4.4. The path we take is suggested by [4], but the matrix valued situation is
much more complicated.

We will consider in the rest of this section a fixed inner function © € H*(FE) subjected
to the condition ©(0) = 0. Then © = 20, where ©; € H*(E) is also inner. Remember
that in this case the constants belong to Xg, and Fy is the projection onto the constants.
We have the orthogonal decomposition

Ko =E& 2Ke,. (4.1)
Take now ® € Mg + (Mg)*. We can write then
O =20, + 20" + P (4.2)
with @4 € Mg, and &g € L(E). If ®(e Z ®,e™ with ®,, € L(E), then
n=—oo

= i D, 2" = i (/ P(eft)emint dt) 2"

/(I) zt Z 6—2nt n g = /(I) zt dt.
1— e”

Remember that two operators A,B are said to doubly commute if AB = BA and
AB* = B*A (whence it follows that also A*B* = B*A* and A*B = BA*).

Lemma 4.1. Suppose that ©(0) = 0 and ®,¥ € Mo + (Meo)* such that ®(e™)¥(e') =
U(e)D(e) for any s,t.
(i) For any s,t we have ® (e?)W () = W () Dy (e?) and P_ ()W (") = U(e™)P_ ().
(ii) If the values of ®, ¥ doubly commute with those of ©, then the same is true for
LU,
(iii) IfT is a conjugation on E such that ®(e)* = T'®(e")T, then @4 (e')* = TPy (e")T.

(4.3)

Proof. We will give the proof only for one of the equalities in (ii); the rest are similar.
Using (4.3), we have

etz ez
I zs(I) _ 13 /(I) zt dt = /\If zs z _dt
(%) (2 1—6”2 l—e”z
eit
) ) j
/(I) Z €) 1 — elt (/q) l 1-— e”zdt> (er)
= &, (2)T(e™).
By taking radial limits in z a.e., one obtains the required commutativity. ([l

The next lemma gives an identification of elements in Mg.
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Lemma 4.2. The map ® — Jp, defined by

Jo(x)(2) = ®(2)z (4.4)
is a bijection between Mg and L(E,Kg).
Proof. Fix a basis e1,--- ,eqin E. If J: E — Kg, then define

o = J(ex), 1<k <d, (4.5)

where ¢y € Kg for every 1 < k < d. If we arrange ¢, as a column vectors then we obtain
® € Mg. Conversely, if we start with ® € Mg, then the map Jg : E — Kg, which sends
er to kth column of ® for every 1 < k < d, is defined by

Jo(x)(2) = ®(2)z. O

We denote by Jy the embedding of E in Kg; that is for every x € E, Jo(x) = z. It is
easy to see that in a given basis the matrices of functions in z2Mg, are characterized by
the fact that columns are functions in 2Kg), .

Finally, we define Cp(®) by giving the action of Jg on z € E as

JCF(CD):E = C’p(<I>F:13), (46)

where Cr is defined by (2.1).

In the rest of this section we assume that § is a commutative algebra of functions
contained in Mg + (Mg)*, such that all the elements of § doubly commute with those of
©. The next lemma is the main technical result of this section.

Lemma 4.3. Suppose that ©(0) = 0 and ®,¥ € §F. Then there exist operators X,Y € Mg
such that

A(AoAw) = Jeo, Jw_ — Jopze )Jopu,) + XPo + PY.
Proof. For any ® € Mg + (Me)* we will denote & = & — &,. It follows easily from
Lemma 4.1 that ®qU(e?) = ¥(e!*)®g and Po¥(e*) = W(e*)Py. In the same way one
can obtain Wo®(e*) = ®(e*)¥y and Uod(e*) = &(e**)Vg. A similar argument works for
double commutation with ©.

Since ®g, ¥g € H?(L(E)) commutes with ©, then by using Proposition 3.1 Sg commutes
with Ag, and Ay,, and therefore

A(ApAw) = A(AgAy) + A(A3Aw,) + A(Ae,Ag) + A(Ag, Ag,).-
= A(AgAy) + YoA(Ay) + PoA(Ay) + PeWeA(T)
= A(AgAy) + YoA(Ay) + PoA(Ay) + PoVoFo.
By Proposition 3.2 there exist operators B = 2®, and B’ = z®_ such that A(Ay) =

2@ Py + Ppz®* with @1 € Mg,. Similarly A(Ay) = 2V Py + Pyz¥* and ¥y € Mg, .
Using Lemma 4.1, we have

A(A@Aq/) = A(A&A@) + \Ilo(ZCI)+P0 + Pogq)t) + @O(Z\I/+P0 + P()E\I/t) + &g Uy Py
=A(AgAy) + (Voz®y + P2V + OgWo) Py + (Vo Ppz®" 4 OgFPyzVU™).

Since Py is the projection onto the constants then it must commute with &g and Wy.
Therefore

A(ApAy) = A(AgAy) + (Vo2 + P2V + OgWo) Py + Po(Yoz®" + $oz¥™ ). (4.7)
Now, by using the definition of A,
A(AzAy) = Az Ay — SeA; Ay 56
= AgAy — ApSeAyS6 + Ay SeAySs — Se Ay Ay S
= A3 A(Ay) + A(A4)SeAy S — SeAs Pp, Ay S
= Ay (2@ Py + PozV™ ) + (2@ Py + Pyz®" )Se Ay S§ — Se Ay Pp, Ay So
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or
A(Ai)A\i!) = AéZ\I’_FPO + AéP@E\I’i + Z(I)_i_P()S@A\ijSé 48
+ P()Z(I)*,S@A@Sé — S@AéP@*A@Sg. (4.8)

Since the constant functions are in g , we have PpPg = PgPy. Also since Pyzf = 0,
then

PySef = PoPezf = PePozf =0,
So the third term in the left hand side of (4.8) is 0. The second term is
A3 PoZU" = Po(2®4 + 207 )Pz .

But, since &, € Mg,, we have, for any constant function z, &,z € Ko, , 2,2 € Ko,
and therefore Pgz®, Py = 2®, Py. Also, for any constant function z, z®* 2 1. H?(E), so
Poz®* Py =0. So

A(AzAg) = A2V Py + 20, PpzU" + Pyz® Se Ay S5 — SeA; P, Ay S6- (4.9)
Since Jy is the embedding of the constants into Kg, we have, for f € Kg and x € F,
(Jof x) = (f, Jox) = (f(0), z)
whence Jj f = f(0). So
JoJ5f = Jof(0) = ®(2)f(0) = PPy f, forany f e Keo.
By taking adjoints we have JyJj = Py®*. Therefore we can write (4.9) as
A(A3Ay) = Ay Jou, Jg + Joo, PoJ gy + Poz®" SeAyS§ — SeAgPp, AySs.  (4.10)

Since D, is the space spanned by ©1F, we can define an isometry V : E — Kg by the
formula Vx = Oz, and, moreover, Pp, = VV*. Also, we have

AgVz = PodVa = Poz®,Va + Pozd* Va. (4.11)
Then, using the commutativity between © and ¢,
20, Ve =20,012 =2010,2 =002 1 Kg,

and so the first term in (4.11) is 0.
We have also

2O Ve =20* 0120 = 0,20 1 = 0,20 Tz
=Z(201'(2®_T'z)) = 2Cr(2@_T'z). = zJc, (2P )x.
Since Cr is a conjugation on 2Kg,, 2Cr(2®_T'z) € Ke, and therefore
Poz® Vi = 20" Vo = 2Cr2® _T'z = ZJc 202
So
SeAsVr =22Crz® Tz = Crz®_T'z = Jo, (202

Similarly, we obtain
S@A\i/* Vo= sz\Il+Fac = JCp(z‘I/_,_)x-

Consequently,
SeA;V = Jerpza_)s SeAy.V = Jepzuy),
Finally, the last term in (4.9) is
S@A@PD*A@SES = S@A@VV*A@S(f) = JCF(Zq)f)JEF(Z\I]+)' (4.12)

Combining (4.10) and (4.12) we get
A(AgAy) = AgJow, Jg + oo, PodJly_ + Jodle_SeAyS6 — Jop(za ) JCp ey
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so we have
A(A@A\p) = AéJz\lj_'_Jg + JZ<I>+P0J:\I,_ + JOJ;‘(P_S@A@SZ) — JCF(Zq)—)JéF(Z‘I’+)
+ (‘I/OZ(I)+ + o2V + (I)O\I/())PO + P()(\Ifogq)i + tI)OE\I/i)

Now we have the relations

(4.13)

JpJy = Py, JoJo = Py®”
So the second term in (4.13) becomes
28, Po(29)" = Joo, o Jo Lo = oo, Jia

Also, since Jy : E — Kg is the embedding of the constants, while Py : KXg — Kg is the
projection onto the constant functions, it follows immediately that

PyJo = Jo, JgPo = J§
Therefore we can write the first and third term in (4.13) as
Aglov, Jyg = Aglow, JoPo, JoJle_SeAySe = PodoJ e _SeAySs.
So we have
A(AeAw) = Ay Jow, g Po + Jeo, Jiy_ + PodoJle_SeAyS6 — Jor(ze ) Iy
+ (Upzdy + P2V + PoWo) Py + Po(Vozd" + $pzP™")
= Z‘I’-!—J,:\I/_ - JCF(Z¢—)J6F(Z‘I’+)
+ [AgJow, J5 + Wozdy + PozWy + OgT] Py
+ Po[Jo Sl SeAySe + ¥ozd" 4 OpzU™ ]
= Jza, J,:\I/_ — JCr(z<I>_)‘]ép(z\I!+) + XPy+ BY
where X = Ag .y, Jg + Pz + P2V + $oWg and YV = JoJ 5 SeA;Sg + VYozdr +
Doz U . O

Theorem 4.4. Suppose ©(0) = 0 and ®,V,x,( € §. Then ApAy — AyAcr € T(Ke) if
and only if

(4.14)

oo Jou_ — Jeree ) o) = T Ji. — Jern)JOraen)-

Proof. By Lemma 4.3 there exists operators X,Y € Mg such that

A(ApAy — A\A) = Joo, Jly — Jepeao)Jeruy) — ey Joc. + Jerxo)Jerzcy)

+ X Py + FyY.
By Proposition 3.2, we have AgAy — A A¢ € T(Keg) if and only there exist operators
B, B’ such that
A(A@A\p — AXAC) = BPy + P()B,.

The last two equations say that Ap Ay — AyAc € T(Keg) if and only if there exist X', Y’
such that

Lo iy — JereoyJercuy) — Joxe i + Jereyo)Jore) = X' Po+ RY'. (4.15)

Since ©(0) = 0 then we can write Xg = E @ 2Kg,. With respect to this decomposition,
the left hand side of (4.15) has zeros on the first row and column, while the right hand
side is the general form of an operator that has zeros in the lower right corner. Now it is
clear that for (4.15) to be true both sides have to be zero, which proves the theorem. [

The following result is the main result of this paper: it gives the answer to the question
stated at the beginning of this section, namely when is the product of two MTTOs also
an MTTO.

Theorem 4.5. Suppose ©(0) =0, &,V € § and Ap, Ay, € T(Ko). Then AsAy € T(Ko)
if and only if J.o, J g = JCr(zqh)‘]ép(z\Iur)'
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Proof. Applying Theorem 4.4 to the case x = (¢ = 0. U

Remark 4.6. One sees that our results are valid only under some restrictive assump-
tions. First, the commutation of the values of ® and ¥ is natural if we want to obtain a
commutation of the operators that have them as symbols.

Secondly, we assume that the values of @,V doubly commute with those of ©. This
is a more restrictive assumption that we would like to avoid, but up to now we have not
been able to obtain a smooth result in the general case. However, even this restrictive
assumption covers various classes of model spaces and matriz valued truncated Toeplitz
operators, as is seen by the examples below.

(1) Suppose O(z) = 0(z)14. Then the values of © are scalar matrices of dimension
d, which doubly commute with any other matrixz. The assumptions of the theorem
are therefore verified for any commuting ®, V. A particular case of such a © is
discussed in detail in the next section.

(2) An opposite case appears when © is arbitrary, but ®(z) = ¢(2)14, V(z) = P(2)Iq—
that is, ® and ¥ are ampliations of scalar symbols. Again the assumptions of the
theorem are valid.

5. A particular case: block Toeplitz matrices

In this section let ©(z) = 2V I for some fixed positive integer N. Then Kg is the
Hilbert space of all polynomials in z of degree at most N — 1 with coefficients from FEi.e.,

KXo = {ao +arz+ - an—12V Y ag, a1, an—y € E}.
N-1
One can also identify this space with the direct sum of N copies of F by mapping Z apz”
k=0

into @p_, ar. Take then Ag, with ® € L2(L(E)) having Fourier expansion ®(e') =

[o¢]

Z ®(n)e™, with ®(n) € L(F). Then it can easily be seen that with respect to the
n=—oo
direct decomposition given above Ag has a natural representation as the block Toeplitz
matrix

o(0) (1) - BN —1)
o(—1) o(0) - BN —2)
o(1 . N) ®(2 . N) <I>(:0)

So T(Xe) becomes in this decomposition the space of all block Toeplitz matrices with
entries in L(E).

Suppose now that ®, ¥ belong to a commutative algebra §. Since © is a scalar valued
inner function the double commutation assumption on &,V is satisfied. As stated in
section 4, we can write the symbol ® € § of any MTTO as

= 2D, +20_ + o,

where &4 € Mg, and &g € L(FE). Let (k) and ®_(k) denote the Fourier coefficients of
&, and ®_ respectively then we have
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and
0 ®°(0) --- @ (N—2)
Azpr = 0 0 @i(]Y—S)
0 0 0
Therefore
) ®r(0) - PL(N-2)
Agp = Ao, 1z0_ 10, = ‘I>+‘(0) (P.O ‘ (I)i(]\.] 9
D N2 BN-3) o
Similarly,
v, TE(0) - UR(N —2)
Ay = Apw 150w, = \I]Jr.(O) \I/:O Wi(]\.f =3
ULN-2) U (N-3) W

Since ©(z) = zNIg, Mg is the space of all polynomials in z of degree at most N — 1
with coefficients from £(E), while Mg, is the space of polynomials in z with coefficients
from L£(E) but of degree not greater than N — 2. For any x € E, J.¢, v = 2®, x, where
¢, € L(F), and for any f € Ko, Jiy f=2V* f, with V_ € L(F). Now we have

N-2 N-2
Joo, Sy f=20020" f=0, VT f = <Z q’+(k‘)zk> (Z ‘I’*—(k)zk> f
k=0 k=0

N-2 N-3
- ( S0 (k)UE (k) + Y o4 (k)U* (k+1)z
k=0 k=0

oD (0)TF (N — 2)2N‘2)f

N-3 N-4
+ ( D@L (k+ 1)U (k)z+ Y p(k+2)T" (k)22
k=0 k=0

TR (N - 20 (0)2N ) f

i O (k) (k+ (N —2) —m)zN-2-my

i D (k—m+ N —2)U* (k)zN-2-my,

0 m
T, g F= D D (k)W (k+ (N —2) —m)z" 27" f+
m=N-2 k=0

0 m

+ 3 Y@ (h+ (N —2) - m)W (k)N
m=N—-3 k=0
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and for any f in K¢

0 m
Jero ) Ionunf =0 f= D0 Y (k)i (k+ (N —2)—m)zV 2 f+
m=N—-2 k=0

0 m
+ Y Y o (k—m+N-2)T (k)N
m=N—3 k=0
(5.2)
By Theorem 4.5 Ag Ay € T(Keg) if and only if J.o, JIy = Jopza_)J&
corresponding coefficients we get

N0y Comparing

N30 (0) U (N=2)+ P, (1)U (N—3) =& (0)W (N —2)+d* (1)U (N —-3),
Using (5.3) in (5.4) we have &, (1)U* (N —3) = &* (1)U (N — 3). In general
OyL()P*(N—-2—i) =W, (N—-2—-49)P*(0) forevery i=0,--- ,N—2. (5.5)

. ,N-2

In the same way comparing coefficients of z, 22, - - we obtain

U, (i) (N —2—1i) =D (N —2—i)U* (i) forevery i=0,1,--- ,N—2.  (5.6)

If we take Az = qﬁ_(’b — 1), Ai—N = (I)+(7, — (N — 1)) and Bz = \I/*_(Z — 1), Bi—N =
U, (i—(N—1)) forevery i =1,2,--- , N —1 then Lemma 3.1(i) of [8] imply that Ag Ay is
a block Toeplitz matrix. Thus the condition J.¢,J7y = JCr(z<IL)JEF(z\IJ+) is equivalent
to the condition in Lemma 3.1(i) of [8] or Proposition 2.1 in [13].
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