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Abstract
We introduce a new class of analytic functions with negative coefficients by using the q−analogue of
multiplier transformation operator. Coefficient inequalities, distortion theorems, closure theorems, and
some properties involving the modified Hadamard products, radii of close-to-convexity, starlikeness, and
convexity, and integral operators associated with functions belonging to this class are obtained.
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1. Introduction
Let A (j) denote the class of analytic functions of the form

f(z) = z +

∞∑
k=j+1

akz
k (j ∈ N = {1, 2, 3, ...}) (1.1)

which are analytic in the open unit disk U = {z ∈ C : |z| < 1} and let A (1) = A. For functions f(z) given by (1.1)
and g(z) given by

g(z) = z +

∞∑
k=j+1

bkz
k (j ∈ N) , (1.2)
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the Hadamard product or convolution of f(z) and g(z) is defined by

(f ∗ g) (z) = z +

∞∑
k=j+1

akbkz
k = (g ∗ f) (z). (1.3)

Quantum calculus or q−calculus is an ordinary calculus without limit. In recent years, the study of q−theory
attracted the researches due to its applications in various branches of mathematics and physics, for example, in
the areas of special functions, ordinary fractional calculus, q−difference, q−integral equations and in q−transform
analysis (see, for instance, [1], [2], [3], [4], [5], [6], [7], [8], [9] and [10]).

For f ∈ A (j) given by (1.1) and 0 < q < 1, the q−derivative of f is defined by (see [11], [12], [13], [14], [15] and
[16])

Dq,jf(z) =

 f ′(0) if z = 0,
f(z)− f(qz)

(1− q)z
if z 6= 0,

(1.4)

and D2
q,jf(z) = Dq,j (Dq,jf(z)). From (1.1) and (1.4), we deduce that

Dq,jf(z) = 1 +

∞∑
k=j+1

[k]q akz
k−1 (j ∈ N; z 6= 0), (1.5)

where [k]q is q−integer number k defined by

[k]q =
1− qk

1− q
= 1 + q + q2 + ...+ qk−1 (0 < q < 1) . (1.6)

We note that Dq,1f(z) = Dqf(z) and

lim
q→1−

Dq,jf(z) = lim
q→1−

f(z)− f(qz)

(1− q)z
= f ′(z),

for a function f which is differentiable in a given subset of C. As a right inverse, the q−integral of f is introduced by∫ z

0

f (t) dqt = z (1− q)
∞∑
k=0

qkf
(
zqk
)
,

provided that the series converges (see [17] and [18]). For a function f given by (1.1), we observe that∫ z

0

f (t) dqt =
z2

[2]q
+

∞∑
k=j+1

akz
k+1

[k + 1]q

and

lim
q→1−

∫ z

0

f (t) dqt =
z2

2
+

∞∑
k=j+1

akz
k+1

k + 1
=

∫ z

0

f (t) dt,

where
∫ z
0
f (t) dt is the ordinary integral.

Making use of the q−derivative Dq,jf(z), we introduce the subclasses Sq,j (α) and Cq,j (α) of the class A (j) for
0 < q < 1, j ∈ N and 0 ≤ α < 1 as follows:

Sq,j (α) =

{
f ∈ A (j) : <zDq,jf(z)

f (z)
> α, z ∈ U

}
, (1.7)

Cq,j (α) =

{
f ∈ A (j) : <Dq,j(zDq,jf(z))

Dq,jf(z)
> α, z ∈ U

}
, (1.8)

From (1.7) and (1.8), we have
f ∈ Cq,j (α)⇔ zDq,jf ∈ Sq,j (α) .
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We note that Sq,1 (α) = Sq (α) and Cq,1 (α) = Cq (α) (see [16]) and

lim
q→1−

Sq,1 (α) = S (α) and lim
q→1−

Cq,1 (α) = C (α) ,

where S (α) and C (α) are, respectively, the classes of starlike of order α and convex of order α in U.
Now, we define the q−analogue of multiplier transformation operator

Jmq,j (l) : A (j)→ A (j) (l > −1;m ∈ N0 = N ∪ {0} ; j ∈ N) ,

as follows:

J−mq,j (l) f (z) =
[l + 1]q
zl

z∫
0

tl−1J−(m−1)q,j (l) f (t) dqt (z ∈ U) ,

.

.

.

J−2q,j (l) f (z) =
[l + 1]q
zl

z∫
0

tl−1J−1q,j (l) f (t) dqt (z ∈ U) ,

J−1q,j (l) f (z) =
[l + 1]q
zl

z∫
0

tl−1f (t) dqt (z ∈ U) ,

J 0
q,j (l) f (z) = f (z) (z ∈ U) ,

J 1
q,j (l) f (z) =

z1−l

[l + 1]q
Dq,j

(
zlf (z)

)
(z ∈ U) ,

J 2
q,j (l) f (z) =

z1−l

[l + 1]q
Dq,j

(
zlJ 1

q,j (l) f (z)
)

(z ∈ U) .

.

.

.

Jmq,j (l) f (z) =
z1−l

[l + 1]q
Dq,j

(
zlJm−1q,j (l) f (z)

)
(z ∈ U) .

We see that for f ∈ A (j), we have

Jmq,j (l) f (z) = z +

∞∑
k=j+1

(
[l + k]q
[l + 1]q

)m
akz

k (1.9)

(0 < q < 1; l > −1;m ∈ Z = {0,±1,±2, ...} ; j ∈ N) .

It is readily verified from (1.9) that

ql zDq,j

(
Jmq,j (l) f (z)

)
= [l + 1]q J

m+1
q,j (l) f (z)− [l]q J

m
q,j (l) f (z) (m ∈ Z) . (1.10)

We observe that the operator Jmq,j (l) generalize several previously familiar operators, and we will show some of the
interesting particular cases as follows:

(i) Jmq,j (0) f (z) = Smq,jf (z) and Jmq,1 (0) f (z) = Smq f (z) (m ∈ N0) (see [19]);

(ii) limq→1− Jmq,1 (0) f (z) = Dmf (z) (m ∈ N0) (see [20], [21], [22] and [23]);

(iii) limq→1− Jmq,j (l) f (z) = Iml,jf (z) and limq→1− Jmq,1 (l) f (z) = Iml f (z) (l ≥ 0;m ∈ N0) (see [24] and [25]);

(iv) limq→1− Jmq,1 (1) f (z) = Dmf (z) (m ∈ N0) (see [26]);

(v) limq→1− J−mq,1 (1) f (z) = Imf (z) (m ∈ N0) (see [27]);
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(vi) limq→1− J−1q,1 (c) f (z) = Fcf (z) = 1+c
zc

z∫
0

tc−1f (t) dt (c > −1) is the well-known Bernardi integral operator

[28].

With the help of the operator Jmq,j (l), we say that a function f belonging to the class A (j) is in the class
Lmq (l, λ, α; j) if and only if

<

{
zDq,j

(
Jmq,j (l) f (z)

)
+ λqz2D2

q,j

(
Jmq,j (l) f (z)

)
(1− λ)Jmq,j (l) f (z) + λzDq,j

(
Jmq,j (l) f (z)

) } > α (1.11)

(z ∈ U;m ∈ Z; 0 < q < 1; l > −1; 0 ≤ λ ≤ 1; 0 ≤ α < 1) .

Let T (j) denote the subclass of A (j) consisting of functions of the form:

f(z) = z −
∞∑

k=j+1

akz
k (ak > 0; j ∈ N) (1.12)

Further, we define the classHmq (l, λ, α; j) by

Hmq (l, λ, α; j) = Lmq (l, λ, α; j) ∩ T (j) .

We note that

(i) limq→1− Hmq (0, λ, α; j) = P (j;λ, α,m) (m ∈ N) (Aouf and Srivastava [29]);

(ii) limq→1− H0
q (0, 0, α; 1) = S (α) and limq→1− H0

q (0, 1, α; 1) = C (α) (Silverman [30]);

(iii) limq→1− H0
q (0, 0, α; j) = S (α; j) and limq→1− H0

q (0, 1, α; j) = C (α; j) (Chatterjea [31] and Srivastava et al.
[32]);

(iv) Hmq (0, λ, α; j) = Hmq (λ, α; j)

=

{
f ∈ T (j) : <

{
zDq,j

(
Smq,jf (z)

)
+ λqz2D2

q,j

(
Smq,jf (z)

)
(1− λ)Smq,jf (z) + λzDq,j

(
Smq,jf (z)

) } > α

}
;

(v) limq→1− Hmq (l, λ, α; j) = Hm (l, λ, α; j)

=

f ∈ T (j) : <


z
(
Iml,jf (z)

)′
+ λz2

(
Iml,jf (z)

)′′
(1− λ) Iml,jf (z) + λz

(
Iml,jf (z)

)′
 > α

 .

The present paper aims at providing a systematic investigation of the various interesting properties and
characteristics of the general classHmq (l, λ, α; j).

2. Coefficient estimates
Unless otherwise mentioned, we assume throughout this section that m ∈ Z, j ∈ N, 0 < q < 1, l > −1, 0 ≤ λ ≤ 1,

0 ≤ α < 1, z ∈ U and [k]q is given by (1.6).

Theorem 2.1. Let the function f be defined by (1.12). Then f ∈ Hmq (l, λ, α; j) if and only if

∞∑
k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)
ak ≤ 1− α. (2.1)
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Proof. Assume that the inequality (2.1) holds true. Then we find that∣∣∣∣∣zDq,j

(
Jmq,j (l) f (z)

)
+ λqz2D2

q,j

(
Jmq,j (l) f (z)

)
(1− λ)Jmq,j (l) f (z) + λzDq,j

(
Jmq,j (l) f (z)

) − 1

∣∣∣∣∣

≤

∞∑
k=j+1

(
[l+k]q
[l+1]q

)m

([k]q −1){1+([k]q−1)λ}ak|z|k−1

1−
∞∑

k=j+1

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}ak|z|k−1

≤

∞∑
k=j+1

(
[l+k]q
[l+1]q

)m

([k]q −1){1+([k]q−1)λ}ak

1−
∞∑

k=j+1

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}ak
≤ 1− α.

This shows that the values of the function

φ (z) =
zDq,j

(
Jmq,j (l) f (z)

)
+ λqz2D2

q,j

(
Jmq,j (l) f (z)

)
(1− λ)Jmq,j (l) f (z) + λzDq,j

(
Jmq,j (l) f (z)

) (2.2)

lie in a circle which is centered at w = 1 and whose radius is 1− α. Hence f satisfies the condition (1.11).
Conversely, assume that the function f is in the classHmq (l, λ, α; j). Then we have

<

{
zDq,j

(
Jmq,j (l) f (z)

)
+ λqz2D2

q,j

(
Jmq,j (l) f (z)

)
(1− λ)Jmq,j (l) f (z) + λzDq,j

(
Jmq,j (l) f (z)

) }

= <


1−

∞∑
k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}
ak |z|k−1

1−
∞∑

k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}
ak |z|k−1

 > α, (2.3)

for some α (0 ≤ α < 1), m ∈ Z, 0 < q < 1, l > −1, 0 ≤ λ ≤ 1 and z ∈ U. Choose values of z on the real axis so that φ
given by (2.2) is real. Upon clearing the denominator in (2.3) and letting z → 1− through real values, we can see that

1−
∞∑

k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}
ak

≥ α

1−
∞∑

k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}
ak

 . (2.4)

Thus we have the inequality (2.1). This completes the proof of Theorem 2.1.

Corollary 2.1. Let the function f defined by (1.12) be in the classHmq (l, λ, α; j). Then

ak ≤
1− α(

[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
) (k ≥ j + 1; j ∈ N) (2.5)

The equality in (2.5) is attained for the function f given by

f (z) = z − 1− α(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)zk (k ≥ j + 1; j ∈ N) . (2.6)

Theorem 2.2. If 0 ≤ α1 < α2 < 1, then

Hmq (l, λ, α2; j) ⊆ Hmq (l, λ, α1; j) . (2.7)
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Proof. Let the function f defined by (1.12) be in the classHmq (l, λ, α2; j). Then, by Theorem 2.1, we have

∞∑
k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α2

)
ak ≤ 1− α2 (2.8)

and
∞∑

k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}
ak ≤

1− α2

[j + 1]q − α2
< 1. (2.9)

Consequently,

∞∑
k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α1

)
ak

=

∞∑
k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α2

)
ak

+ (α2 − α1)
∞∑

k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}
ak

≤ 1− α1. (2.10)

This completes the proof of Theorem 2.2 with the aid of Theorem 2.1.

Theorem 2.3. If 0 ≤ λ1 ≤ λ2 ≤ 1, then

Hmq (l, λ2, α; j) ⊆ Hmq (l, λ1, α; j) . (2.11)

Proof. It follows from Theorem 2.1 that

∞∑
k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ1

}(
[k]q − α

)
ak

≤
∞∑

k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ2

}(
[k]q − α

)
ak

≤ 1− α.

for f ∈ Hmq (l, λ2, α; j). This completes the proof of Theorem 2.3

Similarly we can prove

Theorem 2.4. If m ∈ Z, then
Hm+1
q (l, λ, α; j) ⊆ Hmq (l, λ, α; j) .

3. Distortion theorems and convex linear combinations
Theorem 3.1. Let the function f defined by (1.12) be in the classHmq (l, λ, α; j). Then, for |z| < r < 1,

r − 1− α(
[l+j+1]q
[l+1]q

)m {
1 +

(
[j + 1]q − 1

)
λ
}(

[j + 1]q − α
)rj+1 ≤ |f (z)|

≤ r +
1− α(

[l+j+1]q
[l+1]q

)m {
1 +

(
[j + 1]q − 1

)
λ
}(

[j + 1]q − α
)rj+1. (3.1)

The equality in (3.1) is attained for the function f given by

f (z) = z − 1− α(
[l+j+1]q
[l+1]q

)m {
1 +

(
[j + 1]q − 1

)
λ
}(

[j + 1]q − α
)zj+1. (3.2)
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Proof. It is easy to see from Theorem 2.1 that

(
[l+j+1]q
[l+1]q

)m {
1 +

(
[j + 1]q − 1

)
λ
}(

[j + 1]q − α
) ∞∑
k=j+1

ak

≤
∞∑

k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[j + 1]q − α
)
ak ≤ 1− α,

so that
∞∑

k=j+1

ak ≤
1− α(

[l+j+1]q
[l+1]q

)m {
1 +

(
[j + 1]q − 1

)
λ
}(

[j + 1]q − α
) . (3.3)

Making use of (3.3), we have

|f(z)| ≥ r −
∞∑

k=j+1

ak r
k ≤ r − rj+1

∞∑
k=j+1

ak

≥ r − (1− α)(
[l+j+1]q
[l+1]q

)m {
1 +

(
[j + 1]q − 1

)
λ
}(

[j + 1]q − α
)rj+1

and

|f(z)| ≤ r +

∞∑
k=j+1

ak r
k ≤ r + rj+1

∞∑
k=j+1

ak

≤ r +
(1− α)(

[l+j+1]q
[l+1]q

)m {
1 +

(
[j + 1]q − 1

)
λ
}(

[j + 1]q − α
)rj+1

which prove the assertion (3.1). Finally, we note that the equality in (3.1) is attained for the function f defined by
(3.2). This completes the proof of Theorem 3.1.

Now, we shall prove that the classHmq (l, λ, α; j) is closed under convex linear combinations.

Theorem 3.2. Hmq (l, λ, α; j) is a convex set.

Proof. Let the functions

fv(z) = z −
∞∑

k=j+1

av.kz
k (av,k > 0; v = 1, 2; j ∈ N) (3.4)

be in the classHmq (l, λ, α; j). It is sufficient to show that the function h (z) defined by

h (z) = (1− γ) f1 (z) + γf2 (z) (0 ≤ γ ≤ 1) (3.5)

is also in the classHmq (l, λ, α; j). Since, for 0 ≤ γ ≤ 1,

h (z) = z −
∞∑

k=j+1

{(1− γ) a1,k + γa2,k} zk, (3.6)

with the aid of Theorem 2.1, we have

∞∑
k=2

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)
{(1− γ) a1,k + γa2,k} ≤ 1− α, (3.7)

which implies that h ∈ Hmq (l, λ, α; j). HenceHmq (l, λ, α; j) is a convex set.



q−Analogue of of multiplier transformation operator 145

Theorem 3.3. Let fj (z) = z and

fk (z) = z − 1− α(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)zk (k ≥ j + 1; j ∈ N) . (3.8)

Then f is in the classHmq (l, λ, α; j) if and only if it can be expressed in the form:

f (z) =

∞∑
k=j

µkz
k

µk ≥ 0, k ≥ j;
∞∑
k=j

µk = 1

 . (3.9)

Proof. Assume that

f (z) =

∞∑
k=j

µkz
k = z −

∞∑
k=j+1

1− α(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)µkzk. (3.10)

Then it follows that
∞∑

k=j+1

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
1−α

1−α(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
µk

=

∞∑
k=j+1

µk = 1− µj ≤ 1

So, by Theorem 2.1, f ∈ Hmq (l, λ, α; j).
Conversely, assume that the function f defined by (1.12) belongs to the classHmq (l, λ, α; j). Then

ak ≤
1− α(

[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
) (k ≥ j + 1; j ∈ N) (3.11)

Setting

µk =

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α
(k ≥ j + 1; j ∈ N) (3.12)

and

µj = 1−
∞∑

k=j+1

µk,

we can see that f can be expressed in the form (3.9). This completes the proof of Theorem 3.3.

4. Radii of close-to-convexity, starlikeness and convexity

Theorem 4.1. Let the function f defined by (1.12) be in the class Hmq (l, λ, α; j). Then f is close-to-convex of order
ρ (0 ≤ ρ < 1) in |z| < r1, where

r1 = inf
k

[
(1−ρ)

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
k(1−α)

] 1
k−1

(k ≥ j + 1) . (4.1)

The result is sharp, the extremal function f being given by (2.6).

Proof. We must show that ∣∣∣f ′ (z)− 1
∣∣∣ ≤ 1− ρ for |z| < r1,

where r1 is given by (4.1). Indeed we find from the definition (1.12) that∣∣∣f ′ (z)− 1
∣∣∣ =

∞∑
k=j+1

kak |z|k−1 .
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Thus ∣∣∣f ′ (z)− 1
∣∣∣ ≤ 1− ρ,

if
∞∑

k=j+1

k

1− ρ
ak |z|k−1 ≤ 1. (4.2)

But, by Theorem 2.1, (4.2) will be true if

k

1− ρ
ak |z|k−1 ≤

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α
,

that is, if

|z| ≤

 (1− ρ)
(

[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

k (1− α)


1

k−1

(k ≥ j + 1) . (4.3)

Theorem 4.1 follows easily from (4.3).

Theorem 4.2. Let the function f defined by (1.12) be in the classHmq (l, λ, α; j). Then f is starlike of order ρ (0 ≤ ρ < 1) in
|z| < r2, where

r2 = inf
k

[
(1−ρ)

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
(k−ρ)(1−α)

] 1
k−1

(k ≥ j + 1) . (4.4)

The result is sharp, the extremal function f being given by (2.6).

Proof. It is sufficient to show that ∣∣∣∣∣zf
′
(z)

f (z)
− 1

∣∣∣∣∣ ≤ 1− ρ for |z| < r2,

where r2 is given by (4.4). Indeed we find, again from the definition (1.12), that

∣∣∣∣∣zf
′
(z)

f (z)
− 1

∣∣∣∣∣ =

∞∑
k=j+1

(k − 1) ak |z|k−1 .

1−
∞∑

k=j+1

ak |z|k−1

Thus ∣∣∣∣∣zf
′
(z)

f (z)
− 1

∣∣∣∣∣ ≤ 1− ρ,

if
∞∑

k=j+1

k − ρ
1− ρ

ak |z|k−1 ≤ 1. (4.5)

But, by Theorem 2.1, (4.5) will be true if

k − ρ
1− ρ

ak |z|k−1 ≤

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α
,

that is, if

|z| ≤

 (1− ρ)
(

[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

(k − ρ) (1− α)


1

k−1

(k ≥ j + 1) . (4.6)

Theorem 4.2 follows easily from (4.6).
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Similarly, we can prove the following theorem.

Theorem 4.3. Let the function f defined by (1.12) be in the classHmq (l, λ, α; j). Then f is convex of order ρ (0 ≤ ρ < 1) in
|z| < r3, where

r3 = inf
k

[
(1−ρ)

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
k(k−ρ)(1−α)

] 1
k−1

(k ≥ j + 1) . (4.7)

The result is sharp, the extremal function f being given by (2.6).

5. Modified Hadamard products and integral operator

Let the functions fv (v = 1, 2) be defined by (3.4). The modified Hadamard product of f1 and f2 is defined by

(f1 ∗ f2) (z) = z −
∞∑

k=j+1

a1,ka2,kz
k. (5.1)

Theorem 5.1. Let each of the functions fv (z) (v = 1, 2) defined by (3.4) be in the classHmq (l, λ, α; j). Then

(f1 ∗ f2) (z) ∈ Hmq (l, λ, β; j) ,

where

β =

(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
2−[j+1]q(1−α)

2(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
2−(1−α)2

. (5.2)

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [33], we need to find the largest β such that

∞∑
k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − β
)

1− β
a1,ka2,k ≤ 1. (5.3)

Since
∞∑

k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α
a1,k ≤ 1 (5.4)

and
∞∑

k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α
a2,k ≤ 1, (5.5)

by the Cauchy-Schwarz inequality, we have

∞∑
k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α
√
a1,ka2,k ≤ 1. (5.6)

Thus it is sufficient to show that(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−β)
1−β a1,ka2,k ≤

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
1−α

√
a1,ka2,k (5.7)

that is, that

√
a1,ka2,k ≤

(1− β)
(

[k]q − α
)

(1− α)
(

[k]q − β
) (k > j + 1) . (5.8)

Note that √
a1,ka2,k ≤ 1−α(

[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
(k ≥ j + 1) . (5.9)
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Consequently, we need only to prove that

1−α(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
≤ (1−β)([k]q−α)

(1−α)([k]q−β)
(k ≥ j + 1) , (5.10)

or, equivalently, that

β ≤
(

[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
2−[k]q(1−α)

2(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
2−(1−α)2

(k ≥ j + 1) . (5.11)

Since

Ψq (k) =

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
2−[k]q(1−α)

2(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
2−(1−α)2

(k ≥ j + 1) (5.12)

is an increasing function of k (k ≥ j + 1), letting k = j + 1 in (5.12). we obtain

β ≤ Ψq (j + 1) =

(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
2−[j+1]q(1−α)

2(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
2−(1−α)2

(5.13)

which proves the main assertion of Theorem 5.1. Finally, by taking the functions

fi (z) = z − 1−α(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
zj+1 (i = 1, 2) , (5.14)

we can see that the result is sharp.

Theorem 5.2. Let fi ∈ Hmq (l, λ, αi; j) (i = 1, 2). Then (f1 ∗ f2) ∈ Hmq (l, λ, δ; j), where

δ =

(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α1)([j+1]q−α2)−[j+1]q(1−α1)(1−α2)(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α1)([j+1]q−α2)−(1−α1)(1−α2)
. (5.15)

The result is the best possible for the functions

fi (z) = z − 1− αi(
[l+j+1]q
[l+1]q

)m {
1 +

(
[j + 1]q − 1

)
λ
}(

[j + 1]q − αi
)zj+1 (i = 1, 2) . (5.16)

Proof. Proceeding as in the proof of Theorem 5.1, we get

δ ≤
(

[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α1)([k]q−α2)−[k]q(1−α1)(1−α2)(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α1)([k]q−α2)−(1−α1)(1−α2)
(k ≥ j + 1) . (5.17)

Since the right-hand side of (5.17) is an increasing function of k, setting k = j + 1 in (5.17), we obtain (5.15). This
completes the proof of Theorem 5.2.

Theorem 5.3. Let each of the functions fi (i = 1, 2) defined by (3.4) be in the classHmq (l, λ, α; j). Then the function

h (z) = z −
∞∑

k=j+1

(
a21,k + a22,k

)
zk (5.18)

belongs to the classHmq (l, λ, ζ; j), where

ζ =

(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
2−2[j+1]q(1−α)

2(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
2−2(1−α)2

. (5.19)

The result is sharp for the functions fi (i = 1, 2) defined by (5.14).
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Proof. By virtue of Theorem 2.1, we obtain

∞∑
k=j+1


(

[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α


2

a21,k

≤

 ∞∑
k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α
a1,k


2

≤ 1 (5.20)

and

∞∑
k=j+1


(

[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α


2

a22,k

≤

 ∞∑
k=j+1

(
[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α
a2,k


2

≤ 1. (5.21)

It follows from (5.20) and (5.21) that

∞∑
k=j+1

1

2


(

[l+k]q
[l+1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)

1− α


2 (
a21,k + a22,k

)
≤ 1 (5.22)

Therefore, we need to find the largest ζ such that

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−ζ)
1−ζ ≤ 1

2

[(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
1−α

]2
(5.23)

that is,

ζ ≤
(

[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
2−2[k]q(1−α)

2(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
2−2(1−α)2

(k ≥ j + 1) . (5.24)

Since

χq (k) =

(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
2−2[k]q(1−α)

2(
[l+k]q
[l+1]q

)m

{1+([k]q−1)λ}([k]q−α)
2−2(1−α)2

(5.25)

is an increasing function of k (k ≥ j + 1), we readily have

ζ ≤ χq (j + 1) =

(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
2−2[j+1]q(1−α)

2(
[l+j+1]q
[l+1]q

)m

{1+([j+1]q−1)λ}([j+1]q−α)
2−2(1−α)2

(5.26)

and Theorem 5.3 follows at once.

Theorem 5.4. Let the function f defined by (1.12) be in the classHmq (l, λ, α; j), and let c be a real number such that c > −1.
Then the function

J−1q,j (c) f (z) = Fc,q,j (z) =
[c+ 1]q
zc

z∫
0

tc−1f (t) dqt (c > −1) (5.27)

also belongs to the classHmq (l, λ, α; j).
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Proof. From the representation (5.27) of Fc,q,j (z), it follows that

Fc,q,j (z) = z −
∞∑

k=j+1

bkz
k,

where bk =
[c+1]q
[c+k]q

ak (see [34] and [35]). Therefore, we have

∞∑
k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)
bkz

k

=

∞∑
k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
) [c+ 1]q

[c+ k]q
akz

k

≤
∞∑

k=j+1

(
[l + k]q
[l + 1]q

)m {
1 +

(
[k]q − 1

)
λ
}(

[k]q − α
)
akz

k

≤ 1− α,

since f ∈ Hmq (l, λ, α; j). Hence, by Theorem 2.1, Fc,q,j ∈ Hmq (l, λ, α; j).

Remark 5.1. Taking l = 0,m ∈ N0 and q → 1− in the above results, we obtain the results of Aouf and Srivastava [29]
for the class P (j;λ, α,m).

Remark 5.2. Putting l = 0 in the above results, we obtain the the corresponding results for the class Hmq (λ, α; j)
involving an operator Smq,j .
Remark 5.3. Putting q → 1− in the above results, we obtain the corresponding results for the class Hm (l, λ, α; j)
involving multiplier transformation operator Iml,j .
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