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On The Absolute Norlund Summability of A Fourier
Series

by

Niranjan SINGH

1.1.Let Za, be a given infinite series and { S, } the sequence
of its n-th partial sums. Let {p,} be a sequence of constants
real or complex, and let us write

) Pn=Po+P1+"'+pn'
If

-
|~

b
6, = X puy 8y > © P, == 0)

pl‘l v=0

as 6, —> o0, then we say that the series is summable by Nérlund
method (N, p,) to ¢ . The series X a, is said to be absolutely
summable by the Norlund method or summable IN, pa] if {o,}
is of bounded variation, i.e.

Z|Ac, | < .

Suppese that @ (t) is an even and integrable function, pe-
riodic with period 2 = . And let \

a,
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1.2. Very recently Hsiang [1] has proved a theorem for abso-
lute Nérlund summability of (1.1.1). The theorem of Hsiang
is as follows:

Theorem. Let { P} be a sequence of positive constants.

If {Ap,} = {(py—Pa_1)}is monotonic and bounded and if

(log n) A <

o0
@) = -
n=2 Pn

for some A > 0, and

(ii) (log -%)A | o ) | =0(1),ast -0,

then the series ay/, - X a, is summable | N, p,| .

The object of this paper is to prove the above mentioned theorem
of Hsiang under a weaker condition i.e. to replace condition (ii)
by a weaker condition and to give a new short proof.

Hence we prove the following theorem:
Theorem. Let {p,} be a sequence of positive constants such that

{A pp,} = {(Pn — Pn-1)} is monotonic and bounded, and if

® n
O 2 ———x
n=2 P (log n)
for some A > 0, and

< ©

t
(ii)f |2(w)] du = 0 g——t———- ,ast > o,
o

(log 1ya

then the series ag[, -~ X a, is summable | N, p,| .

1.3. For the proof of our theorem we require the following lem-
mas.

Lemma 1. If {p,} is defined as in the theorem, and if the series

3 “[<oo,
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n
where t, = X S, , then T a, is summable | N, p, |
v=o0
Lemma 2 Let
; n
Ke®= % D (v),
=0

where D (t) = —;— + cos t +

. -} cos nt.
Then

| Ky (t) | < 2n?
and

*

| Ko (0) | <

7 for % <t<m=
Lemma 3 If (ii) is satisfied then
STAM
j ———Izz(t)l dt =0 (—-n )
1/n t

(log n)™
for 0 < < 1.

Proof. Integrating by parts we have

-Afq 0)| o) JAM A o
j‘l/n _tT_dt =[ P ]l/n + 2J_1— —t3—dt
. oA A 3
= © 1 1/n o 1/n 1.4 2_7,]
t(log —t—)A t" (log —t—) .t

* where C is any positive finite constant.

21



22 N. SINGH

A

=90 ((Iognn)A) +0 [_[1 /n &

1
t! (log T)

A £

1

. 1 -A
But is monotonic decreasing in (——,e /Y))

A
" (log—)

therefore
—A [y

j i/n lift)l =0 ( (1ognn)_A)

n? e—A /7)_2+7)
+ O [——(log 3 Ajl/n t dt]
-0 ((logI;)A ) o ( aognn)A)
AT

Hence the lemma is proved.

Lemma 4. If (ii) is satisfied, then

t, = 0 (_—(Iognn)A>,

as n —> oo .
Proof.
T Y| *
mt, =j @ (t) £ Dv (¢) dt .
0 V=0
-Afn
1/n e 7
S R
o 1/n -A

e

* Dv(t) is the same as defined in lemma 2,
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where O < 5 < 1

=M + M, + M, , say
By Riemann — Lebesgue theorem M; = O(1) because

L sin 2
T Du(t):%é—s—i(:t—%z)t—/z-% .

v=o0
’Now by lemma 2
a 2 .
M| <2 j |2 [0 dt = 0 (m)
Lastly
eV

IA

2] _ n
o in ¥ @ *0<(logn)A)’

by lemma 3. Hence finally t, = O (-L——>
7 ¢ (log n)A

1.4. The proof of our theorem is a direct consequence of lemmas
1 and 4.
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