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RECURRENT SYSTEMS OF TENSORS AND GAUGE FIELDS
IN SPACE-TIME (*)

F..OKTEM

Middle East Technical University — Ankara
(Reccived March 14, 1985)

ABSTRACT

The concept of a recurrent system of tensors in Riemannian geometry is defined and it is
shown that the recurrence vectors of the system behave like potentials of a gauge filed. This
allows a generalization of Maxwell’s equations to all gauge phenomena including gravitation.

1. INTRODUCTION.

The present article is concerned with a generalization of the classi-
cal definition of a recurrent tensor and with a physical interpretation of
recurrent systems in space-time.

As is wellknown, a nonzero tensor 1 in a Riemannian space is called
recurrent if

with y denoting the operator of covariant differentiation relative to
the Riemannian connection.

»»Let Greek indices range from 1 to r with the usual summation con-
vention. Consider a set of r linearly independent tensors A, of order s
such that

Vi Ao = APy g (1.2)
for some vectors A%;; . If (1.2) holds then we will say that the 1, define

a recurrent system of the type (r, s) with the recurrence vectors A8,;.

Here are two remarkable examples of tensors defining a recurrent
system:

* Dedicated to the memory of Dr. Saffet Nezihi SENER (1929-1956).
ISSN 0378-6269; A, Univ. Basmmevi
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i) The vectors of a basis for a field of parallel planes (cf. Willmore
1959).

ii)) The generating bivectors of the infinitesimal holonomy group
(cf. Hlavaty 1960).

2. PROPERTIES OF A RECURRENT SYSTEM.

Let us first note that the form of (1.2) remains, as can be easily
verified, unaltered under the transformation

A > GBy A | 2.1)

with the G, forming a regular matrix G. From (1.2) it then follows
that the matrix A; = (A8,); transforms according to

A; > Gt A G 4+ G g G. (22)

In the study of recurrent systems it is convenient to introduce a
new type of covariant differentiation D which operates with both Latin
and Greek indices by means of coefficients of the Riemannian connec-
tion and AB8y;, respectively. With this convention (1.2) takes on the
following simpler form:

, Di iy = 0. (2.3)
Now, by the Ricci identity, (2.3) yields*
2 Ao Ropij+ 2g FBoyy = O, (2.4)

where
Floy = vi ABuj ~ vj ABoy + APy A¥g; - ABy; AYy, 2.5)
or in matrix notation
Fij: Vi A]'~Vin 4 Ay Aj——Aj Ay (26)
It can also be easily verified that (2.1) induces on this matrix a similarity
transformation:

Fy - G 1 Fy G. 2.7)
From (2.4) we have, in view of (2.3),
Z Joa Vi Ro%y + A Dy Fooyy = O. (2.8)

As the Ay are linearly independent, the Bianchi identity in (2.8) gives,
if we rename tensor indices,

* Explicitly, (2.4) reads 3 Jqb..a.by Reb ij + Apb..b, Flaij = 0
u
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D[c Fab] = 0. (2'9)

For reasons that will be apparent later on we introduce here thé “di-
vergence’’ of Fab ' ‘

D, Fab = Jb T (2.10)
and show that it is “conserved’’:

Dy Jo = 0. (2.11)
This is a direct consequence of the identity

(Dg Do — Dy Da) F8o17 = Ricqp F8,9 + Rigqp FByic

+ Foyap P10~ FYypy T8, (2.12)
But it can also be proved as follows. From (2.3) and (2. 8) we first have
X Aa.aVh Vi Rops; + 1g Dy Dy FByyy = O, ' (2.13)

Now if we contract (2.13) and make use of the identity
vi Vi Ry = O (2.14)

we see that (2.11) holds.

3. A PHYSICAL INTERPRETATION OF RECURRENT SYSTEMS
IN SPACE-TIME.

The results of the preceding section, particularly (2.2), (2.6) and
(2.7) suggest the idea of interpreting the AB,; as potential vectors of a
gauge field Fy;. In accordence with this view (2.9) and (2.10) may be
regarded as the generalized Maxwell’s equations for the gauge field.

This analogy with electromagnetic theory will play a leading role
in our subsequent considerations, as will be seen presently. -

For the sake of generality, we consider two tensors H,, and Kgp
which may also possess other (Latin or Greek) indices except for being
antisymmetric in the indices ab. If both tensors obey (2.9) one can
show that (see Appendix) the (symmetric) tensor

Tov = ¥ (Hof Kpy + Hyt Kgi — § gap HI Ky)
1
2

= (Ha Ky + H,*¢ Kb’;) i . (3])
satisfies the divergence condition
D, Teb = § (Hav K, + Kab Hy) (3.2)

with
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D, He?, = HP D, Kb = Kb. (3.3)
If we set®

Hpp = FY% vap, Koy = FPf oy (3:4)
the relations (3.1) become

Tap By Ps = % (Fy'v ai Feg pi4-Fi-y bi Feoai— % Zab Fe, i Fpo- z‘j)

= § (Fty ' Fogps + Fiby ot Fog 5)) 3.5)
and
Dy Tad i, ¢ = § (Fity b Joop + Feg P Jivb), (3.6)
where
D, Fryad = Juyb, 3.7
Contracting p with ¢, v with p in (3.5), (3.6):
Topr = tr (Fo! Fy; — 1 gap Fi9 Fyy) (3-8)
= tr } (F' Foi + F 3 Fyj),
vo Tt = tr (Fob Jp), 3.9

where Typ = Typ ty Vo and tr denotes the trace of a matrix.

The tensor T,y defined by (3.8) is the energy temsor of the gauge
field. In accordence with this interpretation (3.9) constitutes a genera-
lization of the formula relative to the divergence of the Maxwell tensor
in electromagnetic theory. Here, therefore, J; stands for the gauge cur-
rent and tr (F2? Jp) for the generalized Lorentz force. '

Gauge invariant expressions, like the energy tensor, are of some
physical interest. In particular

fap = tr Fyp, jo = tr JO (3.10)
display that property. If we take traces in (2.9), (2.10) we have

V e fary = O, (3.11)

Vo 20 = jb. (3.12)

It is worth remarking that (3.11), (3.12) are formally identical with
Maxwell’s equations for an electromagnetic field.

Note that the results obtained so far in this section rest upon (2.9),
(2.10) alone which can also be thought of regardless of any recurrent
system. But if we assume the existence of a recurrent system in space-
time we are led to other conclusions as well.

* Note that this method applies to any pair of tensors of the types F o apr R™ nab
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First, consider a flat space-time. As the curvature tensor equals
zero (2.4) implies

Fy = 0. (3.13)
In other words, space-time cannot be flat if a gauge field is present.

Secondly, consider a space-time with the curvature condition

Va R%qy = 0. ' ‘ (3.14)
Contracting (2.8) then gives
D; Fil = O. oo (8L15)

Noting that (3.14) holds in particular if Einstein’s tensor is zero (absen-
ce of energy distribution) we conclude that every (nonzero) gauge cur-
rent possesses an energy distribution in space-time.

4. GRAVITATION: A GAUGE PHENOMENON.

- The aim of this section is to demonstrate that:gravitation itself
consists in a gauge phenomenon, and to indicate certain formulae per-
taining to the gravitational field.

If the Ay, denote a basis of the tangent space to space-time one
can write

Vz lcxa—_ABm /1511 § . (4 1)

80 that the Ayq defme a recurrent system in the sense of Sect. 1. EVldently,
2. 1) in this case reduces to

lomR bij -+ lsb FBoczj = 0. e (4‘ 2)

The matrix (140) being necessarily invertible, the gauge field F;;in (4.2)
can be regarded as an equivalent representative of the gravitational
field.

For a unified treatement of the gauge fields itis useful to introduce
the differential forms

A= A dxi | (4.3)
F =} Fydd A dx o (4.4)

where A indicates the exterior multiplication. In this potation (2,2),
(2.6) become respectively

A>G1AG LG 1dG, @)
F=dA+AAA (k)
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In (4.5), (4.6) one sees that A is a connection 1-form and that F
is the curvavature 2— form of this connection, In terms of differential
forms (2.7) may now be written as

F > G-LF G, 4.7)

which is the usual rule for the transformation of the curvature 2- form.
As to (2.9), this is merely the Bianchi identity:

dF=F A A-A AF. (4.8)

Returning now to gravitation we denote (cf. Lichnérowicz 1955) res-
pectively by o = (%) and Q = (Q%;) the connection and curvature
forms of space-time relative to a coframe 6 = (6¢). Then in addition to
the condition

d04+ o A 0 =o, 4.9)
which means that the torsion of space-time is zero, we have
Q=dow+ o A o (4.10)

It is wellknown that under a change of coframe 6 > G-1 6, det G £ O
the connection and curvature forms transform according to

w616+ G1dG (4.11)
Q->6G1QG6 (4.12)
We see that the formalism of the preceding section applies to gravi-

tation if we note that A relative to (4.1)is the connection form of space-
time.

In the light of the above analysis gravitation appears to be a par-
ticular type of gauge phenomenon which derives from the potential
l-form o. '

Following further the parallelism between gravitation and other
gauge phennomena one is led, according to (2.9) and (2.10), to consider

Vic Rapyg = O (4.13)
and
Va R“bﬁ = sbij (40.14«)

as the field equations of gravitation. If we take Hyp = Roomn, Kap

= Rgurs in (3.1) and (3.2) we obtain at once the gravitational counter-
parts of (3.5), (3.6):

Usomnrs = % (Ruimn Ruirs + Ro'mn Raors — § Zab Ry Rijrs)
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= } (Re'mn Roirs + Ra*ma Ro*irs)s 4 .15)
Ve Uaby s = } (Rabmn Sprs + Rab,, Sbmn)- (4‘- 16)

A detailed study of the tensor Ugpmurs may be found elsewhere (Oktem,
1968 a, b) and we shall not here consider this tensor further. However,
let us only note that its contracted form '

Uas = Ra™ Rpije ~ § gap RUF Ryjpa )
— 3 (Ra™ Rogi + Re*™ Ryyr) (4.17)

is nothing but the gravitational analog of (3.8), and could be interp-
reted as the energy tensor for the gravitational field itself. Now in view
of (4.17) the contraction of (4.16) yields

v Ueb = Rebii Sy, (4.18)

In the right-hand side of this equality occurs the expression for the gra-
vitational Lorentz force with the tensor Sp;; representing the gravita-
tional current. Intuitively, this latter tensor seems somehow connected
with the concept of “matter”; for the condition Sy;; = O implies (if the
physical interpretation presented above is valid) the vanishing of all
gauge currents in space-time. By (4.18) U,y is conserved if Sy = O.
Furthermore, one can prove that Uy, = O for an Einstein space-time.
The converse, however, need not be true. k

5. CONCLUDING REMARKS.

In this work we introduce the concept of a recurrent system of
tensors in Riemannian geometry and examine its relevance to gauge
theories. We observe that the recurrence vectors associated with the
system exhibit certain remarkable similarities with the potentials of
a gauge field and we try to elucidate the physical implications of such
an interpretation. From this study we conclude that every gauge field
derives from a connection 1-form and consists in the curvature 2-form
of the connection. This result, which applies to all gauge phenomena
including gravitation, seems to constitute a common trait of all gauge
fields. Finally, let us note that the infinitesimal holonomy group* (ge-
nerating bivectors of which define a recurrent system) could play an
essential role in a group-theoretical approach to the subject of gauge
theories in space-time.

* In gauge theories the holonomy group was first considered by Loos (1967).
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APPENDIX.
Let
D, Hye + Dy Hyy + D, Hyp = O. (A.1)
If we contract (A.1) with K¢ we obtain, after some play with indices,
Dy (Hy; K¥) - 1 K D, Hy; = Hgp K2, (A.2)

Interchanging Hgp, Kgp in this expression we also have

Dy (Kas HY) - 3 HU D, Ky = Kgp HY . (A.3)
The forumla (3.2) then follows at once from (A.2) and (A.3). The se-
cond equality in (3.1) is easily verified on account of the identity

Hyt Koo ~ Hy* Kp*; = § goo HY Ky, (A.4)
where the asterisk relative to a pair of indices denotes the dual opera-

ration:

Ho*s = % navis HY, (favii = Niavisd Thase = g 112 (A.5)
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