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1. Introduction

Fixed point theory plays a fundamental role in various fields of mathematics, engineering and applied science. A basic result in
fixed point theory is the Banach contraction principle which is an important tool for solving nonlinear analysis’ problems. This
result has been generalized and extended in various generalized metric spaces.

Many authors have generalized metric spaces in several ways. Bakhtin [1] introduced the concept of b-metric space, which is a
generalized form of metric space (see also [2]). Since then, several authors have many fixed point results for single- valued and
multi- valued operators in b- metric spaces (see [2]-[4]).

Khojasteh et al. [5] introduced 0-metric space by using a more generalized inequality instead of triangle inequality. They are
inspired by fuzzy metric spaces, which are generalizations of metric spaces. Then they proved Banach and Caristi type fixed
point in 6-metric spaces.

Khojasteh et al. [6] introduced Z°-contraction as a new type of nonlinear contractions via simulation function which is useful
to express a family of contractivity conditions. After then Chanda and Dey [7] obtained some fixed point results on 8-metric
spaces by using simulation functions. Also, Demma et al.[8] deduced several related results in fixed point theory in b-metric
space via b-simulation functions.

In this paper, we defined b-6-metric space as a generalization of b-metric space with the help of Z-action and studied its
fundamental properties. Also, we compare it to both b-metric and 8-metric space. Then we obtain a fixed point result in
b-0-metric spaces by using b-simulation functions. So we get the Banach contraction principle in such spaces. Finally, we give
some fixed point results regarding existing ones in b-metric spaces and 6-metric spaces.

2. Preliminaries

Definition 2.1. [/, 2] Let W be a nonempty set and b > 1 be a given real number. A functiond : W x W — [0,0) is a b-metric
on W iff it satisfies the following conditions for all ,®,p € W.

(b1) d(o,m) =0iff ® = @.
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(b2)d(o,®)=d(@,n).

(b3) d(©,®) < bld(w,p) +d(p, @),

Then, the pair (W,d) is called a b-metric space.

Definition 2.2. [5] Let 0 : [0,00) X [0,00) — [0,00) be a continuous mapping with respect to each variable. 0 is called an
PB-action iff it satisfies the following conditions:

(B1) 6(0,0) =0and 6(0,@) = 0(®,w) forall 0,@ > 0,

(B2) 0(0,0)<0(p,v)ifo<pand®@<vorow<pand®<V.

(B3) For each r € Im(6) —{0} and for each ® € (0, ), there exists @ € (0,r] such that 0 (®,®) = r, where Im(0) = {6(0,®) :
o >0, >0}

(B4) 6(®,0) < w for all o > 0.
The set of all B-actions is denoted by M .
Definition 2.3. [5] Let W be a nonempty set. A mapping dg : W x W — [0,0) is called a 6-metric on W with respect to
B-action 0 € M if dg satisfies the following conditions:
(01) dg(0,0) =0 iff 0o =,
(62) d9(w7 w) = de(w, (D),
(03) do(0,®) < 6(dg(®,p),de(p,®)) for all ®,@,p €W.
Then, the pair (W,dy) is called a 8-metric space.
Definition 2.4. [8] Let (W,d) be a b-metric space. A b-simulation function is a function ¢ : [0,00) x [0,00) — R satisfying the
following conditions:
(¢]) ¢(w,®) < @ — @ forall ®,® > 0.
(62) If {w, },{®@,} are sequences in (0,0) such that
0 < limy o0 @, < limyyoo inf @, < limy,_s00 SUp @, < b1liM; o0 @y, < 00

then

lim,, . supg(b@,, ®,) < 0.
3. Main results

Definition 3.1. Let W be a nonempty set and b > 1 be a given real number. A mapping dz W X W — [0,00) is called a
b-0-metric on W with respect to B-action 0 € A if it satisfies the following properties for each @,@,p € W.

(b01) d5 (0, @) =0 iff 0 = @.

(b02) di(w,@) = d (B, w).

(b63) d(0,) < bO(d (. p), (0, @)
Then, the pair (W, dg) is called b-0-metric space.

Remark 3.2. Every 0-metric space is b-0-metric space and the concept of b-0-metric space coincides with the concept of
0-metric space when b = 1.

Example 3.3. Let W = {@,®,v} and d : W x W — [0,0) be defined by
dy(0,@) =d5(@,0)=d)(0,v)=d)(v,0)=1
dy(@,v) = dy(v, @) =2, dj(0,0) = dj(@, @) = dj(v,v) = 0.
Suppose that 0 (u,p) = % (u+ p). Then, (W,d5) is b-8-metric space with b =2 but it is not @-metric space since d5(@,v) >
0(d}(®.0),d}(0.V)).

Remark 3.4. The concept of b-0-metric space coincides with the concept of b-metric space when 6(u,p) = u+ p. Every
b-0-metric space is b-metric space when 0 (u,p) = k(u+p),k € (0,1].

Example 3.5. Let W = {@,®,v} and di : W x W — [0,c0) be defined by
ds(v,0) =dj(w,v) =d5(@,v) =d5(v,0
db(0,®) =d5(B,0) =3, dj(0,0) =d5(@,0) =

Suppose that 0(u,p) = 2. Then, (W,d%) is b-metric space with b = % but it is not b-8-metric space.

— l4up-

Definition 3.6. Ler (W, dg) be a b-0-metric space. We define the open ball with center @ and radius r > 0 by
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Bdg(a),r) ={@eW:dj(0,®)<r}
Example 3.7. W = {1 :n € N}U{0} and let d} : W x W — [0,0) be defined by
d(0,1) =d5(1,0) =2,
dg(1,3) =dg(5, 1) = ifn>2,
d§(0,1) =d5(1,0)=3ifn>2,
dg(5y5) = dg () = 5+ 5 ifmn >2,
db(m,n) =0 iff m=n.
Suppose that 0 (u,p) = u+ p +up. Then, (W,d5) is a b-6-metric space with b = 2. Bdg (0,3) = {0, 1} and there is no open
ball with center 1 contained in Bdg (0,3). Thus, Bd’é (0,3) is not open.

Definition 3.8. Let (W.d}) be a b-6-metric space. Then, a sequence {®,} in W is said to be

1. convergent iff there exists @ € W such that d(’;(af,,, @) — 0 as n — o and we write lim,_,.. ®, = @,
2. Cauchy iff d(@,, @) — 0 as n,m — oo.

Definition 3.9. The b-0-metric space (W, dle’) is complete if every Cauchy sequence in W converges to @ € W.
Proposition 3.10. If (W, dg) is a b-0-metric space, then the following hold:

1. The limit of a convergent sequence is unique.
2. Each convergent sequence is a Cauchy sequence.

Proof.

1. Suppose that lim,,_... @, = ® and lim,_.., @, = ®. We claim that @ = ®. Since lim,_,. @, = @ and lim, ;. T, = O,
then d}(@,,®) — 0 and d5(@,,®) — 0 as n — . From (b63), we have

0 < dj(@, ) < bO(d5(@,,®),ds (@, w)).

Letting n — oo in the above inequality, using the continuity of 6, we get dz (O, ) =0. Thus, © = o.
2. Itis obvious.

Example 3.11. Let W = INU {oo} and let d : W x W — [0, ) be defined by

5 ifo,0c N(O +# o),
dg(w,a)) =< 2 ifoneof ®,® € N and the other is oo,
0 ifo=o0.

Suppose that 0(u,p) = \/u?+ p2. Then, (W, dle’) is a b-0-metric space with b = 2. Let @, = 5n for each n € IN. Then,
db(5n,2) = 5 as n — co. But d}(e0,2) — 2 since @, — o. Thus, it is not continuous.

4. Fixed point results

Let W # 0 and T be a self mapping on W. Let @y € W and @, = T @, for all n € IN. Then, {@,} is called a Picard sequence
of initial point at @y and Fix(T) = {@ € W : @ = T®} is the set of fixed points of T

Theorem 4.1. Let (W, dg) be a complete b-0-metric space and let T : W — W be a mapping. Suppose that there exists a
b-simulation function ¢ such that

s(bdy(T®,Tp),ds(@,p)) >0 forall @,p € W.
Then, T has a unique fixed point.

Proof. Let {®,} be a sequence of Picard with initial point @y € W. Suppose that @, # @,_; for all n € IN. We prove this
theorem in 4 cases.



162 Fundamental Journal of Mathematics and Applications

Case 1: We claim that lim,,. d5 (@,—1,®,) = 0.
By the hypotheses and using (1), respectively, we have

0 < g(bdg(wnawn+1>7dg(mn—l>wn))
< d5(@,_1,®,) — bd(@,,®,:1).

Thus, for all n € IN, we get

bdz (mna wn+1) < dle)(wnflamn)

Thatis, {dz (@,—1,®,)} is a decreasing sequence of positive real numbers. Hence, there exists » > 0 such that lim,,_,c dg (O,—1,0,) =
r. Assume r > 0. From (g2) for v, = d}(®,, ®p1), @n = d(@,—1,®,), we obtain

0 < limy_sesupg(bds (@, @ps1),dy(@—1,@,)) <O.

This is a contradiction. Thus, r = 0. That is lim,,_se. dg(wn_l ,@,) =0.

Case 2: Our aim is to show that {@, } is a bounded sequence.
Suppose that @, is not a bounded sequence. Then, there exists a subsequence {@, )} of {@,} such that n(1) =1 and n(k+ 1)
is the minimum integer for each k € IN such that

A (B i1y, o)) > 1 and df (@, @) < 1 for n(k) <m < n(k+1)—1.

Thus, by using (b63), we have

1 < dg(Byus1) Buy) < bO(dG(Byiar 1) Bugies 1)-1) g (B 1)—1, Biry))
< bO(dY(Bgis 1), Burr1)-1): 1)
By taking the limit from two sides of above inequality, we get
1 < limy oo df (@141, D)) < b
From Case 1 and (b63), we have

bdg(Bys1), Buy) < g (B 1)1, i1
< bO(dg (B )1 Bir)) Ao (B Biay—1))
< b9(17dg(mn(k)awn(k)fl))'

Again by taking the limit from two sides of above inequality, we obtain
b < iMoo bl (@ 1), By(a)) < iso0 df (Bt 1)1, Byia)—1) < b
Thus,
o0 g (@ s1) 15 B —1) = b and limyeo dg (B (g1, Bpiay) = 1.
Now, by (62), with Vi = d§ (@ (41), By(x)) and @ = d§ (D s1)—1, Dp()—1)> We get
0 <limg_yeo §(bVy, @) < 0.

This is a contradiction. Hence, {®@,,} is a bounded sequence.

Case 3: We will show that {@, } is a Cauchy sequence.

Let M, = sup{dg(wi, ®;) :i,j > nand n € IN}. From Case 2, for each n € IN, M,, < oo. Here, M, is a positive decreasing
sequence. So, there exists M > 0 such that lim,, . M,, = M.

Assume that M > 0. For k € IN, there exist n(k),m(k) € IN such that m(k) > n(k) > k and

My, — % < dg(ﬁfm(k),ﬁ)'n(k)) < M.
After taking the limit in the above inequality, we have
iy e df (@ 1), D)) = M.

From Case 1 and the definition of M,,, we obtain
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bdy (D), Bp(r)) < A (D)1, Buy—1) < M1
Again, by taking the limit, we find
bM < im0 inf d}) (@)1, Bp()—1) < 1iMyso0 SUPAG (@)1, Byia)—1) < M.
Ifb>1,then M =0. If b = 1, from (g2) with v, = d{;(afm(k),ain(k)) and oy = dg(wm(k),l ; By (k)—1), We obtain
0 < limg_yeo SUp G (BVg, ) < O.

This is a contradiction. Thus, M = 0. This implies that {@, } is a Cauchy sequence.

Case 4: Since (W, dg) is a complete b-0-metric space and {@, } is a Cauchy sequence from Case 3, there exists p € W such
that lim,,_,. @, = p. We must show that p € Fix(T). From Case 1,

bdy(T®,,Tp) < di(@,,p) forall n € IN.

Thus,

0<dg(p,Tp) < bO(dg(p,®us1),dg(@ri1,TP))

L @a.p)).

< bOdg(p.@ui1).

By taking the limit from two sides of above inequality, we get dé’ (p,Tp) =0 since lim,_,.. @, = p. Therefore, p = Tp.

Finally, we must show that the uniqueness of fixed point. Assume that there exists w € W such that w = Tw and w # p. By
Case 1, we get

0 < bd5(Tw,Tp) <di(w,p).

This implies that » < 1. This is a contradiction with our assumption. Hence, T has a unique fixed point. O
Corollary 4.2. Let (W, dg) be a complete b-0-metric space and T : W — W be a mapping satisfies the following inequality
bds(Tw,Tw) < ady(w, @)

for each ®,@ € W, where a. € [0,1). Then, T has a unique fixed point.
Proof. Tt follows from Theorem 4.1 if we take b-simulation function as ¢(v,p) = ap — v forall v,p > 0. O

Remark 4.3. Let (W,db) be a complete b-6-metric space.

1. Theorem 3.4 in [8] is obtained from Theorem 4.1 by taking 6(v,p) = v +p.
2. Theorem 3.3 in [7] is obtained from Theorem 4.1 by taking b = 1.

Now, we illustrate the validity of fixed point result in Theorem 4.1 by the following examples.

Example 4.4. Let W = [0,0) and d : W x W — [0,0) be defined by d}(0,®)) = | 0 —@ . Also, we take 6(v,p) =
V+p+vp. Then, (W, dg) is a complete b-0-metric space with b = 4. Define a mapping T - W - W by Tw = % for all
® €W and a > 0,a # 1. From Theorem 4.1, T has a unique fixed point u = 0 for b-simulation function (v,p) = Ap — Vv
where A > ;%for all v,p € [0,), since

s(4d§(To,Tm),dj(0,0)) = Ady(w,0)—4dj(To,TO)
= AMo-o)-4(|To-To P

3
Mlo-a)-402-21)

(- )(o-of)
0.

Y
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Example 4.5. Let W = [0,1] and dl} : W x W — [0,0) be defined by d5(0,®) = | @ — @ |*. Also, we take 8(v,p) = \/V2 + p2.
Then, (W,d5) is a complete b-0-metric space with b =2+/2. Define a mapping T : [0,1] — [0,1] by T = % +a for all

weWanda< % From Theorem 4.1, T has a unique fixed point u = \/‘?_“1 Sor b-simulation function g(v,p) =Ap —Vv

where A > /2 for all v,p € [0,), since

rdh(0,@) —2V2d5(Tw, To)

= Mo-oP)-2V2(|To-To %)
_ o o op
= Mo-a]) 2ﬁ(|ﬁ ﬁl)
= (/lf%)(\wfmz)

0.

c(2vV2d5(Tw, T®),d5 (0, o))

Y
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