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ABSTRACT. The bihyperbolic numbers are extension of hyperbolic numbers
to four dimensions. In this paper we introduce the concept of Pell and Pell-
Lucas bihypernomials as a generalization of bihyperbolic Pell and Pell-Lucas
numbers, respectively.

1. INTRODUCTION

Let consider Pell and Pell-Lucas numbers which belong to the family of the
Fibonacci type numbers, for details see [14]. We recall that the nth Pell number P,
is defined by P, = 2P,,_1+ P,,_o for n > 2 with Py = 0, P; = 1. The nth Pell-Lucas
number @, is defined by Q,, = 2Q,,_1 + Q,_2 for n > 2 with Qo = Q1 = 2.

For the nth Pell number and the nth Pell-Lucas number the explicit formulas

have the form
(1+Va)" = (1= VB
2V2
Qn=(1+V2)" +(1-V2)".
The above equations are named as Binet type formulas for Pell and Pell-Lucas
numbers, respectively. For other properties of P,, and @, see [5,649]. In [7] Horadam

and Mahon introduced Pell and Pell-Lucas polynomials and next their properties
were studied among others in [4].

P, =
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Let = be any variable quantity. Polynomials P, (z) and @, (z) defined as follows
P,(x) =2z Py_1(x) + Py—2(x) for n > 2 with Py(x) =0, Pi(x) =1

Qn(z) =2z Qn_1(x) + Qn_o(x) for n > 2 with Qo(z) = 2,Q1(x) = 2z
generalize Pell and Pell-Lucas numbers and they are called as Pell polynomials and
Pell-Lucas polynomials, respectively. Clearly P,(1) = P, and Q,(1) = Q,.

Let
alz)=xz+Va2+1, Bx)=z—Va?+1 (1)
be roots of the characteristic equation for the Pell and Pell-Lucas polynomials.
Then solving this equation we have

(2)
and

Qn(z) = a"(z) + 8" (2), (3)
respectively.

We recall selected identities for Pell and Pell-Lucas polynomials, which will be
used in the next part of this paper.

Theorem 1. [7] Let n be an integer. Then

Poii(x) + Pooi1(2) = Qn(z) =22 - Py(x) + 2P,—1(x), for n > 1, (4)
Qni1(z) + Qu_1(x) = 4(x® + 1)P,(z), for n > 1, (5)
; P(z) = Pul) + Zl_l(x) — 1, for n > 2, (6)

For Pell numbers and Pell polynomials we can find different generalizations given
by the kth order linear recurrence relations, k£ > 2. One of the fundamental gener-
alization of Pell polynomials is Horadam polynomials which describe a wide family
of polynomials defined by linear recurrence relations of order two. Some properties
of the Horadam polynomials can be found in [8]. Horadam polynomials play an
important role in the theory of hypercomplex numbers, for details see [12414]. In
this paper we will use Pell and Pell-Lucas polynomials in the theory of bihyperbolic
numbers.

Let Hy be the set of bihyperbolic numbers ¢ of the form

¢ =xo + 121 + J2z2 + Jaws,
where ¢, 21, 22,23 € R and ji, jo, j3 ¢ R are operators such that

Jt =js =343 =1, jijo = joji = Js, jijs = jsj1 = jo. jojs = jajo=sj1. (8)



424 A. SZYNAL-LIANA, I. WLOCH, M. LIANA

From the definition of bihyperbolic numbers follows that their multiplication can
be made analogously to the multiplication of algebraic expressions. The addition
and the subtraction of bihyperbolic numbers is done by adding and subtracting
corresponding terms and hence their coefficients.

Since the addition and multiplication on Hy are commutative and associative,
so (Hg, +,-) is a commutative ring.

Note that bihyperbolic numbers are a generalization of hyperbolic numbers. For
the definition of hyperbolic numbers and their properties see [10,/11]. For the
algebraic properties of bihyperbolic numbers see [1].

A special kind of bihyperbolic numbers, namely bihyperbolic Pell numbers, were
introduced in [2] in the following way.

The nth bihyperbolic Pell number BhP, is defined as

Bth :Pn +jlpn+1 +j2Pn+2 +j3Pn+3- (9)
By analogy

BhQn - Qn +j1Qn+1 +j2Qn+2 +j3Qn+3 (10)

is the nth bihyperbolic Pell-Lucas number. Note that some combinatorial properties
of bihyperbolic Pell numbers we can find in [3].

Based on definitions of BhP,, and BhQ, we introduce Pell and Pell-Lucas bihy-
pernomials.

For n > 0 Pell and Pell-Lucas bihypernomials are defined by

BhP,(z) = Pp(z) + j1 Ppy1(z) + j2 Pry2(z) + j3 Prys(z) (11)
and

BhQn(7) = Qn(x) + j1Qn+1() + j2Qnr2(w) + j3Qni3(x), (12)

respectively. Note that BhP,(1) = BhP, and BhQ,(1) = BhQ,.

2. MAIN RESULTS

In this section we will give some identities for Pell bihypernomials and Pell-Lucas
bihypernomials.

Theorem 2. Let n > 0 be an integer. For any variable quantity x, we have
BhP,(z) = 2x - BhP,_1(z) + BhP,_2(x) for n > 2 (13)

and BhPy(z) =1+ ji - 22 + jo - (422 + 1) + j5 - (823 + 4x).
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Proof. If n = 2 we have
BhPy(x) = Pa(z) + j1P3(x) + jaPa(x) + jaPs(x)
=22+ 41 - (42 + 1) + jo - (82% + 4a) + jz - (162* + 1222 + 1)
=2z (14 j; - 22+ jo - (422 + 1) + js - (82° + 4z))
+ 1+ jo - 27 + j3 - (42® + 1)
= 2z - BhPi(z) + BhPy(x).
Let n > 3. By the definition of P, (x) we obtain
BhP,(z) = Pp(z) + j1Pp41(2) + joPoy2(2) + 3 Poys(z)
= (22 Po—1(2) + Pp—2(2)) + 5127 - Py () + Pro1(2))
+ J2(22 + Pog1(2) + Pa(2)) + j3(22 - Poy2(2) + Poya(2))
=22 (Po—1(®) + j1Pn (%) + j2Pagr () + s Poya ()
+ Po—2(%) + j1Pp1(2) + j2Pn(2) + jsPry1 ()
=2z - BhP,_1(z) + BhP,_s(x),
which ends the proof. O

Using the same method we can prove the next result.

Theorem 3. Let n > 0 be an integer. For any variable quantity x, we have
BhQ,(z) = 2z - BhQp—1(x) + BhQp_2(z) for n > 2

with BhQo(x) = 2 + j1 - 2z + jo - (422 4+ 2) + js - (823 + 62)

and BhQ1(x) = 2z + j1 - (422 4+ 2) + ja - (823 + 62) + j3 - (162 + 1622 + 2).

Note that some identities for BhP,(z) and BhQ,(z) can be found based on
identities for Pell and Pell-Lucas polynomials mentioned in the introduction of this

paper.
Theorem 4. Let n > 1 be an integer. Then
BhP,+1(x) + BhP,_1(x) = BhQ,(x) = 22 - BhP,(z) + 2BhP,,_1(z).
Proof. Using we have
BhP,11(z) + BhP,_1(z)
= Poy1(@) + j1Pota(z) + jaPoys(@) + JzPata(z)
+ Po-1(x) + j1Pu (%) + j2Pagr () + 3 Poy2 ()
= (Pot1(2) + Pooa(2)) + j1(Pasa(2) + Pa(z))
+ J2(Pat3(®) + Pog1(2)) + j3(Pota(@) + Pota(2))
= Qn () + 1Qn+1(2) + j2Qn+2(2) + j3Qn+3(7)
= BhQ,(x).

-~
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On the other hand

2x - BhP,(z) + 2BhP,_1(x)
=2z (Pu(2) + j1 Poy1(2) + jaPrta(z) + j3 Pats())
+ 2 (Po—1(2) + j1Pa(2) + joPrti(2) + J3Pata ()
= (2z- P,(z) 4+ 2P,—1(2)) + j1(2x - Ppy1(z) + 2P, (x))
+ j2(22 + Pyyo(z) 4+ 2Ppi1(2)) + j3(23 - Poys(x) 4 2P, 12(2))
= Qn() + j1Qn11(2) + j2Qni2(x) + j3Qn+3(z)
= BhQ,(x).

Theorem 5. Let n > 1 be an integer. Then

BhQpi1(x) + BhQ,_1(z) = 4(2® + 1)BhP,(z).

Theorem 6. Let n > 2 be an integer. Then

n—1
S BB (x) = BhPy(x) + Bth—l(Z‘gm— BhPy(x) — BhPy(z)
=1

Proof. For an integer n > 2 we have

n—1
> BhPi(z) = BhPi(z) + BhPy(x) + - -+ BhP,_1(x)
=1

= Pi(z) + j1P2(2) + j2 Ps(z) + js Pa()

+ Pa(z) + j1P3(w) + ja Pa(w) + jaPs(x) + - -

+ Pp1(x) + j1P0(2) + j2Pos1(2) + Ja Prta(z)

=Pi(z) + Py(x) +-- -+ Poo1(x)

+j1(Pa(2) + P3(z) + - + Pu(z) + Pi(z) — Pi(z))

+ J2(Ps(x) + Pa(z) + - + Poga(2) + Pi(z) + Po(2) — Pi(z) — P2 ()
+ j3(Pa(x) + P5(x) + -+ - + Poya(z) + Pi(z) + Pa(z) + Ps(x)

— Pi(z) — P2(z) — Ps(2)).
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Using @ we obtain

ZBth _ Ple)+ Paci) =1

+ <Pn+1( x) + Po(x )—1_P1(x))

Prya(z +Pn+1() 1

—Pi(x) - Pg(x))

— Pi(z) — Py(x) — P3(m))

P (z )+Pn( )—1-2x
2x
- Ppio(z) + Poyr(z) — 1 — 20 — 422
+ 2
2x
Poi3(z) + Puyo(z) — 1 — 22 — 422 — 22(42? + 1)
2x
_ Pu(@) + 51 Poga (2) + jaPoya(z) + jaPoys(z)
2x
Poo1(z) + j1Pn(2) + j2Pos1 () + JiaPrya(2)
2x
—(0+1) — j1(1+22) — jo (22 + (422 + 1)) — js((42® + 1) + (823 + 4x))
2x
_ BhP,(z) + BhP,_1(x) — BhPy(x) — BhPy(x)
o 2z '
Thus the Theorem is proved. ([

+ 73

+

Theorem 7. Let n > 2 be an integer. Then

BhQn( ) + BhQn_l(LIJ) — Bth(x) — BhQ (l‘)
Z BhQi(x o .

Now we give Binet type formulas for Pell and Pell-Lucas bihypernomials.

Theorem 8. (Binet type formula for Pell bihypernomials) Let n > 0 be an integer.
Then

7) = = (14 jra(e) + 203 (@) + jsa*(2)
(14)
- (14 51B(@) + 2B @) + 5a8°(2))
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where a(x), B(z) are given by (1)).
Proof. Using and we obtain
BhPy(z) = Pp(2) + j1Poy1(2) + j2Pata(z) + j3 Prys(w)

_ '@ - p) amt(z) — g (x)
T el =@ T al@) = B@)
Ca2a) — ) | at) - 5 )
TP e =@ T el - A)
and by simple calculations the result follows. (|

In the same way, using and , we obtain the next theorem.

Theorem 9. (Binet type formula for Pell-Lucas bihypernomials) Let n > 0 be an
integer. Then

BhQu(x) = o™ () (1 + jra(@) + jao(2) + jao” ()
+ 8" (@) (1+ j18(2) + 2 (2) + s () |
where a(z), B(z) are given by ().

Using Binet type formulas for Pell and Pell-Lucas bihypernomials we can obtain
Catalan type identity, Cassini type identity and d’Ocagne type identity for Pell and
Pell-Lucas bihypernomials.

For simplicity of notation let

(15)

a(z) =1+ jia(z) + j20°(2) + jsa’ (x),
Blz) = 1+ j1B(@) + j2B°(2) + jaB* (x).
Consequently we can write and as
a"(x)a(z) — 8" (z)B()

BhP,(z) = o(z) = Blx) (16)
and
BhQn(z) = a"(2)a(x) + 5" (2)B(x). (17)
Moreover,
a(z) - Bz) = -1,
a(z) + B(x) = 2,
a(z) - Bla) = 2/a2 + 1,
() + 5 (x) = (a(z) + B(2))’ - 3a(x)f(z)(a(z) + B(z)) = 8z° + 6z,
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and
a(z) - Blx) = Bx) - &(x)
= 14 j1B(x) + 52 (x) + ja5° (2) + jro(x) — 1 = jsP(x) — 25 ()
+ ja0®(x) = jaa(x) + 14 j1B(x) + jaa® (x) — jao®(z) + jre(x) — 1
= j1 20(2) + 2B(x)) + js (o’ (x) + B°(x) — a(z) — B(x))
=71 -4+ 73 (8x —|—4x).

Theorem 10. (Catalan type identity for Pell bihypernomials) Let n > 0, r > 0 be
integers such that n > r. Then
BhP,_,(x) - BhPy i, (x) — (BhP,(z))?

_ (=)= (2 + \/ﬁ;— (x — m)r)z (jl Az + js (8953 + 4m)) .

Proof. By formula we have

BhP,_(2) - BhPo () — (BhP,(2))?

@) B o BT e
= "o 8@ e =@ W a@ - @ Vat) — s
atz) . f) B2) . . a'(z)

T o - @ V- s W T o - @ W atw) — s )

@) s 20 @) () — (@) - (o @)
(@) - B(a))? (@(@)B(@)"
 @@BE)" () - (@)
(o) — A2 P D )y
)@ @)
(a(@) — B@)? (@)5().
so the result follows. 0

Theorem 11. (Catalan type identity for Pell-Lucas bihypernomials) Let n > 0,
r > 0 be integers such that n > r. Then

BhQp—p () - BhQpiy(x) — (BhQn (z))?
= (1) (" (z) — B (x))” - &(w)B(x)
=(-D""((z+Va2+1)" = (z — Va2 + 1)")? (j1 - 4z + js (82° + 4z)) .

Note that for r = 1 we get the Cassini type identities for Pell and Pell-Lucas
bihypernomials.



430 A. SZYNAL-LIANA, I. WLOCH, M. LIANA

Corollary 1. (Cassini type identity for Pell bihypernomials) Let n > 1 be an
integer. Then

BhP,_1(2) - BhPoi1(z) — (BhP,(2))?
= (=)™ (jr - 4o + s (82" + 4z)) .

Corollary 2. (Cassini type identity for Pell-Lucas bihypernomials) Let n > 1 be
an integer. Then

BhQp_1(x) - BhQpi1(x) — (BhQn(z))?
= (=1)""'(42® +4) (j1 - 4o + js (82° + 42)) .

Theorem 12. (d’Ocagne type identity for Pell bihypernomials) Let m > 0, n > 0
be integers such that m > n. Then

BhP,,(2) - BhP,,1(x) — BhPyy1(2) - BhP,(z)

D@ = BT )

Proof. By formula we have

BhPy,(2) - BhPyy1(2) — BhPpi1(z) - BRP, ()

o™t @) oy @@
(a(z) — B(z))? (a(z) — @)’ (z)B(z)
(

el +

EEEE QL
B3(z)é(x) — wA2 x
pw)a) - s SR @)
B@) _am@)B"(@)(ale) = B@) . a0
(a(z) — B(x))® (a(z) — B(z))? > (2)B(x)

am+n+l (.’E

I
T~ —
S
3
&
®
3
-
2
&
\

(a l’)ﬂ(ll?))n m—mn — B ")) &z xT
ol g W @)@
_ (=D (am T (x) _ﬂm_n(gj))a x)B(x
- a(r) — B(x) (05

so the result follows. O
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Theorem 13. (d’Ocagne type identity for Pell-Lucas bihypernomials) Let m > 0,
n > 0 be integers such that m > n. Then

BhQum(x) - BhQpi1(x) — BhQpy1(z) - BRQy ()
= (=)™ (a(x) = B@) (@™ " (x) = 87" (2)) &lx) B(x).
Theorem 14. Let m > 0, n > 0 be integers. Then
BhP,,(x) - BhQ,(z) — BhQp,(z) - BhP,(x)
2@ ) - B
Proof. By formulas and we have
@@ @) o Yany .
=5t 5" @ o) — B @)
B (z)a" (z) B (x)B" (x) 2
a(z) — B(z) a(z) — B(z)
Q" (@) (@) o L A @)EE)
a(@)— Bla) a@)— Bla) )
"(z) "
(2)

B ()

n

B(x)a(z) -
&2 (z) +

a(z) — Bz Alo) )+a(x —5(3:)5 (=)

_ 2a™m(@)"(x) = 26" (z)a"(z) o v

- o)~ p(@) ()(e)

_ 2(_1)n(am—n(m> _ ﬁmfn@j)) .
a(z) - B(x)

so the result follows. O

Theorem 15. The generating function for the Pell bihypernomial sequence
{BhP,(x)} is
Jitda- 2w+ s - (42 +1) + (1 +jo + js - 20)t
1—2xt —t2 ’
Proof. Suppose that the generating function of the Pell bihypernomials sequence

{BhP,(z)} has the form G(t) = > BhP,(x)t". Then
n=0

G(t) =

G(t) = BhPy(x) + BhPy(x)t + BhPy(x)t* +
Multiply the above equality on both sides by —2xt and then by —t? we obtain
—G(t) - (22)t = —BhPy(x) - (2x)t — BhPi(z) - (22)t* — BhPy(x) - (22)t> —
—G(t)t?* = —=BhPy(z)t* — BhPy(2)t> — BhPy(2)t* — - --
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By adding these three equalities above, we will get
G(t)(1 — 22t — t*) = BhPy(x) + (BhPy(z) — BhPy(z) - (22))t

since BhP,(z) = 2z - BhP,_1(2) + BhP,_5(x) (see (13)) and the coefficient of ¢",
for n > 2, are equal to zero. Moreover, BhPy(z) = j1 + j2 - 22 + j3 - (4% + 1),
BhPy(x) — BhPy(z) - (22) = 1+ jo + js - 2. d

Using the same method we give the generating function g(t) for Pell-Lucas bi-
hypernomials.

Theorem 16. The generating function for the Pell-Lucas bihypernomials sequence
{BhQn(x)} is
olt) = 24 j1 - 22 4 ja - (42° 4 2) + j3 - (82° + 61)
1— 2t — 12
" (=22 + 241 + j2 - 22 + js - (4:172 +2))t
1— 2t — 2 ’
At the end we will give the matrix generator of Pell and Pell-Lucas bihypernomi-
als.

Theorem 17. Let n > 0 be an integer. Then

[ Dibuale) Bibua) | [ D) Bt | T2 1"

Proof. (by induction on n)
If n = 0 then assuming that the matrix to the power 0 is the identity matrix the
result is obvious. Now suppose that for any n > 0 holds

BhP,yo(x) BhPuii(z) | _ [ BhPy(x) BhPi(z) ] [ 2z 11"
{Bth_H(x) BhP,(x) } [BhPl(x) Bhpo(x)} [1 o}

We shall show that

{ BhP,,5(x) BhPpio(z) } _ [ BhPy(z) BhPy(z) } . { 20 1 r“
BhPpyo(z) BhPoii(z) BhPi(z) BhPy(x) 1 0 '

Using induction’s hypothesis we have

BhPy(z) BhP(z) 2¢ 1 2z 1]
[ BhPi(z) BhPy(x) } [ 1 0 ] ‘ [ 1 0|
_ [ BhPyya(2) Bth+1 x
{BthH() BhP,( ] [ ]
_ [ 22+ BhPpio( )+Bth+1(m) BhP, () |
22+ BhPoi1(x) + BhPy(z)  BhPhii(z) |

B { BhPp3(x) Bth+2(x)]
= | BhP,ys(x) BhP,iy(z) |’

which ends the proof. O
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Theorem 18. Let n > 0 be an integer. Then
BhQni2(z) BhQuii(z) } [ BhQs(z) BhQ:(z) ] ' [ 2¢ 1 ]”
BhQni1(x) BhQn(z) BhQ1(z) BhQo(x) L0 '

Using algebraic operations and matrix algebra, properties of these bihypernomi-
als can be found.
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