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ABSTRACT
In this paper is treated the finite element modelling of anomalous potential eleetrie field 

generated by induced polarization of polarized bodies, with or without electrical conductivity 
contrast tvith surrounding roeks, and with any geometrical shape, in regions with mountainous 
relief.

iNtröduction

Ore bodies, like chalcopyrites, pyrites, ehromites with secondary
magnetite, pyrite-bearinğ bauxites, and isolated rock bodies, have any 
geometrical shape and
cdpyrite and pyrite öre bodies of massive texture have a high electrical

are mostly situated under accidented relief. Chal-

conductivity as compared with the electrical conductivity of the sur-
roııding locks, but this contrast of electrical conductivity may not exist, 
as is the case with disseminated chalcopyrite and pyrite bodies, serpen- 
tinites ete.

Thas, the mathematical modelling is realized for these two cases 
of electrical conductivity eontrasts. Different cases of position of source 
and measurement eleetrodes are considered, especially when source 
eleetfodes A ve B and measurement eleetrodes M and N are situated on 
the ground' Of in the drillholes.

The induced polarization effect Üip is computed with the well 
known formulae [Bleil D. (1953); Seigel H.O. (1959)]:
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— the potential of induced electric field,

—- the potential of resultant electric field,

— the potential of primary electric field,

— the vector from body point to measurement point,

— a constant value determined by electric properties of 
medium.

ünder field electrical survey conditions, it is kno wn that üip< <Uo,
so we have accepted the simplificat-on proposed by Bleil D. (1953) as 
well as the evaluation made by Komarov V.A. (19?2) assüming that:

CU = GUo (2)

FolloAving this assumption the computing of Üip is reduced to the 
ealcıdation of the integral (1) in which the potential üo of primary elec- 
tıic field has replaced the potential U.

The use made of finite elements while computing this problem was 
possible because recently in our country powerful prograrjıs have been 
compiled for the application of finite element methods [Frasheri A. 
(1984, 198?, 1989); Osm ani S. (1988); Tole Dh. (1981)].

For the induced polarization problem we lıave coınplied .some
algorithms and seven programs in FORTRAN?? and BASIC.

1. THE PROGRAM “POLARELF” FOR COMPUTİNG IP EF- 
FECT ÖVER A POLARIZABLE CONDUCTIVE ORE BODY

Ore body with an electric conductivity different from that of the
medium causes anomalies on the primary electric field and the IP 
electric field. These anomalies affect the distribution of IP electric field 
to be considered.

We realised the computing of the potential üo of the primary elec- 
trie field in a 2D hcterogeneous medium by means of finite elements 
with the program “POLARELF”. This program serves to solve the 
variational problem [Zienkiewicz O.L. R(19??)]:
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with reetangular finite elements having shape funetions:

Ni (H, •/;) A. (1 + (1 + .,)
‘i (4)

where:

i=i,j,kd

S

— iııdices of the nodes,

— local coordinates of the basic element

(-1,4-1) x(—1,-ui),

— reetangle who serves as a 2D model for the geoelectrical 
seetion configuration. The upper edge of the reetangle is 
curved like the relief of earth surface [Holeombe T.H. 
(1984)].

The model was constructed for Neuman boundary conditions. Va- 
riations on time and space of these conditions were considered in the 
course of program compiling in compliance with the electricaî surveying 
procedure. To achieve this compatibiîity the principal algorithm of 
the program was conceived in the following way (fig. 1):

i) — automatic diseretisation of the reetangle S,

— construetion of the element matrix,

— construetion of the global matrix of the algebraic system 
(integrated in one single process).

ii) — construetion of right hand side of the algebraic system for 
any case of boundary conditions,

■— solving the algebraic system by exploying Gauss method.

İÜ)—the interpretation of the results.

Mathematical modelling of IP phenomena -^vas based on the finite 
element presentation of Uo:

Uo = N.Uo (5)
N — the vector of shape funetions,

Uo — the vector of Uo values on the modes of elements.

Through the equation (1), the hypotheses (2) and (3), the potential 
of electric field of IP was computed according to the equation:
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Fig. 1. The principa! flow-diagram of POLARELF program.
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Uip = KC Uo z
se se
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where:

K — the empiric constant of geoelectrical model Avhich expres8es 
the transformation from 3D to 2D model.

Se — the finite element surface inside the ore body.

During the calculation of the finite element matrices we computed 
the vector:

(j ( AN.R) ds

. Which was utilisable whiîe computing the Uip in the results in- 
terpretation stage. Here we computed the primary eleetrie field intensity 
Eo and the intensity Eip of IP field, deriving Uo and Uip with cubic 
splines. Then we computed the value of overvoltage:

Tjan —
___ Epp___  

Eo — Epp
100 %

The results of the POLARELF program were tested in the labora- 
tory, in 2D physical modelling, and in field conditions över the known 
ore bodies. In fig. 2 one example of the comparison of the IP anomally
profile över a coppeı sulphide ore body calcuiated through POLARELF 
program and surveyed in field conditions is showed. The ore consists 
of chalcopyrite with electrical lesistivity of 1 Ohm. m and IP coefficient 
7) = % 60. It lies between the keratophyres which have a resistivity of 
600 Ohm. m and a polarisability of % 2.5, The measürements
were caried out under tbe mountainous relief. A gradient array with 
AB = 1000 m and MN = 40 m rvas used.

2. POLARIZ PROGRAM FOR COMPUTİNG THE IP EFFECT 
ÖVER A POLARPIZABLE BODY WITHOUT ELECTRPCAL 
CONDUCIVITY CONTRAST WITH THE MEDIUM.

In ali those cases the medium is homogeneous from the pöin 
of viaw of electrical conductivity, bence to compute the IP potential 
it is possible to use the well known formulae for the propagation of 
eleetrie field of point source currents in 3D space.
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Fig. 2. Comparison of the IP anomalies calculated throguh POLARELF program (1) and sur-

veyed in the field conditions (2), över a copper sulphide ore body.

The 3D model was constructed for bodies of irregular shape. A
2.1 /2D model was constructed for prismatic bodies having an 
cross seetion and a horizontal extension (fig.3).

irregular

“POLARELF3” and
W

Based on these two models the programs 
■POLARPRIZ” (fig.4) were compiled in BASIC.

The potential of IP electric field was computed with the eguation
(1), ■vvhich âfter the Green transform and hypothesis (2) was changed 
to:
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Fig. 3. The 3D and 2.1/2D geoelectrical models for the programs “POLARELF3” and ‘‘PO

LAR PRİZ’' respectively.
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Fig. 4. The principal flow-diagraın of POLARPRIZ program.

Uip = c[J 1
■r" ■

8U
8n

. AUo.dv] (8). dS —
S

V

where:

S — the surface of the ore body V,

N — the unit vector, normal to the surfase S.

A — Laplace operatör.

The potential Uo of primary electric field is determined by Laplace 
equâtion so the second integral in (8) is zero and the formula is simpli- 
fied:
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To compute the integral (9) the idea of finite elements was used.
We divided the body surface on
irregular shape, and

triangular elements for the body tvith

Using these elements the formula (9) was
on reetangular elements for the prismatic body.

changed to:

Uip = c s
ÖÜo 

c’n
dS (10)

c

e s«

1
R

. dS

where: Se — the surface of element 'e'.

The integration on the element was realized using the Gauss met
hod with three and four points of integration depending on the element 
shape.

In the formula (10) we replaced:

0Uo 
”0n" AUo.n = Co Ra

R^4

Rb 
R’b

(11). n

Avhere:

Co = SI/2.

S

I

resistivity of the medium,

intensity of current floxw in the earth,

Ra.Rb — the vectors fıom current eleetrodes A, B to the integration 
point of Gauss method.

At last we expre8sed the IP potential Uip in the form:

RUip=CCo 1
rT ■ ‘Al

R’aİ
Rbİ 
R^Bİ

. Wi.Se (12)2 
e

2 n

i

Wi

Se

where:

-— the number of integration point in the element e,

— the weight of integration for the point i, 

— the surface of the element e.

\Ve computed also the differences of the potential of primary elect- 
ric field in tlıe same points. Through these values we computed the in- 
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tensity Eo of primary eleetrie field and Eip of the IP field, using cubic
splines. Witb the formula (7) tve computed the value of overvoltage.

The POLARPRIZ and POLARELF3 programs were tested
comparing their results with ones obtained by physical 2D modelling 
and with so caîîed geometrical factor F according to the eguations 
presented by KOMAROV (1972).

In fig. 5 is presented one example of the IP anomaly profiles cal-
culated with POLARPRIZ program for a . 1 /2D geoelectrical model
of a copper ore
m and polarizability t) =

deposit, a chalcopyrite body with resistivity 500 Ohm.
0/
/o 50 in. a diabase medium with resistivity 500

Ohm. m and polarizability t; = %1, in the cases when measürements 
are carried out in mountainous (1) and flatten (2) relief. In fig. 6 the IP 
contour map for the same model as in fig. 5, but in a flatten relief is 
given.

In table I the values calcuiated with the integral (10) using 
POLARPRIZ program and the values of factor F, for the anomaly of 
a vertical prism tvithout resistivity contrast witiı surrounding ho
mogeneous medium are given.

The dimensions of the prism for this example were b — c = 0.5a, 
the depth of its upper part was H==b and the remnant polarizability was
Tj=%20. In fig.7 are shown the IP anomalies calcuiated according PO-
LARPRÎZ program, using factor F and surveyed in 2D physical model
ling.

9

The last one represents a thin flatten horizontaly electrolitic layer
tvitlı dimensions 1500 mm x 100 mm, 3-5 mm thick and consists of 
diluted püre CuSO4 eleetrolyte.

As a model of the prism serves a chalcopyrite prism 5 mm thick. 
A gradient array with AB = 1000 mm, MN = 100 mm and a 1 mm sur- 
vey step was used.

A littîe diserepaney betv/een physical and mathematical modelling 
of this example, as regards the width of the anomaly, is subject of the
different model dimensions used (2D and 3D).

As a conciusion, we may say that the use of finite elements to com
pute IP effect över a polarizable body with any geometrical shape, “vvith 
or without conductivity contrast with the medium, situated on regions 
with any kind of relief, yields good results. It is possible to use 2D mo-
dels as well, using an empiric constant to express the differences with 
3D model. The use of finite element idea to integrate on irregulaı space 
surfaces offers the posibility of compiliııg simple and powerful programs 
to compute IP effect for homogeneous geoelectrical models.
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Fig. 5. 2.1/2D geoelectrical model of a chalcopyrite ore body and the IP anomaHes calcula- 
ted witlı POLARPRIZ program in the case of a mountainous reîief (1) and in the flatten re- 
lİef (2).
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Table I. TJıe values calculatcd using POLARPRIZ program and the
vahıes of the factor F for the anomaly of a vertical prism without

resistivity contrast with surrounding homogeneous medium.
STATIOIS CALCÜLATED I VALUES OF

POLARPRIZ FACTORF

0
1
2

4

6

0.3560
0.1296

-0.0996
-0.0784
-0.0431
-0.2490
-0.0126

0.3590
0.1232

-0.1012
-0.9761
-0.043S
-0.2355
-0.0158
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Fig. 7. Comparison of IP anomalies calculated with the POLARPZIR program (1), with the 
factor F (2) and surveyed in a 2D physical modelling (3).

references

BLEIL D., 1953. induced polarization; a method of geophysical prospeeting. Geophysics 18(3), 
636-^62.

FRACHERI, A., TOLE DH., FRACHERİ, N-, 1984. An algorithm for studing of the propa
gation of electric field with finite element method in mediums divided by curved surfaces. 
In Albanian, summary in Erench. Buletini in Shkencave te Natyres 1, 23-31.

FR/İSHERL A., AVXHIU, R., FRASHERI, N. 1987. The influence of the position of the cur
rent eleetrodes över the ore body along the outlines of the anomalies of the induced pola- 
rization in the source of the research prospeetion of copper and ehromites In albanian, 
sumnıary in English. Ruletini i Shkencave Gjeologjike 3, 143-154.

FRASHERÎ, a., 1987- The study of the electric field propagation in heterogeneous ınedia. In
Albanian. Ph. D. thesis. 'Enver Hoxha” University of Tirana.

FRASHERI, A., 1989. An algorithm for the mathematical modelling of the anomalous effect 
of induced polarisation över the rich copper bodies of any geometrical shape. In Albanian, 
summary in English. Buletini i Shkencave Gjeologjike 1, 115-126.

HOLCOMBE, T.H., JIRASEK ,G.R., 1984. Three-dimensional terrain correetions in resistivity
surveys. Geophysics 49(4), 4,39-452.

KOMAROV, V.A., 1972. Electricaî prospeeting for induced polarization method. In russian. 
Published by .Njedra.



26 A. frasheri -D.H. TOLE and N. FRASHERİ

OSMANI» S., 1988. Somc rnathematical and inforraatical niodcIs in oil exploratif>n, geology and
tcchnics. în Albanian. Pb.. D. thesis. ’Em er Hoxha” IJniversitv of Tirana.

SEIGEL, H.O., 1959. Mathemalictd fornmiation and type cui’ves for induced polarization. Gc’ 
ophysics 24, 547-565.

TOLE, DH. 1981. On some aspecLs of the algorithms of the finite element method and their app- 
lication in different technicaJ domains. Tn Aîbanian. M.Sc. thesis. İnstitnt €>f Inforınaties 
and Applied Mathematics, ^İcadenıy of Sciences, Tirana.

ZIENKTEWICZ, O.L., 1977. The finite elenıent metliod. McGrau Hili London.




