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Applications of Taylor Collocation Method and Lambert W
Function to the Systems of Delay Differential Equations
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ABSTRACT. In this paper, the systems of delay differential equations with initial
conditions are solved by using Taylor Collocation Method and Lambert W Function
and we tried to show the appropriate method by comparing the solution process of
the system of these equations. All numerical computations have been performed on
the computer algebraic system Matlab.
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1. INTRODUCTION

Time—delay systems are also called systems with aftereffect or dead-time, hereditary
systems, equations with deviating argument or differential-difference equations. They be-
long to the class of functional differential equations (FDEs) which are infinite dimensional,
as opposed to ordinary differential equations (ODEs) (Richard, 2003).

In daily life, as we construct mathematical modeling to solve problems, we usually use
the initial value problems such that
an {y (1) = fay0). 121

¥(t0) = Yo,

where 1, is the starting point and yq is initial value. For instance, suppose we want to
estimate the amount of population growth in a community. Firstly, we assume that there
is not any kind of external influence in this group, like an isolated in a closed box. Let
¥(¢) shows the amount of the population at time ¢ and also we assume that speed of growth
proportional to the current population at that moment. We denote this rate with ’k” constant.
In that case if we show the change of population by y’(¢) , we can rewrite the system (1.1)
as follows [1]:

¥(to) = Yo,
The delays are always ignored in the systems to be modeled by using ordinary differential
equations. But very small amount of delay in the system can cause large changes in the

{y’(t) = ky@), 121
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current case of the system. So, while modeling of majority of encountered problems, using
of delay differential equations is more real [1],[8]. In previous modeling, in order to deter-
mine population growth we accepted that the rate is only proportional to current population.
But generally previous state of the system can significantly affect the future status. We use
amount of delay to indicate the status of systems in the past and thus when we modeling the
systems, we also take into account the dependencies of systems to past. In this case, when
we accept that population change in the community commensurate with the previous pop-
ulation a certain period of time (7) rather than the current population, we obtain the delay
differential equation [1] as follows:

Y@ =kyit-1), t=t, T7>0,
y(to) = @(t), fh—T <1< 1.

The principal difficulty in studying delay differential equations lies in its special transcen-
dental character. The delay operator can be expressed in the form of an infinite series.
Delay equations always lead to an infinite spectrum of frequencies. The determination of
this spectrum requires a corresponding determination of zeros of certain analytic functions.
One of the well-known approximation methods is the Pade approximation, which results
in a shortened repeating fraction for the approximation of the characteristic equation of the
delay (Lam, 1993; Golub and Van Loan, 1989).

2. LamBert W FuNcTION

In this section we examine the first order (scalar), linear and homogeneous delay differ-
ential equation systems such that

(2.1) Y@+ AWyt —1)+ B)y®) =0, 7>0.

In this system A and B are n * n types matrices of real valued functions depending on ¢
variable and 7 > 0 is a real valued constant. Assuming A and B matrices are accepted as a
constant in Eq. (2.1), i.e.:

2.2) Y () +Ay(t-1)+By(r)=0, 7>0.
Here,in order to obtain characteristic equation of the system (2.1) we assume that y = e* is
the solution of (2.1) equation. So that this solution provides the given equality. In that case,
we get
s’ + Ae’) 4 Bet = 0.
Dividing both sides of equation by e*
sl +Ae™™ "+ B=0.
Rearrange the equation, we find
sl = —Ae™" - B.
Multiplying by €7, T and e®" respectively, we obtain
sle’™ = —A — Be'7,
(sDte’ = (-A)T — Bre'™,
(s = (-A)r - Bre'™,

(ST)Ie(”)I + Bre’™ = (-A)t,
2
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(s] + Byre"" = (-A)r,
(sI + B)yre DT = (—A)relT.
By the definition of Lambert W Function, we get the characteristic equation
W((sI + B)r)e"V B0 = (5] + B)r.

Rearranging the equation
(sI + Bt = W(-Ate®),

1
(2.3) sl = ;W(—AT@BT) - B.
Particularly for B = 0, we can get
1
(2.4) sl = —W(-AT).
T

In this case the general solution of the system (2.1) is determined as

00

1 _ Bry_
Y1) = che[rwk( AteBT) B]t.

—00

In this equation, the coefficient matrix ¢ is n#* 1 types and it is calculated by means of initial
function [2],[4],[5],[9],[10].

Example 1:
Yy ==yt = 1),
Yy =2y1(1 = 2) + y3(t = 2),
¥y =320 = 1).
Let’s solve the system of delay differential equation by using Lambert function.

Solution: We write
0 -1 0
A= [ 2 0 1 ]
0 3 0

where y'(f) = 2 = ¥3_ Ay(t = 7)) = A1y(t = 7)) + Agy(t = T2) + A3yt — T3).

Particular solutions of this system of equation are type of y(¢) = ce*’ and it should be
det(sI— Z;:l A;y(t—7;)) = 0 to get non-zero solutions. Thus particular solution is calculated
as:

¥(1) = ce”,
yi(t =2) = ce’"™?,
ya(t = 1) = ce’™V,
y3(t = 2) = e’

When the matrices of these equations are set up, we obtain

sI = Ay (t —11)
det| s/ - Azyz(l‘ -1) |=0.
sl — Azys(t — 13)

3
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So
s 0 O
0 s 0 |- (Alces(’_z) + Ayce® D 4 A3ces(’_2))
0 0 =
s 0 O
0 s 0 |- (Alces’e_zs + Aycele™ + A3ce”e_2s)
0 0 s
s 0 0 Al
-2s -5 -2s
0 s 0 |-| A (e e e )1*3
0 0 s Az -
s 0 0 Are™® Aje™t Ae™®
0 s 0 |=| Are™ Aze™s Aye™™
0 0 s Aze™®  Aze™t Aze™
s 0 0 0.7 —l.e5 0.2
0 s 0 |- 2e? 0.ef 12
0 0 s 0. 3¢ 0.
are found. Thus
S e’ 0
det| —2¢7% s - |=0.
0 -3¢ ¢ K
So
s(s2 — 3735 4 26_%) s
51 =0,
and
S2 — e—3x,

is calculated. Hence we also get

Hence, the general solution to s; is
2 3 2 3 2 3
y@) =... +c_leBW"(2)’ + coe3W°(2)’ + cle3W‘(2)’ +...
2(_ _ - 2 20 .
= e e 112168-4466340n | L FOT2S8O0N . pF(-112168+4466340) |
and the general solution to s3 is also

yiO)=...+ c_legw’l(_%)’ + coe%W‘)(_%)r + cle%W‘(_%)’ +...

= . +C,1€3( 1.65090-7.64120i)t ( 0.03278+1.549641)t+cle3( 1.65090+7.641201)I+. B

+cpe3
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3. TayLor CoLLOCATION METHOD

Taylor Collocation Method is one of the effective method to find the approximate solu-
tions of systems of linear high-order delay differential equations in the form
m k
(3.1) Z Pyt + i) = fi(H, j=1.2....k
r=0 i=1
under the mixed conditions defined as
m=1
Z dy@+bly P D)+l (©) = A a<e<b, r=0,1.2,...m-1, n=12..k
j=0
where y;(7) is an unknown function, the known functions P;%i(t) and fj(t) are defined on
interval a <t < b, and also a,;, b,;, c,j and A, are appropriate constants.
Our main purpose is to find the approximate solutions of the system (3.1) expressed in the
truncated Taylor series form as:

3 e
(3.2) yi(t) = Zyi,,(t—c)", ym="—, i=1,2,...,k, a<t<b,
oy n!
where y;,,(n = 0,1,..,Nand i = 1,2,...,k) are unknown coefficients, N is any positive

integer such that N > m [3].
Fundamental Relations
The functions defined by Eq. (3.2) can be written in the matrix forms as:

(3.3) yilt) =T(OA;, i=1,2,..k,
(3.4) Y1) = T(H)BA,,

(3.5) Wty = T(0)BA,
where

To=[1 -0 @-o..c-0"].
Ai=lyo ya yo -l

010 ... O
002 ... 0
B=1:

000 ... N

000 ... O
By substituting t — At + u in the equation (3.3), we obtain the matrix form
(3.6) Yi(dt + p) = T(At + pA;.
The relation between the matrix 7' (Af + u) and T(¢) is
(3.7 Tt +p) = T(NB(A, p),

5
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where for 4 # 0 and p # 0

B4, ) =

e (e G
o B (o
o0
0 0 0

And for 2 # 0 and ; = 0 we get

@W 0 o

0 W 2

B = : : :
0 0 0

0 0 0

N /l() N
(%/3211 ljlfl—l
(le 1) /iN—l #1

(%) AN /10
0
0
0

WV

By differentiating both side of the equation (3.7) with respect to ¢t and using the relation

(3.5) we get
(3.8)

W + ) = T()B@A, 1)B"A,,

i=1,2,... .k

Thus the matrices y"(t),r = 0, 1,2,...,m can be expressed by

T@® O
0 T@®
0 0
or briefly
(3.9

where

(@)
0
T*(t) =

0

W+ p T(HB(, )BOA,
. Wi+ | | TOBWwBYA,
yo@at+p) = : = : _
y;{r)(/lt + ) T(t)B(A, 1)B Ay
0 B(4,u) 0 0 B 0 ... 0 Ay
0 0 B(4, ) 0 0 B ... 0 Ay
T(t) 0 0 B(4, ) 0 0 B" Ay

YOt + ) = T* () B, 1) B'A,

0o ... 0
T@® ... 0 —
. . . ’ B(/l”u):
0 ... T®
B” 0 ... 0
_ 0 B"” ... 0
BY =| | s
0 0 B"

B4, ) 0 0
0 By .. 0
0 0 B, )
Ay
As
A= . 3]
Ay
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Methods of Solution

First, we can write the system (3.1) in the matrix form

(3.10) TPy + ) = f(0),

r=0

where
PO PLG0) ... PO yi{i(ﬂt + ) fi
P P ... P50 y5 (At + ) L)

21 22 2k

Pty =| . L L Yam=| .t =| 7

PL@® PL0O ... PLQO y,(:)(/lt + 1) Ji(®)

To obtain the Taylor polynomial solutions of the system (3.10) in the form (3.2) , we com-
pute the Taylor coefficients by means of the collocation points defined by

b_
G.11) h=a+2=21 1=01,....N
N

wherea<t<banda=ty<t; <... <t,=b.
Substituting the collocation points (3.11) into the matrix Eq. (3.10), then we obtain the
matrix form as:

(3.12) Z PY" = F,
r=0
where
P 0O ... 0 y§’>uro + 1) f(to)
0  Pt) ... 0 Wan +p f(t)
P.=| . . ], Y= _ , F=| .
0 0 e Pu(y) yir)(/ltN + 1) fan)

Using the relation (3.9) and the collocation points (3.11), we have
YAty +p) = T*)BA,wB'A, 1=0,1,...,N.

This system can be written as

(3.13) Y" = TB(A, wB'A,
where T = [T*(tp) T*(t;) ...T*(ty)]" and
i) O 0
0o T ... 0
T(t) = : : - :
0 0 .. T
Substituting the expression (3.13) into (3.12), we have the fundamental matrix equation
(3.14) (Z P, TB(, u)E’)A -F
r=0

7
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Briefly, the fundamental matrix Eq. (3.14) corresponding to Eq.(3.1) can be expressed in
the form WA = F which corresponds to a linear algebraic equations of the system with k
times (N + 1) unknowns Taylor coefficients such that

m

Wz[wpq]=ZP,T§(/l,,u)§’, p.g=12,.. k(N+1) [3].

r=0
Example 1:
Yi=-n@-1) y1(0) =0
Vo=20(=2)+y:(t—-2) »(0)=-2
¥y =2yt - 1) y3(0) = -2.

Solve the delay differential equation system by using Taylor Collocation Method for
-2<t<4.
Solution: Once considering the set of the equation as follows:

Yi+n@E-1)=0,
Yo =231(t=2) -yt -2)=0,
Yy —2n(t-1)=0,

then we may write the equation in matrix form as:

0 1 0] ne-1 0 0 0 [»nG=2][1 0 0]y 0
0 0 0l wme-1 |+ -2 0 -1 || ne-2+0 1 0| yo|=]|o0].
0 -2 0 || ys¢t—1) 00 0 [[y»e-2]]0 0 1]]yo 0

Thus P1 and P2 are obtained such as

000 00O 0 0 0 0 0 0
20 -1 0 0 0 0 0 0 0 0 O
000 000 0 0 0 0 0 0
000 000 0 0 0 0 0 0
0 00 20-1 0100 00 0

p_| 000 000 000 000

o o 0 0 00 00 0O O O O
000 000 -20-10 00
000 000 0 0 0 0 0 0
00 0 000 0 0 0 0 0 0
000 000 0 0 0 -20 -1
000 00O 0 O0 0 0 0 0

and P, = I12.12.
If we take N = 3 for -2 <t < 4, we get the collocation points 7o = =2,¢; = 0,1, = 2,13 = 4.
Similarly, we write

(POTE(l,—l) +P,TB(,-2) + P3TE(1,0)§)A = F,
8
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where

0

0

-8 0 O

-2 4

-8 0 0

-2 4

0

16 64 0 0 O

4

16 64 0 0 O

4

16 64

4

-1 0 0 O

-1

0O 0 0 0 O
0 0 0 0 O
0 0 0 0 O
-1
3

0

-3 0 0

0

1

0

0

-1

0 0 O
0 0 O

0

0o 0 0 O

-3 0 0 0 O

1
0

0 0 0 0 0 O
0 0 0 0 0 O
0 0 0 0 0 O
0O 0 0 0 0 O
0O 0 0 0 0 O

0O 0 0 0 O
4

0 0 0 O

1

0

0 0 O

0
0
0

1

0 0 0 O

B(1,-1)

0

-8 0 0 O

4
—4

12 0 0
-6 0 0

1

0

0

-8 0 0
12 0 O
0

4
—4

1
0

0
0

12

-4

0
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B(1,0) = L2

and

00 00 O0OO0OO0OO0OTUO0ODO

1
00200O0O0O0O0O0OO0OO
0003 0O0O0O0O0GO0TQO0OO0

00 0O0OOO0OO0OTO0OTO0OTO 0O

0

1 000 O0O0O
000O0OOO0OZ20O0O0O00

00 0 0O

000O0OOOO0OZ30O0O00O0

000O0O0OO0OO0OO0OO0OTO0OTQO0ODO

000O0O0OO0OO0OO OO0

0

0

1

000O0O0OO0OO0OO0OO0OTO0OTZ20P0

000O0OOOOO0OTO0OTUO0OTO0O3

000O0OOOOO0OTO0OTO0OO0OO

B

So, we get the equation

WA

Here,

0

-16 64

-1 4

12
54

8 =32 128 O

-2

-18

12 -1 0

-2

4
-2

12

-2 =2

0

-1 -2 -4 -8
48

0

48

1

-6

-4 -8 -16 O

-2

~54

—-18

-2

0

Now, let’s write the W and F by using the initial conditions:

0

=27 0 O
-1

12
54

~16 64
-4

4

128 0

=32

-2 8

12

-18

-4

-1

16

-8

—2 4

12

-2 -2 -2 =2

0

=

10
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Now by equation WA = F, we find

0
0.0000
1.0000
0.0000

—-2.0000
—-2.0000
-0.0000 |’
-0.0000
—-2.0000
—-0.0000
—-2.0000
-0.0000

A =inv(W) «F =

using by Matlab computer programming. Consequently, we write
Ar=[0 0 1 01", A=[-2 -2 0 0", A;=[-2 0 -2 0]".

Hence, the system of the solutions is obtained as:

yi(t) =1,
y2(t) = =2t -2,
yi(f) = =262 - 2.
Example 2:
yi=-n-1) y1(0) =0
Vy = 2y1(t = 2) + y3(t = 2) »2(0) = =2
Yy =3yt - 1) y3(0) = -2.

Solve the system of delay differential equation by using Taylor Collocation Method for

-2<t1<4.
yi(@®) 0
w0 [=|0 |
y5(0) 0

Solution: If we do the same process as previous example, we write

0 1 0][ -1
0 0 0] wne-1
0 0

-3 y3(r=1)

1 00

H =2 0 -1 || »me-2 ]+ 0 1 0

00 0 |lymet-2]]0 01
11

0 0 0 ”yl(t—Z)
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From here, we find

o

-4 12 1 -3 9 =27 0
-32 128 0 1 -4 12 -1
0 0O -3 9 27 8 O
0 0 1 -1 1 -1 0
-8 16 0 1 0 0 -1

|
SN

|
(V]
S —, OO =, NO R~ RK~O

0 o -3 3 -3 3 0

W= 0 4 12 1 1 1 1 0
-2 0 0 0 1 4 12 -1

0 0 o -3 -3 -3 -3 0

0 8 48 1 3 9 27 0

o
L—~ooc—~ocobr—~0ow~

-2 -8 -16 0 1 8 48 -1 -2
0 O 0 o -3 -9 27 -81 0 1

By using initial conditions, we get

o 1 -4 12 1 -3 9 =27 0 O
-2 8 -32 128 O 1 -4 12 -1 4
0O 0 O 0O -2 6 -18 54 0 1
0O 1 0 0 1 -1 1 -1 0 O
-2 4 -8 16 0 1 0 0o -1 2
W= 0O 0 O o -2 2 =2 2 0 1
0o 1 4 12 1 1 1 1 0 0
-2 0 0 0 0 1 4 12 -1 0
0O 0 O o -2 -2 -2 =2 0 1
1 0 0 0 0 0 0 0 0 O
0O 0 O 0 1 0 0 0 0 0
0O 0 O 0 0 0 0 0 1 0
From here, we obtain the coefficients matrix as:

0

0.8910

0.4265

0.0758

—2.0000

. = = -1.3175

A =inv(W) «F = ~0.199]

0.0095

—2.0000

-2.6730

—1.2796

-0.2275

Therefore the solutions for -2 <t <4 and N = 3 are:
y1(t) = 0.0758¢ + 0.4265¢* + 0.8910,

y2(1) = 0.00957° —0.19917% — 1.3175¢ — 2,

y3(t) = —0.2275¢ — 1.27961* — 2.6730t — 2.
12

N
-

A& — —
LhoSocoxwo

—
o R

SO O O

[\

S OO
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4. CONCLUSIONS

Lambert W function is very effective method to get the general solutions of system the
of delay differential equations easily. It is obtained that Lambert W function is faster than
Taylor Collocation Method but it is not enough to find the exact solutions. Taylor Col-
location Method is more appropriate method than Lambert W function when we have the
initial conditions. But in this method, as the number of collocation points are increasing,
because of the long time of calculation process due to increasing dimension of the matrices,
it takes more time to get the solutions. But getting more approximate result than Lambert
W function shows that the Taylor Collocation Method better than the presented method.
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