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On a Class of Recurrence Relations

By J. A. Strang

(Department of Mathematies of Ankara University)

, Let v F(z) =2° Z c,,z"', »

n=0

where the coefficients are determined by a recurrence relation
Cn=g(00, c1,...,c,,_1). . (1)

in which g is an algebraic i)olynomial of degree m in the va-
riables ¢,, that is, it is the sum of homogeneous polynomials
Zo» Gis+++» Sm Each g, is of the form

g, :—Z fep CpyeeaCp,
PisPgosecs Py

in which f is a coeficient depending on py,...,p,, and these
are positive integers whose values may range from 1 to n—1,
subject as a rule to the condition that their sum differs from n
by a fixed integer N, so that

pi+pst...+p=n—N

The integer N may but need not be the same for all g and
g- may be the sum of two or more groups in which N has dif«
ferent values. Thus for instance g; may be of the form
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q
g1 == Z Qy Cp—ry
=p
where p and ¢ are fixed, and the q, depend on n and r.

It is assumed that either all ¢, and all coefficients in g are
zera or positive, or if not they are replaced by their moduli, in
~-which case the recurrence relation is replaced by the inequality

Ca =g (CosClyeees i) 1)

and the same letters now represent moduli for the sake of
brevity.

It is stated above that g does not contain c,, but this is a
convenience, not a necessity. There would be little change in
the argument if g contained coefficients of order higher than n,
except that N might be negative.

The object of this paper is to investigate the conditions for
the existence of certain simple types of dominant function for
F(z). The case m =0 is trivial. The factor zP is omitted in what
follows. It does not affect the argument and can be inserted
when required.

2. The linear recurrence relation

Cr =0y Cop+t ...t aCayq (p>¢>0)
determines ¢, for n>p, but leaves Cos €15 +.., Cp1 arbitrary.
(i) Let c=max (cy, C1,..., ¢,_,)
and let the numbers X, i independent of n be such that either

Cy ,éC:K
g <c<=Kx

......... (l)
cva=<c = KV
so that K =¢, A 1; or
Co éCéK
¢ =c=Ka an

Cv<Zc=K\"!

50 that K = cal=v, ) < 1.

SLYRE WS BRI
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Then we can prove that

c, < K)» for all a (2)
provided that

K(a, 2" *4... 4 a, 2" 1) <K for all n>xv.
i. e. provided that

q
Y arr=1 for all nxxv. (3)
rep

This condition can be satisfied by a 1 independent of n if
for each coefficient a, there exists a % independent of n such
that

a < k, for all n> .

or if there is a constant s such that

g7 - HERN v
Ya =s for all nzv.
r=p

These conditions are of course equivalent. '

If all k£ are chosen as small as possible, and ) is the least
positive solution of

q

Yhar<l, @

=p
(if p>¢>0 there is one and only one such solution) it follows
that K(1—22)—' is a dominant function for F(z) within the
circle z=21"1; and no greater circle of convergence can be ob-
tained for a dominant function of this form.

The radius of convergence does not depend on c; it depends
only on the coefficients a, . K depends on ¢ through the initial
conditions I or Il. There is no restriction on ec.

From (3) it follows that we take the initial conditions I or II
according as . .

ia,>0r<l.‘

—=p

If lim a =0 for all o we may take A as small as we

R=c

please, so that F(z) is an integral function.
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If lim ¢, = ~ for any a, no dominant function of the above

n= o

form exists.

If one or more of the numbers p,...q is zero or negative
the same may be true even if constants k. exist. If for instance
g = 0 the inequality (4) cannot be satisfied by a positive value
of ) unless k, << 1, and if ¢ is negative a corresponding condi-
tion is necessary. For instance if (4) is

kid P ka9 <1,
where p and g are now positive, the necessary condition is
P q9
P A A M
N P AL
(ii) The initial conditions

c =c=K
C1 _éc__éK)\

---------

cva<ZLec < Kxv? /(v—l)

IL

are satisfied if K=c¢ and 3’/r>1 for r=1,2,...,v—1, ie. if
| A > max riff = 3'° — 1.442 approx. if v=4.
The initial conditions
¢ <c=K

g <c=Ki

- IV.
crns ¢ = K21 (v —1
are satisfied if K=(v—1)c2!~v and A =1.
Using either Il or IV we can establish

cn<K)"jn for all n

nR—r

él"lnv for alln >v,

. q
provided that Z a, );. —
f:p

i. e. provided that

q 1_., 1 -
Y a =— for all n>v. (5
= n—r n : _
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If
q

. 1
Z a < — for n>v
n—r n

=p

we can find =1 and independent of n to satisfy (5), so that
we can use 1V, and it follows that

Ktl——log(l—lz)]l

'is a dominant function for F(z) within the circle z=2""*. The
maximum radius of convergence is determined by the least
constant value of ) for which (5) is true.

If constant numbers %, exist such that

a <k, for n>v,

it follows that provided v be suitably chosen we can make

na, [(n—ry<k for n>>v,

and we can 'replace‘ (5) by

Zk 1—'41

=p

which is (4) again, and can always be satlsfled by suff1c1ently large
values of A provided that p>>g¢>0. Hence when the numbers
k. exist, and p>q¢ >0, a dominant function

K[l —log(1—1%2)]

always exists in virtue of lll. But as in the previous case further
restrictions are required if one or more of the numbers p,...,q
are zero or negative.

~ Similar results are obtained from the assumptlons

<< Kp, (n)l n
and
R cn<KA"/pm(n)
~where p, (n) is a polynomial of degree m in n, and . m_is inde-
pendent of n.
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(iii) The initial conditions

g =c=K
T <c=<K)

V.
c\/_léc é [.(.)\V"l [(v—1)1
are satisfied if K=c, 2= {(y —1)1} /0.
The conditions
co =c<K
¢ <c=<K) VL
Cy_ i Zc=Kiv1[(v—1)!
are satisfied if K =(v—1)! catv, a<1.
Using either V or VI we can establish
cn = Ka®/n! for all n
. - A 1
provided that g a, =1 < for n=.v. (6)
- a, 1
If E’(n———r—!é;! for n>v

we can find A =<1 and independent of n to satisfy (6), and
hence obtain for F(z) the dominant function

Kelz by using VI

If there exist constants % independent of n such that for
each a,

n(n—1)(n—2)...(n—r—+1)a, <k for all n>xv (7)
we can replace (6) by (4), and use V to furnish a dominant
function ' ' : '

ce)\z.,

so that F(z) is an integral function with a dominant exponential
function. If the constants %, of (7) do not exist, the function F(z)
does not possess an exponential dominant function of. this
simple type; and as in the preceding sections if the %, exist
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there are additional conditions when one or more of the num-
bers p,...,q are zero or negative: e.g. if ¢=0, k,<<1 is
necessary. .

3. The homogeneous polyn_omial.
Let C'. égm(CO, CI,-.--, c,;-l),

where g, is a homogeneous polynomial of degree m, the sum
of p groups of terms for which N=~N;, N,,...., N, respective-
ly; let s, s3,...,s, be the sums of the coefficients in these
groups, so that s, in general depends on n; and let

c=max(Cy, C1,+++»Cv_,)
(i) With the initial conditions I or Il we can establish

- c, < K2 for all n
provided that

P
Kn Y s, am M < Kx» for n>v,

r=1

i. e. provided that

P
Kt s, 2N <1, (n2v). (8)

=1

If we use I this is

P
et $ o a1, (120 ®
=1
and if Il is used
P
R s LU Y S P=S R { S NO)) (8
r=1 ’

Neither of these inequalities depends on n except through
the s, , but both depend on ¢ when m> 1. They differ only in
one respect. Each index N, in (8,) is replaced in (8y) by
N +(m—1) (v—1). :

Assume that every N, > 0.
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If numbers %, independent of n exist such that for each Sr

cm Vs, <k for all n=—v

the inequality (8,) reduces to
P
Z k, 3~ = 1,

which is in effect (4), and leads to the same conclusions. We
obtain as before a dominant function K (1-—xz)~! within the
circle z=)-'. But % now depends in general on c; the greater
the value of ¢ the smaller the circle of convergence.

I lim s, =0 for all s, % nay -be as small as we please,
K n=aL

and F(z) is an integral function. -

If lim s, = ~ for any s, no dominant function of the
n=—=Qo0D

form K(1—12z)—! exists.

When one or more of the numbers N, is zero or negative
the result is as before.

The inequality (8,) differs in only one respect from (8,). In
this case it is possible that — A, — (m —1) (v — 1) may remain
_ negative although N, changes sign.

(i) Let us take the initial conditions Il or IV together’
with ‘

CnéK)\"/n.

To establish this relation generally, and so obtain a domi-
nant function K[1 —log(1 —2z)], we require

Kn- 12[1 -N, Zﬁ{;f } L=y ©)

in place of (8), where in the inner sum the p, range from 0 to
n— 1 subject to the condition

| pi+pe+ - tp,=n—N, . _

If a, denotes max f in the inner sum we can replace (9) by

: 1 1
m—1 —N, | i >~ v).
K ,;zl [a,l p1pg"'pm]*n_’ (n' v)
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Heﬁce if there exist constants k. such that

1
, — =k, forn>v, 10
"azmpz---pm (19
the inequality (9) reduces to an analogue of (8), and can be
treated similarly. :

Since the sum in (10) is the coefficient of 2N in the se-
ries expansion of [ —log(l—z)]™ its order of magnitude is
roughly

(log n)™~" [ m,

so that to the same degree of 'approximation we may replaée
(10) by

a. logn)ymt =%k forn=v,

which brings out the essential similarity between this and (5);
for when m =1 this is' identical with the corresponding condi-
tion in the case of (3). :

(iiiy Finally let us take either V or VI together with
c, =< Kx"[nl.

This can be established for all n provided that

Knt Y F N < for all ni=y (11

where

F o= Z ___.,_ir,T.__.

is the sum of the coefficients of terms containing 2 ~Np,

"It is clear that this furnishes results similar to those already
obtained. If a, = max f, in the sum F.

1
Foa X o ipdTopil

and this sum is the coefficient of z*~¥: in the series expansion
of (e?)™ =em, i.e. it is :

mN. [(n—N,)!,
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so that F.=<a m*~¥% [(n—N,)!.

If now for each a, there exists a %, independent of n, such
that '

nla, m™M [(n—N,) <k for all n>v (12)

it follows that it is sufficient to choose % so that one or other
~set of initial conditions is satisfied, so that

Km=t Y ko a—N <1 (13)

and this inequality is independent of n.

4, The extension to the non-homogeneous polynomial is
immediate and furnishes nothing essentially new, the principal
change being that the condition (13), for example, is replaced by

XK (Y k™) <1,

But the conclusions are similar, and it is evident that simi-
lar results are obtained for any assumption of the form

c,<o(@mir".

(Manuscript received 30 June 7949)





