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An Application of Multilevel Mixture Item Response Theory

Model
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Abstract

Although the mixture item response theory (IRT) models are useful for heterogeneous samples, they are not
capable of handling a multilevel structure that is very common in education and causes dependency between
hierarchies. Ignoring the hierarchical structure may yield less accurate results because of violation of the local
independence assumption. This interdependency can be modeled straightforwardly in a multi-level framework.
In this study, a large-scale data set, TEOG exam, was analyzed with a multilevel mixture IRT model to account
for dependency and heterogeneity in the data set. Sixteen different multilevel models (different class solutions)
were estimated using the eighth-grade mathematics data set. Model fit statistics for these 16 models suggested
the CB1C4 model (one school-level and four student-level latent classes) was the best fit model. Based on
CB1C4 model, the students were classified into four latent student groups and one latent school group. Parameter
estimates obtained with maximum likelihood estimation were presented and interpreted. Several suggestions
were made based on the results.

Key Words: Item response theory, mixture models, multilevel mixture item response theory, maximum
likelihood estimation, TEOG exam.

INTRODUCTION

Item response theory (IRT; Lord & Novick, 1968) models have been commonly used by practitioners
for several testing applications, including test development, item analyses, test scoring, and differential
item functioning. In contrast to the classical test theory that makes analyses on total score, IRT
provides the opportunity to perform analyses based on individual test items. Examinee responses to
each item are typically analyzed with a range of IRT models, including one-parameter, two-parameter,
and three-parameter logistic models. Several extensions of these models have been proposed for the
different data conditions (van der Linden & Hambleton, 1997). Successful applications of IRT models
depend on meeting their assumptions. According to Embretson and Reise (2000), two major
assumptions are required for estimating item parameters with IRT; local independence and appropriate
dimensionality. Local independence indicates that the responses to an item are unrelated to any other
item when the person’s location is controlled (de Ayala, 2009). Appropriate dimensionality indicates
that the IRT model has the correct number of trait level estimates for examinees (Embretson & Reise,
2000). de Ayala (2009) states another assumption that is called functional form assumption. This
simply represents whether the data follow the function specified by the model. Additional assumptions
may be needed for different estimation techniques.

Another characteristic of IRT involves the indeterminacy property which refers to the independence
of item parameter estimates from sample characteristics and independence of person estimates from
item characteristics. This property claims that item parameter estimates of a test should not differ based
on the varying populations. Thus, a single homogenous population was expected in the traditional IRT
model estimations. However, there may be situations that examinees can come from different

* Assoc. Prof., Harran University, Faculty of Education, Sanlhurfa-Turkey, sedatsen@harran.edu.tr, ORCID ID: 0000-0001-
6962-4960
** Assist. Prof., Usak University, Faculty of Education, Usak-Turkey, tokerturker@hotmail.com, ORCID ID: 0000-0002-
3038-7096

To cite this article:
Sen, S., & Toker, T. (2021). An application of multilevel mixture item response theory model. Journal of Measurement
and Evaluation in Education and Psychology, 12(3), 226-238. doi: 10.21031/epod.893149
Received: 8.03.2021
Accepted: 23.07.2021



Sen, S., Toker, T./ An Application of Multilevel Mixture Item Response Theory Model

subpopulations (Lubke & Muthén, 2005). Assuming a single population can be considered a limitation
of IRT models. Other alternatives should be used for such cases. A relatively new approach called
mixture IRT was developed to examine and account for the possible subpopulations in the data
(Mislevy & Verhelst, 1990; Rost, 1990). Mixture IRT models are analytically based on mixture models
(McLachlan & Peel, 2000), and this mixture is achieved by combining an IRT model with a latent
class analysis model. Unlike the quantitative information provided by IRT models, one of the strengths
of mixture IRT models is to provide both quantitative and qualitative information about the items and
examinees. In the presence of multiple populations, the application of traditional IRT models may
yield biased results. In this case, the mixture IRT model would be the most appropriate approach.

Mixture IRT models have been used to investigate several psychometric issues, such as detection of
differential item functioning (DIF; Cohen & Bolt, 2005), different response strategies (Mislevy &
Verhelst, 1990), effects of testing accommodations (Cohen, Gregg, & Deng, 2005), and test
speededness (Bolt, Cohen, & Wollack, 2002). Although the mixture IRT models are useful for
heterogeneous samples, they are not capable of handling a multilevel structure, common in educational
research. Ignoring the hierarchical structure may yield less accurate results because of violation of the
local independence assumption (Lee, Cho, & Sterba, 2018). Multilevel models acknowledge that the
data consisted of hierarchies by allowing for residual components at each level in the hierarchy. When
the structure of data is nested, multilevel modeling provides more accurate estimates and inferences.
In this regard, multilevel mixture IRT models (Asparouhov & Muthén, 2008; Cho & Cohen, 2010;
Vermunt, 2008) were developed to account for possible dependency, such as can arise due to cluster
or multistage sampling. Multilevel mixture IRT models extend the standard mixture IRT model to
allow detection of nuisance dimensionality at different levels in the data. In the model, dependency is
taken into account by incorporating continuous or categorical latent variables or both at the higher
level. Multilevel mixture IRT models have been used in several studies including Bacci and Gnaldi
(2015); Cho and Cohen (2010); Finch and Finch (2013); Jilke, Meuleman, and van de Walle (2015);
Lee et al., (2018); Sen and Cohen (2020); Sen, Cohen, and Kim, (2018); Liu, Liu, and Li (2018); Li,
Liu, and Liu, (2020); Tay, Diener, Drasgow, and Vermunt (2011); Varriale and Vermunt (2012); and
Vermunt (2008, 2011). Except for Cho and Cohen (2010) and Sen et al. (2018), all of these studies
used maximum likelihood estimation (MLE).

Purpose of the Study

Large-scale data sets (e.g., TIMSS, PISA) are typically analyzed with IRT models. Recently,
researchers have started to analyze such data sets using mixture IRT models to account for the
heterogeneous structure underlying the examinee population (Choi, Alexeev, & Cohen, 2015; Sen et
al., 2018). Although the use of mixture IRT models for large-scale data sets has increased recently,
multilevel mixture item response models are seldom used compared to single-level mixture item
response models (e.g., Liu et al., 2018). The data used in this study consist of a nested structure.
Students are nested in schools, along with schools nested in districts. Research mentioned above
provides useful information about estimates and inferences when data have subgroups. The purpose
of this study is to illustrate the application of a multilevel mixture IRT model on a large-scale data set.
In this study, we attempt to show how the multilevel mixture IRT model can be used to identify and
describe characteristics of latent groups in the presence of a multilevel data structure.

METHOD

Multilevel mixture IRT modeling approach was used in this study to explain the heterogeneity behind
the hierarchical data set under examination. Detailed explanations about the data set and analyses are
presented below.
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Participants and Data Set

37,276 eighth-grade students studying in one of the provinces of the South East region of Turkey
constituted the participants of this study. The sample consists of students from 521 schools from 13
districts of that province. The number of students per school varied between 1 and 609. Thirteen
schools with less than 10 students were excluded from the data set in order to prevent estimation errors
for hierarchical data. Thus, the remaining 508 schools with 37,199 students were used as an effective
sample size in this study. The responses of these students to the Mathematics section of TEOG
(Transition from Basic Education to Secondary Education) exam in November 2016 were used. There
were twenty multiple-choice questions in each of four different booklets (A, B, C, and D) in the TEOG
exam. Each booklet was re-coded as O for incorrect and 1 for correct responses. In addition, empty
answers were coded as incorrect answers. After re-coding the data set, it was prepared for multilevel
analyses by creating the school IDs.

Data Analysis

The multilevel mixture IRT models were used to analyze the TEOG Mathematics data set in this study.
The formula of multilevel mixture IRT model can be given as follows (Lee et al., 2018, p.4):

logit|[P(yjki = 1|8jkg, Ok, Ci)| = qtigwOjkg + i 50k — Big 1)

where jand k (k =1, ..., K) represent respondents and clusters, respectively, Cj« is a categorical latent
variable at the within level for a respondent j nested within a cluster k, aigw is a class-specific within-
level item discrimination parameter, aig iS a between-level item discrimination parameter, Pig IS a
class-specific item location parameter, Ojg IS a class-specific within-level continuous latent variable
and 0y is a between-level continuous latent variable. Both of these two continuous latent variables are
assumed to follow a normal distribution. A sample path diagram for two level mixture IRT model with
five items is displayed in Figure 1. Interested readers are referred to Lee et al. (2018) for more details.
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Figure 1. Diagram of the Two Level Mixture IRT Model
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All analyses were conducted using Mplus 8.2 software (Muthén & Muthén, 1998-2018). Marginal
maximum-likelihood estimation technique with the MLR estimator option was used for parameter
estimation. For model identification, factor mean and variance were set to be 0 and 1, respectively
(Muthén, 2008). The factor means in all classes were fixed to zero as the thresholds were not held
equal across classes and the variances were fixed at one to set the metric of the factors. In IRT, this is
usually done by fixing the factor variance to one and freeing all factor loadings. The syntax used for
the final model is presented in the Appendix. TYPE = TWOLEVEL MIXTURE; ALGORITHM =
INTEGRATION; options were used under ANALYSIS command in order to estimate a two level
mixture IRT model. %WITHIN% and %BETWEEN% options were used to specify number of classes
at each level and the relationship between items and factors under the MODEL command.

As the latent classes are unobserved and the number of classes is unknown a priori, mixture models
typically follow an exploratory approach to determine the final model. Generally, it starts with a single-
class model and continues by adding a class to the model until a desirable fit is obtained. Information
criteria-based relative fit indices are used to determine the best-fitting model. Three information
criteria indices, Akaike’s Information Criterion (AIC; Akaike, 1974), Bayesian Information Criterion
(BIC; Schwarz, 1978), and Sample-size Adjusted BIC (SABIC; Sclove, 1987), were used to determine
the best model in terms of fit. In this study, the following formulas were used to calculate information
criteria indices:

AIC = —2LL + 2p, @)

BIC = —2LL + log(n) X p, 3
2

SABIC = —2LL + log (222) x p. 4)

where LL represents log-likelihood value, p denotes the number of estimated parameters and n is used
for sample size. Multilevel mixture IRT models with different numbers of between and within level
classes were compared in this study. The following 16 multilevel models were estimated: CB1C1 (one
between level and one person level class), CB1C2, CB1C3, CB1C4, CB2C1, CB2C2, CB2C3, CB2C4,
CB3C1, CB3C2, CB3C3, CB3C4, CB4C1, CB4C2, CB4C3, and CB4C4 where CB represents
between-level class and C represents the within-level class. AIC, BIC, and SABIC indices were
calculated for each of these models. The smallest value of each information criterion index was taken
as indicating the best fitting model. Li, Cohen, Kim, and Cho (2009) and Preinerstorfer and Formann
(2011) suggested that the BIC was more accurate than the AIC for model selection with single-level
dichotomous mixture IRT models. In line with these studies, Sen et al. (2018) suggested that BIC was
more accurate at the selection of multilevel mixture Rasch models. Therefore, BIC was used as the
main index for model selection in this study.

RESULTS

As the multilevel mixture IRT model was used to analyze the data, the hierarchical structure of the
data set was examined using the intra-class correlation (ICC; Raudenbush & Bryk, 2002) before
conducting the analyses. A multilevel Rasch model was estimated based on the linear mixed-effects
model approach using the Imer function (Bates & DebRoy, 2004). The ICC was .578, indicating school
level can explain 57.8% of the total variance. As mentioned earlier, 16 different models were analyzed
with the same data set. Model fit statistics for these 16 models are presented in Table 1. As shown in
Table 1, CB1C4 (one school-level and four student-level latent classes) and CB3C4 had the smallest
AIC values, CB1C4 and CB2C4 had the smallest BIC and SABIC values. Sen et al. (2018) suggested
that BIC was more accurate at the selection of multilevel mixture Rasch models. Therefore, in view of
these results, we conclude that the heterogeneity behind this real data can be explained by the CB1C4
model.
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Table 1. Fit Statistics for Estimated Models

LL np AlC BIC SABIC
CB1C1 -443868.808 40 887817.615 888158.577 888031.457
CB1C2 -437191.328 121 874624.657 875656.315 875271.777
CB1C3 -434580.273 182 869524.546 871076.297 870497.901
CB1C4 -433001.290 243 866488.580 868560.423 867788.169
CB2C1 -443038.394 121 886318.788 887350.447 886965.909
CB2C2 -436628.305 242 873740.609 875803.927 875034.851
CB2C3 -433632.697 363 867991.393 871086.369 869932.755
CB2C4 -432101.861 484 865171.721 869298.356 867760.204
CB3C1 -442778.648 182 885921.297 887473.048 886894.652
CB3C2 -436376.190 363 873478.379 876573.356 875419.741
CB3C3 -433708.326 544 868504.652 873142.853 871414.021
CB3C4 -431726.026 725 864902.053 871083.479 868779.429
CB4C1 -442648.253 243 885782.506 887854.349 887082.095
CB4C2 -436242.312 484 873452.624 877579.259 876041.107
CB4C3 -433412.992 725 868275.983 874457.410 872153.359
CB4C4 -432016.674 666 867365.347 871042.356 868925.808

Note. LL = Log-likelihood; np = number of parameters; AIC = Akaike’s information criterion; BIC = Bayesian information
criterion; SABIC = sample-size adjusted BIC; CB1C1 = one school level and one student level; CB4C4 = four school level
and four student level; other model names on the first column follow the similar labeling rules.

Based on CB1C4 model, the students were classified into four latent student groups and one latent
school group. Table 2 presents the final class counts and proportions for each latent class variable
based on estimated posterior probabilities. Student level Class 4 is the dominant class (.499) based on
the proportion of students within each latent school level class. It should be noted that the sum of the
proportions reported in Table 2 equals 1.

Table 2. Final Class Counts and Proportions for Each Student Level Latent Class

Class Count Proportion
1 7597 .20379
2 3781 10144
3 7302 .19589
4 18597 49888

Item parameter estimates of the final model are presented in Table 3. Mplus output provided slope and
intercept (threshold) parameters for within- and between-level separately. Thus, W and B subscripts
were used to differentiate between the two levels. As shown in Table 3, slope (o) parameters were
reported for each class at both levels. However, thresholds were obtained only for between level part.
As explained by Sen, Cohen, and Kim (2020), IRT discrimination parameters are equal to slope
parameters that are provided in Mplus output. However, item difficulty parameters can be obtained by
dividing threshold values by slope values for each item. Item difficulty parameters for Class 4 appear
to be positive and higher than those of other classes.

DISCUSSION and CONCLUSION

In this study, a multilevel mixture IRT model was presented and applied to a large-scale test dataset.
The proposed model was a combination of an IRT model, a latent class model, and a multilevel model.
Combining the advantages of these different technigques gives researchers a broad understanding of the
concept. Analysis done at the individual level assumes one’s standing is a product of the individual
level. But individuals within a class might affect one another; thus, this makes them quantitatively
comparable.
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Table 3. Item Parameter Estimates of the Final Model
Class 1 Class 2 Class 3 Class 4

Item oW 01.B B1 o2.w 02.8 B2 03w 03.8 B3 o4.w 04.8 Ba

1 2.406 1.185 -1.240 0.390 0.263 -0.034 2.191 0.880 -0.711 -0.851 0.025 0.723

2 2.008 1.199 -2.217 1.276 0.902 0.533 -0.166 0.456 -0.676 0.124 0.064 1.177

3 1.558 1.052 -3.589 1.655 0.684 -0.849 2.124 1.215 -2.233 0.105 0.170 0.071

4 0.508 0.819 -2.021 -0.004 0.264 0.330 0.897 0.534 0.714 0.314 0.147 1.058
5 2.345 0.987 -0.578 1.243 0.612 0.634 2.037 1.003 -0.565 -0.513 0.004 0.935
6
7
8
9

1742 0739 0275 4516 1995 -1.989 0518 0448 0.746 0.466 0.047 0573

1132 0566 0.102 4954 2244 -1349 038 0253 1297 0.732 0.041 0.705

0.943 0.761 -1.687 2031 1035 -0.244 0345 0493 0461 0454 0.104 0.984

1963 0901 -098 3.017 1301 -0565 1579 0883 0.039 -0.013 0.015 1.095
10 0922 0729 -1330 1262 0819 1296 0718 0.603 1278 -0.260 -0.067 1.110
11 0.754 0665 -0.966 0.623 0442 1479 1313 0576 0797 0.013 0.095 1.161
12 1223 0752 -0.204 1177 0620 0407 035 0061 0316 0.146 0.086 1.163
13 1173 0739 -0910 -1176 -0.140 0.775 0.689 0.688 1198 0.167 0.015 1.554
14 1237 0740 1211 0176 0.061 2073 0454 0227 1681 -0.279 -0.100 1.056
15 1259 0500 0435 1473 1012 0.656 -0179 0088 0.308 0.137 0.061 1.480
16 1083 0630 0554 -0.061 0.162 -0435 0324 0303 1905 -0.518 -0.018 1.676
17 0963 0543 0.707 1132 0850 1413 -0.690 -0.037 1482 -0.164 -0.140 1513
18 1338 0798 -0.351 -0.355 0113 0.794 0358 0.222 0.243 -0.213 0.044 1.378
19 1266 0688 0910 1851 0.766 -0.056 0.090 0.040 1592 0306 0.032 1.052
20 0590 058 0173 -0.011 0.161 0.878 -0.148 -0.063 1.046 -0.188 -0.006 1.469

First, an ICC value was calculated to see the ratio of the between-cluster variance to the total variance.
This was done to see the proportion of the total variance in Y that is accounted for by the hierarchy.
Later, different models were analyzed for model fit purposes. Using both BIC and SABIC indices one
model was selected from 16 competing models.

Similar to the Vermunt (2008) study, it was found that there were differences in average latent abilities
across schools. However, when a student’s ability was controlled, there were no differences in the
individual item performances between schools. At this point, a detailed analysis including covariates
might answer the question of why there were differences in average latent abilities across schools.
Additionally, the Mplus software used in this study can estimate even more complex models; this
model can be extended by adding continuous and categorical latent variables both at student and school
levels while noting possible practical problems.

The proposed model can be useful for educational researchers when data are multilevel. Moreover, if
there are concerns about heterogeneity in datasets when validity is the main issue for cross-cultural
studies using large-scale assessment data. Also, the model can be a handful when researchers’ main
interest is investigating the possible latent structures that share the same measurement model within
the population. The main advantage of the proposed model is it can infer person-level measurement
class along with the hierarchical class at the same time.

The multilevel mixture IRT models are becoming more popular among researchers. It is suggested
that studies using the model should consider some requirements of multilevel mixture IRT models.
The sample size requirement is one of the main concerns for researchers. This is mainly built on two
blocks: the numbers of items and sample sizes required at each level. Simulation studies showed that
n =5 to 30 person-level units and 30 to 500 hierarchical-level units are required (LukocCiené, Varriale,
& Vermunt, 2010).

This paper presents a general outline of multilevel mixture IRT model. The approach presented in this
study has multiple theoretical and methodological advantages. Multilevel mixture IRT deals with
issues of latent class models and measurement under one single model. In conclusion, the model can
be used where researchers suspect latent structures within the data, when data are hierarchical, also
when there is a need for cross-cultural comparisons. The results showed that these student and school-
level classes are interpretable and uniquely explain how different latent ability structures spread across
individuals and schools.
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Cok Diizeyli Karma Madde Tepki Kuram Modelinin Bir
Uygulamasi

Girig

Madde tepki kuram1 (MTK; Lord & Novick, 1968) modelleri, uygulayicilar tarafindan test gelistirme,
madde analizi, test puanlama ve farklilasan madde fonksiyonu dahil olmak {izere cesitli test
uygulamalarinda yaygin olarak kullanilmaktadir. Toplam puan {izerinden yapilan analizlere dayanan
klasik test teorisinin aksine, MTK, bireysel test maddelerine dayali analizler yapma firsat1 sunar.
Sinava girenlerin dogru-yanlis seklinde kodlanan her bir maddeye verdigi yanitlar tipik olarak bir
parametreli, iki parametreli ve {i¢ parametreli lojistik modelleri i¢eren bir dizi MTK modeliyle analiz
edilir. Farkli veri kosullart i¢in bu modellerin ¢esitli uzantilar1 6nerilmistir (van der Linden &
Hambleton, 1997). MTK modellerinin uygulamalarinin basarisi varsayimlarinin karsilanmasina
baglidir. Embretson ve Reise’e (2000) gore, MTK ile madde parametrelerini tahmin etmek i¢in iki ana
varsayim gereklidir; yerel bagimsizlik ve uygun boyutluluk. Yerel bagimsizlik, kisinin konumu
kontrol edildiginde bir maddeye verilen yanitlarin baska herhangi bir madde ile ilgisi olmadigim
gosterir (de Ayala, 2009). Uygun boyutluluk, MTK modelinin sinava giren Kkisiler i¢in dogru sayida
ozellik diizeyi tahminine sahip oldugunu gésterir (Embretson & Reise, 2000). de Ayala (2009), islevsel
form varsayimi olarak adlandirilan baska bir varsayim belirtir. Bu, verilerin model tarafindan belirtilen
islevi takip edip etmedigini gosterir. Farkli tahmin teknikleri i¢in ek varsayimlar gerekebilir.

MTK’nin diger bir 6zelligi, madde parametre tahminlerinin O6rneklem o6zelliklerinden ve kisi
tahminlerinin madde 6zelliklerinden bagimsizligina atifta bulunan degismezliktir. Bu 6zellik, bir testin
madde parametresi tahminlerinin degisen popiilasyonlara gore farklilik gostermemesi gerektigini iddia
etmektedir. Bu nedenle, geleneksel MTK modeli tahminlerinde tek bir homojen popiilasyon varsayailir.
Ancak, sinava girenlerin farkli alt popiilasyonlardan gelebilecegi durumlar olabilir (Lubke ve Muthén,
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2005). Bu durumda tek bir popiilasyonun MTK modellerinin bir sinirlamasi olarak kabul edilebilecegi
varsayilir. Bu tiir durumlar i¢in bagka alternatif modeller kullanilmalidir. Verilerdeki olast alt
popiilasyonlar incelemek ve hesaba katmak i¢in karma MTK adi verilen nispeten yeni bir yaklagim
gelistirilmigtir (Mislevy & Verhelst, 1990; Rost, 1990). Karma MTK modelleri analitik olarak karma
modellere (McLachlan & Peel, 2000) dayalidir ve karma MTK modeli bir MTK modeli ile bir ortiik
smif analizi modeli birlestirilerek elde edilir. MTK modelleri tarafindan saglanan nicel bilginin aksine,
karma MTK modellerinin gii¢lii yonlerinden biri, maddeler ve sinava giren kisiler hakkinda hem nicel
hem de nitel bilgi saglamasidir. Birden fazla popiilasyonun varliginda, geleneksel MTK modellerinin
uygulanmasi yanli sonuglar verebilir. Bu durumda, karma MTK modeli daha uygun bir yaklasim
olacaktir.

Karma MTK modelleri, farklilagsan madde fonksiyonunun tespiti (DIF; Cohen & Bolt, 2005), farkl
yanit stratejileri (Bolt, Cohen, & Wollack, 2002; Mislevy & Verhelst, 1990) test diizenlemelerinin
etkileri (Cohen, Gregg, & Deng, 2005) ve test hizinin etkileri (Bolt ve digerleri, 2002) gibi ¢esitli
psikometrik sorunlari aragtirmak igin kullanilmistir. Karma MTK modelleri heterojen 6rnek lemler ig¢in
kullanigli olsa da egitim arastirmalarinda yaygin olan ¢ok diizeyli bir yapiy1 hesaba katamamaktadir.
Hiyerarsik yapiy1 goz ardi etmek, diizey i¢i gozlemler aras1 bagimsizlik varsayiminin ihlali nedeniyle
daha yanli sonuglar verebilir (Lee, Cho, & Sterba, 2018). Cok diizeyli modeller, hiyerarsideki her
diizeyde artik bilesenlere izin vererek verilerin hiyerarsilerden olustugunu kabul etmektedir. Veri
yapisi i¢ ice oldugunda ¢ok diizeyli modeller daha dogru tahminler ve ¢ikarimlar yapilmasini
saglamaktadir. Bu baglamda, hiyerarsik veya ¢ok diizeyli 6rneklemeden kaynaklanabilecek olasi
bagimlilig1 hesaba katmak i¢in ¢ok diizeyli karma MTK modelleri (Asparouhov & Muthén, 2008; Cho
& Cohen, 2010; Vermunt, 2008) gelistirilmistir. Cok diizeyli karma MTK modelleri, verilerdeki farkli
diizeylerde rahatsiz edici boyutlulugun saptanmasina izin vermek i¢in standart karma MTK modelini
genigletir. Modelde, bagimlilik, siirekli veya kategorik ortiik degiskenleri veya her ikisini iist diizeyde
dahil ederek hesaba katilir. Cok diizeyli karma MTK modelleri son yillarda birgok arastirmada
kullanilmaya baslamistir (Bacci & Gnaldi, 2015; Cho & Cohen, 2010; Finch & Finch, 2013; Jilke,
Meuleman, & van de Walle, 2015; Lee ve digerleri, 2018; Liu, Liu, & Li, 2018; Sen & Cohen 2020;
Sen, Cohen, & Kim, 2018; Tay, Diener, Drasgow, & Vermunt, 2011; Varriale & Vermunt 2012;
Vermunt, 2008). Cho ve Cohen (2010) ve Sen ve digerleri (2018) diginda tiim bu ¢alismalar maksimum
olabilirlik tahminini (MLE) ydntemini kullanmiglardir.

Biiyiik 6l¢ekli veri setleri (6rnegin, TIMSS, PISA) tipik olarak MTK modelleriyle analiz edilir. Son
zamanlarda aragtirmacilar, incelenen popiilasyonun altinda yatan heterojen yapiy1 hesaba katmak i¢in
bu tiir veri setlerini karma MTK modelleri kullanarak analiz etmeye baslamiglardir (Choi, Alexeev, &
Cohen, 2015; Sen ve digerleri, 2018). Biiyiik 6lgekli veri kiimeleri i¢in karma MTK modellerinin
kullanim1 son zamanlarda artmis olsa da ¢ok diizeyli karma MTK modelleri, tek diizeyli karma MTK
modellerine kiyasla nadiren kullanilmaktadir. Bu ¢alismada kullanilan veriler i¢ ice bir yapidan
olusmaktadir. Ogrenciler okullarda, okullar ise ilgeler icerisinde gruplanmaktadir. Yukarida
bahsedilen arastirmalarda, veri setleri alt gruplardan olustugunda ¢ok diizeyli modellerin daha dogru
tahminler ve ¢ikarimlar sagladig1 vurgulanmaktadir. Bu ¢alismanin amaci, ¢ok diizeyli bir karma MTK
modelinin hiyerarsik yapiya sahip biiylik 6lgekli bir veri setine uygulanmasimi gostermektir. Bu
calismada, ¢ok diizeyli bir veri yapismin varliginda ortiilk simiflarin 6zelliklerini tanimlamak ve
aciklamak i¢in ¢ok diizeyli karma MTK modelinin nasil kullanilabilecegini gostermeye ¢alisiyoruz.

Yontem

Bu c¢aligmada incelenen hiyerarsik veri setinin ardindaki heterojenligi agiklamak i¢in ¢ok diizeyli
karma MTK modelleme yaklagimi kullanilmistir. Tiirkiye’nin Giineydogu bolgesi illerinden birinde
O0grenim goren 37,276 sekizinci simif Ogrencisi bu calismanin katilimcilarint olusturmaktadir.
Orneklem, o ilin 13 ilgesinde yer alan 521 okuldaki 6grencilerden olusmaktadir. Okul bagina 6grenci
sayisi 1 ile 609 arasinda degismistir. 10’dan az 6grencisi olan 13 okul hiyerarsik veriler igin tahmin
hatalarii 6nlemek amaciyla veri setinden ¢ikarilmistir. Boylece, 37,199 6grenci ile kalan 508 okul bu
calismada etkin 6rneklem biiyiikliigii olarak kullanilmistir. Ornek analizlerde bu 6grencilerin Kasim
2016°da TEOG sinavinin Matematik boliimiine verdikleri yanitlar kullanilmistir. TEOG sinavinda dort
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farkli kitapgigin (A, B, C ve D) her birinde yirmi ¢oktan se¢gmeli soru vardir. Her kitap¢ik yanlis yanit
icin 0 ve dogru yanit i¢in 1 olarak yeniden kodlanmigtir. Ayrica bos cevaplar yanls cevap olarak
kodlanmigtir. Veri seti yeniden kodlandiktan sonra okul kimlikleri olusturularak ¢ok diizeyli analizlere
hazirlanmistir.

Bu calismada TEOG Matematik veri setinin analizinde ¢ok diizeyli karma MTK modelleri
kullanilmistir. Tim analizler Mplus 8.2 (Muthén & Muthén, 1998-2018) yazilimi kullanilarak
gerceklestirilmistir. Parametre tahmini i¢in marjinal maksimum olabilirlik kestirim tekniginin saglam
versiyonu (MLR) kullanilmistir. Model tanimlamasi i¢in faktdr ortalamasi ve varyansi sirastyla 0 ve
1 olarak ayarlanmistir (Muthén, 2008). Esikler smiflar arasinda esit tutulmadigindan ve faktorlerin
metrigini ayarlamak i¢in varyanslar bire sabitlendiginden, tiim smiflardaki faktor ortalamalari sifira
sabitlendi. MTK’da bu genellikle faktdr varyansini bire sabitleyerek ve tiim faktor yiiklerini serbest
birakarak yapilir.

Ortiik siniflar gdzlemlenmediginden ve smf sayisi dnceden bilinmediginden, karma model
uygulamalarinda nihai modeli belirlemek icin kesfedici bir yaklagim izlenir. Genellikle tek sinifli bir
modelle baglanir ve istenen bir uyum elde edilinceye kadar modele bir sinif eklenerek devam edilir.
En uygun modeli belirlemek i¢in bilgi kriterlerine dayali gdreceli uyum (bilgi kriteri) indeksleri
kullanilir. En iyi modeli belirlemek igin Akaike’nin bilgi kriteri (AIC; Akaike, 1974), Bayesci bilgi
kriteri (BIC; Schwarz, 1978) ve 6rneklem diizeltmeli BIC (SABIC; Sclove, 1987) olmak {izere {i¢ bilgi
kriteri indeksi kullanilmistir.

Bu galismada, farkli sayida diizey arasi ve sinif i¢i siniflara sahip ¢ok diizeyli karma MTK modelleri
karsilagtirllmigtir. Hem 6grenci hem de okul diizeyindeki farkli sinif kombinasyonlaria dayali olarak
16 ¢ok diizeyli model tahmin edilmistir: CB1C1 (biri 6grenci diizeyi smif ve bir okul diizeyi sinif),
CB1C2, CB1C3, CB1C4, CB2C1, CB2C2, CB2C3, CB2C4, CB3C1, CB3C2, CB3C3, CB3C4,
CB4Cl1, CB4C2, CB4C3 ve burada CB, diizeyler arasi sinifi temsil eder ve C, diizey igi sinifi temsil
eder. Bu modellerin her biri icin AIC, BIC ve SABIC indeksleri hesaplanmistir. Her bilgi kriteri
indeksinin en kiiciik degeri, en uygun modeli gosterecek sekilde alinmistir. Li, Cohen, Kim ve Cho
(2009) ve Preinerstorfer ve Formann (2011), BIC’nin, tek seviyeli iki kategorili karma MTK
modellerinin se¢ciminde AIC’den daha dogru oldugunu 6ne siirmiiglerdir. Bu ¢alismalar dogrultusunda
Sen ve digerleri (2018), BIC’nin ¢ok diizeyli karma Rasch modellerinin seciminde diger indekslerden
daha iyi performans gdsterdigini belirtmisler. Bu nedenle, BIC bu ¢alismada model se¢iminde ana
indeks olarak kullanilmistir.

Sonug ve Tartisma

Verilerin analizinde ¢ok diizeyli karma MTK modeli kullanildigindan, analizler yapilmadan 6nce veri
setinin hiyerarsik yapisi sinif i¢i korelasyon (ICC; Raudenbush & Bryk, 2002) degeri hesaplanarak
incelenmistir. Cok diizeyli bir Rasch modeli, Imer fonksiyonu kullanilarak dogrusal karma etkiler
modeli yaklasimina dayali olarak tahmin edilmistir (Bates & Debroy, 2004). ICC degeri .578 olarak
kestirilmistir, bu da okul diizeyinin toplam varyansin %57.8’ini agiklayabilecegini gosteriyor. Daha
once de belirtildigi gibi, ayn1 veri seti ile 16 farkli model analiz edilmistir. Bu 16 model i¢in model
uyum istatistikleri Tablo 1’de sunulmustur. Tablo 1°de gosterildigi gibi, CB1C4 (1 okul diizeyinde ve
4 dgrenci diizeyinde ortiik sinif) ve CB3C4 en kii¢iik AIC degerlerine sahipken, CB1C4 ve CB2C4 en
kiigiik BIC ve SABIC degerlerine sahiptir. Sen ve digerleri (2018), BIC’nin ¢ok diizeyli karma Rasch
modellerinin se¢iminde daha dogru oldugunu 6ne silirmiistiir. Bu nedenle, bu sonugclar 1s1ginda, bu
gercgek verilerin arkasindaki heterojenligin CB1C4 modeli ile agiklanabilecegi sonucuna varilmigtir.

Bu calismada, biiylik 6lcekli bir test veri setine uygulanmis ¢ok diizeyli bir karma MTK modeli
sunulmustur. Onerilen model, bir MTK modeli, értiik bir sinif modeli ve ¢ok diizeyli bir modelin bir
kombinasyonudur. Bu farkli tekniklerin avantajlarin1 birlestirmek, arastirmacilara kavrami genis bir
sekilde anlamalarini saglar. Bireysel diizeyde yapilan analiz, kisinin durusunun bireysel seviyenin bir
iiriindi oldugunu varsayar. Ancak bir siniftaki bireyler birbirlerini etkileyebilir, bu da onlari nicel olarak
karsilastirilabilir kilar.
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Bu calismada ilk olarak, kiimeler arasi varyansin toplam varyansa oranini gormek icin ICC
(Raudenbush & Bryk, 2002) degeri hesaplanmistir. Bu, hiyerarsi tarafindan hesaplanan toplam
varyans oranini gormek ic¢in yapildi. Daha sonra model uyumu agisindan farkli modeller analiz
edilmistir. Bilgi kriteri indekslerine dayanarak, 16 alternatif model arasindan en diisiik uyum indeksine
dayal1 olan model secilmistir. Vermunt (2008) ¢alismasina benzer sekilde, okullar arasinda ortalama
ortiik yeteneklerde farkliliklar oldugu bulundu. Bununla birlikte, bir 6grencinin yetenegi kontrol
edildiginde, okullar arasinda bireysel madde performanslarinda higbir fark yoktu. Bu noktada, ortak
degiskenleri iceren ayrintili bir analiz, okullar arasinda ortalama ortiik yeteneklerde neden farkliliklar
oldugu sorusuna cevap verebilir. Ek olarak, bu ¢alismada kullanilan yazilim daha karmasik modelleri
tahmin edebilir, bu model olas1 pratik problemlere dikkat cekerken hem &grenci hem de okul
diizeyinde siirekli ve kategorik ortiik degiskenler ekleyerek genisletilebilir.

Onerilen model, veriler ¢cok diizeyli oldugunda egitim arastirmacilari icin yararli olabilir. Dahasi, veri
kiimeleriyle ilgili heterojenlikle ilgili endiseler varsa, gegerlilik biiyiik 6lgekli degerlendirme verileri
kullanan kiiltiirler arast ¢aligmalar i¢in ana konu oldugunda bu modeller kullanigli olabilir. Ayrica,
arastirmacilarin asil ilgi alan1 olasi ortiik yapilarin popiilasyon i¢inde ayni1 6l¢gme modelini paylastigim
arastirmak oldugunda model yetersiz olabilir. Onerilen modelin temel avantaji, hiyerarsik smifla
birlikte kisi diizeyinde 6l¢me sinifin1 ayn1 anda ¢ikarabilmesidir.

Cok diizeyli karma MTK modelleri, arastirmacilar arasinda daha popiiler hale gelmektedir. Modeli
kullanan ¢aligmalarin, ¢ok diizeyli karma MTK modellerinin bazi gereksinimlerini dikkate almasi
onerilir. Orneklem biiyiikliigii gereksinimi, arastirmacilar i¢in ana endiselerden biridir. Bu, temel
olarak iki blok iizerine insa edilmistir: her seviyede gerekli olan madde sayisi ve 6rneklem boyutlari.
Simiilasyon calismalari, n = 5 ila 30 kisi diizeyinde birim ve 30 ila 500 hiyerarsik diizeyde birim
gerektigini gostermistir (Lukociené, Varriale, & Vermunt, 2010).

Bu makale, ¢ok diizeyli karma MTK modelinin genel bir taslagin1 sunar. Bu ¢alismada sunulan
yaklasimin bircok teorik ve metodolojik avantaji vardir. Cok diizeyli karma MTK, ortiik smf
modelleri ve tek bir model altinda 6l¢iim konularini ele alir. Sonug olarak, model, arastirmacilarin
verilerdeki ortiik yapilardan siiphelendikleri durumlarda, veriler hiyerarsik oldugunda ve kiiltiirler
arasi kargilastirmalara ihtiya¢ oldugunda da kullanilabilir. Sonuglar, bu 6grenci ve okul diizeyindeki
siniflarin yorumlanabilir oldugunu ve farkli 6rtiik yetenek yapilarinin bireyler ve okullar arasinda nasil
yayildigini benzersiz bir sekilde agikladigini gostermistir.
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Appendix. Mplus Syntax for Final Model (CB1C4)

TITLE: This is an example of a two-level mixture IRT model with one between-level class and four
within-level classes

VARIABLE: NAMES ARE ul-u20 clus;
USEVARIABLES = ul-u20;
CATEGORICAL = ul-u20;
CLASSES = cb(1) c(4);

BETWEEN = cb;
CLUSTER = clus;

DATA: FILE = ALLCOMBINEDMPLUS.txt;

ANALYSIS: TYPE = TWOLEVEL MIXTURE;
ALGORITHM = INTEGRATION;
PROCESSORS = 2;

MODEL:

%WITHIN%
%OVERALL%
fBY yl-y20;

%ch#1.c#1%
f BY yl-y20%;
[f@o];f@1;

%Ch#1.c#2%
f BY yl-y20%;
[f@olf@1l;

%cCb#1.c#3%
f BY yl-y20%;
[f@OL;f@1;

Y%ch#1.c#4%
f BY yl-y20*;
[f@o];f@1;

%BETWEEN%
%OVERALL%
fb BY y1-y20;
fb@1;

%Ccb#1.c#1%
fo BY yl1-y20%;
[y1$1-y20$1];
[fo@0];

%ch#1.c#2%
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fb BY y1-y20*;
[y1$1-y20$1];
[fb@0];

%ch#1.c#3%
fb BY yl-y20%*;
[y1$1-y20$1];
[fo@0];

%ch#1.c#4%
fb BY y1-y20%;
[y1$1-y20$1];
[fo@0];

SAVEDATA: file is cblc4.txt; SAVE IS FSCORES;
OUTPUT: TECH1 TECHS,;
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