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Abstract

In this study, we consider Gould-Hopper based truncated degenerate Bernoulli polynomials and examine
diverse properties and formulas covering addition formulas, correlations and derivation property. Then,
we derive some interesting implicit summation formulas and symmetric identities. Moreover, we define
Gould-Hopper based truncated degenerate Bernoulli polynomials of order  and give some of their
properties and relations.
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1. Introduction

Along this paper, the usual notations N, Ny, R and C, are referred to the set of all natural numbers, the set of all
non-negative integers, the set of all real numbers and the set of all complex numbers, respectively.

The truncated form of the exponential polynomials e,, (z) are the first (n + 1) terms of the Taylor series for e* (cf.
[3]) at z = 0, namely

en (2) = Z Ik (1.1)
k=0

One can see [3] to get the detailed information about e,, (z).

For A € C, the Mfalling factorial (2),, , is defined by (2),, \ = 2(2 = A)(z = 2A) -~ (2 — (n — 1)A) for n € N with
(2)on = 1, ¢f. [1,48,12]. In the case A = 1, the A-falling factorial becomes to the usual falling factorial given by
(2)p1 = (2), =2(2 = 1) (z = n+ 1) with (2),, = L.

Let A € R/ {0}. The degenerate form of the exponential function e (z) is defined by (cf. [1,4,5,8,10-14])

e§ (2) = (14 A2)> and el (2) := ey (2).
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We note that limy_,¢ ¢4 () = e*“#. From (1.2), we attain

—- (1.3)
n=0 G
The degenerate truncated form of the exponential polynomials (also called the Detr-exponential polynomials)
are considereed as the first (n + 1) terms of the Mac Laurin series expansion of ey (z) in (1.3) (cf. [8]):

n k

enn(2) =3 (1) % (1.4)

k=0

Also, when A — 0, the polynomials e,, » () (1.4) become the polynomials e, (z) in (1.1). To get more detailed
information about the Detr-exponential polynomials and their properties, see [8].

The Stirling numbers S5 (n, k) and polynomials Ss (n, k : w) of the second kind are provided as follows (cf.
[8,12,17]):

k " - k
ZSgnk: QadeSan w) = _ED (1.5)

| |
— n! k!

The degenerate form of the Stirling polynomials of the second kind are given below (cf. [6-8,11-13]):

00 " \k
Z Sox(n, k:w) % = wef (2). (1.6)
— ! !

The degenerate truncated form of the Stirling polynomials of the second kind are considered as follows (cf. [8]):

0o n k
3 Saum n. k1) oy = AT encta B o ) 1.7)
n=0 : :

The Gould-Hopper polynomials ayY (w, 8) are defined by (see [4,6-8,15]):

o

) ﬁ _ wzt627
Z Hn ((.U, 9) n! =€ )

n=0

where j € Nwith j > 2. Choosing j = 1 in (2.14), the polynomials zy (w, 0) reduce to the Newton binomial
formula. Moreover, taking j = 2 in (2.14), the polynomials 7Y (w, #) become the Hermite polynomials H,, (w, )

(cf. [15]). The two polynomials Hy @ (w,0) and H, (w,d) have been utilized to generalize multifarious special
polynomials including Bell, Bernoulli, Genocchi and Euler polynomials (see [4 6-8,15]).

Let j € Nand X € R\ {0}. The degenerate Gould-Hopper polynomials Hn 3 (w, 0) are defined below (cf. [4,6,7])
ZH]) w,0) = =% (2) Y (7). (1.8)
Diverse applications and properties of the polynomials H, T(L] 2\ (w, ) are investigated in [4,6,7].

2. The Gould-Hopper Based Degenerate Truncated Bernoulli Polynomials

In this chapter, we consider the Gould-Hopper based degenerate truncated Bernoulli polynomials and examine
diverse formulas and correlations such as implicit summation formulas, derivation rule and symmetric identities.
The Bernoulli polynomials are defined below (cf. [1,2,6-10,14,16,18]):

oo

2"z
;BH(I)H_erle . (|z] < 2m)
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The degenerate form of the Bernoulli polynomials are given below (cf. [1,8,10,14]):

o0

Y Bua (2) %7: B .

X
= ex(z)+1

The truncated form of the Bernoulli polynomials B,, ,, (z) are provided below (cf. [3,9]):

Zm+1

= z" (m+1)! Tz
B — = . 2.1
Z n () nl e —1—ep_ (z)e @1)

Thanks to many mathematicians, recently, multifarious truncated and degenerate extensions of the Bernoulli
polynomials have been considered and invesitgated in [1,4,6-10,14,16].
The degenerate truncated Bernoulli polynomials are defined below (cf. [8]):

(1) z7n+1

Z m+1,A (mt 1)l .

B (z) = = . 2.2
Z )\ nl e (Z) 11— em—_1 (Z) 5Y (Z) ( )

When z = 0, we have B,;, , » (0) := By, ,,» called the degenerate truncated Bernoulli numbers provided by

= 2" (Dg1x (LM).
Bina— = s ! . 2.3
Z APl T ey (2) =1 —em—_1, (%) 23)

The polynomials B,, . (z) in conjuction with the several identities and formulas are analyzed in [8] with details.
We now introduce the Gould-Hopper based degenerate truncated Bernoulli polynomials as follows.

Definition 2.1. Let z and y be two independent variables and j € Ny. The Gould-Hopper based degenerate
truncated Bernoulli polynomials are defined below:

Z7n+1

(1)m+1,)\ (m+1D)! x y j
PO B pr—— e (z) el (zﬂ) . (2.4)

TL
o

Z Han)\ €T y)

We choose to call the Gould-Hopper based Detr-Bernoulli polynomials instead of the Gould-Hopper based
degenerate truncated Bernoulli polynomials.

Remark 2.1. When z = 0 in Definition 2.1, the Gould-Hopper based Detr-Bernoulli polynomials B, . » () reduce
to the following polynomials which is also new extension of the Detr-Bernoulli polynomials:

m+1
n (1) LA Torr DT .
B(j) z _ m+1,A (m+1)! Y (7). o3
HZ:O ma ) n! ex(z) —1—em_1x (Z)e)\ (=) (2.5)

Remark 2.2. Taking = y = 0 in Definition 2.1, the polynomials HBfr{,)n, ) (@,y) reduce to the degenerate truncated

Bernoulli numbers in (2.3).
Theorem 2.1. The following summation formulae holds for n € Ny:
BB (@) =D (k) @)n 1By in W) (2.6)
k=0

and

. n n .
HB7(n)n A (@y) = Z <k>H7(L7);M (2, Y) B k-

k=0
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Proof. By Definition 2.1 and utilizing the (2.5) and (2.3), we attain

m+1
" (Dg1n m ;

BY i ’ : x Y (]

Z H mn)\ ) ; GA(Z)7176m_17)\(z)e)\(2)6>\ (Z )

n

oo Z" o0 Z
= B ) 5 (@)

n! n!
n=0 n=0

= Z (Z (Z) (x)k)\ HBfé?nfk,A (y)) %7:
n=0 \k=0

and

zm+l
(D12 fogmr

ex(2) —1—emin(2)

2%

n=0

|
8
—
IS
~—
9]
>
—~
I
<
~—

o0

— ZH(J) Z mn)\

n=0 'no

(e ) n Zn
= Z <Z (k) Hr(j)k A (z,9) Bm,k,A) R
n=0 \k=0
which complete the proof.
We give the following lemma.

Lemma 2.1. (cf. [6]) The following series manipulation is valid:

where | -] is the Gauss symbol, and shows the maximum integer that does not exceed the number in the square brackets.

We give the following theorem.

Theorem 2.2. We have

20 [n/3] (y) .
J NN RA
mn)\ CL’y =n! Z k'(nf]k mk’,\(l‘).

Proof. By applying (2.7) and using the following equality

m+1

oo . n 1) 2t
€] _ ( m+1LA (m+1)! z Y (.7
> uBla ) = &% (=) ¢4 (7)
= n! ex(z) —1—em_1(2)
= (Z Bm n,A (CC) m) <Z (y)n A [)
n=0 : n=0
[e'S) [n/j] n
_ Z nl (y)n—Jk A A ($) i
oy pors k!l (n — jk)! n!

which is the claimed result (2.8).

Theorem 2.3. We have

B(])

n
n 4 4
m,n,\ (T1 + 22,01 +y2) = Z (k) HBv(%Z,)h,\ (xlayl)Hr(iQk7/\ (z2,92) .-

(2.7)

(2.8)
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Proof. Using the following equality

z7n+1 z7n+1
Dg1x Gy B () e (7 = (D12 Tg .
ex(z) =1 —em—_1.(2) A A ex(z) —1—em—_1.(2) A

the proof is similar to Theorem 2.1. We, therefore, choose to omit details involved.

Theorem 2.4. We have
(_ 1)S+1

(n—s)ls

0

633 " )\5—1.

Br(rjz)nk {E y _n'z HBiZ,)n S,A $y)

Proof. By appliying the operator 2 to both sides of (2.4), we then derive

m+1

c- 9 (J) z" (1)m+1 A (m+1)‘ex\ ( ) 0 z
P = = Z (14 a2)%
Za HnLn)\ y) n! 6,\()—1—em_1,\()6 (+ )
Lml
(]‘)m+l A (m+1)l€,\ ( ) m 1
= +A2) In (14 Az)>
eA()flfem 1)\()( ) ( )
o 00 s+1
— HB(J) i Z )\sflzs
— m,n, )\ ’Il' ~
oo 00 ) (_1)s+1 . onts
= ZZHBg,)n,A(%y) A ! nl ’
n=0 s=1 :

which means the assertion in (2.10).

Theorem 2.5. For n,m € Ny, we have

1—(m+1)A G)

(7) _ .
HBT’LLL”;)\ (ZC, y) - " m + 2 HBm,nfL/\ (1‘, y)

(m4+1! & (n+1 ;
t— Z i B k;x HB}vjlernJrkk,/\ (@,9).

(1 —mA\) =
Proof. Utilizing the following equality

Zm+2

(1)m+2,/\ me§ (Z) 62){ (Z]) = (6>\ ( ) -1- Em, )\ Z HBm+1 n, /\

oo Zn
= (ex(2) = 1= em-12 () D #Boky i (@y)
n=0 :

m! Z H Bv(rzl-l n, >\ )
the proof is similar to Theorem 2.1. We, therefore, choose to omit details involved.

Theorem 2.6. For n,m € Ny, we have

n+1

’ﬂ

zy)

aB i @y)  HBR) e (2)

(W10 ) —
ﬁ "A(x’y)_zn!(l)’“+m(k+m)( +1—k) - (n+m+1)!

k=0

Proof. By Definition 2.1, we have

Zm+1 " )
(D mg1n CESIR (2)ed (27) = (ea(z) =1 —em-1( Z uBY,

[ee]

= Z ZH 1(71)11)\ 7_ZHB

which yields the asserted result (2.12).

)

'Il

(9

mn)\

N () ex () e (<),

)

(2.10)

(2.11)

(2.12)
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In recent years, many mathematicians have been studied special polynomials to acquire some of their symmetric

identities and implicit summation formulas, cf. [5,15] and see also each of the references cited therein. We now
derive some the mentioned formulas and identities for the polynomials HBr(i)n 5\ (@, ).

Theorem 2.7. For n,m € Ny, we have
uBY | (x,y) = "VBY. () Saun (k12 1) () (2.13)
m,n,\ Y k m,n—k,\ 2 v ’ .
0

where ()Y =2 (x +1) (x+2) - (& + (I — 1)) for | € Nwith (z)? := 1 (cf. [8]).
Proof. From Definition 2.1 and utilizing (1.6) and (2.5), we acquire

1 1 mm+1'e 2 _ T
5ot - CEEEELGE 0t

(1)m+1,)\ (727;”7':11)!6/\ ( ) = (1’ +1— 1) (1 . 6;1 (Z))l

ex(z)—1—em_1(2) — l

7n+1 J) 00

1 |e z - -1
_ ()m+1)\ (m+1)1€A Z( +1 I)H)l)e;l(z)l!

ex(z) —1—em—_1.x Z)I:O I

n

= Z (l ZB,(,JL)n,)\ (y)%zsz;,\ (n,l:—l)%
- " n=0 .

1=0
— OO o0 " /n ) . n
B Z Z (Z <k> BHJL,n—k,)\ (y) So;x (K, 1 - —l)) e
=0 =0 \k=0

which means the assertion (2.13). O

Note that (cf. [5,15])

- (z + y "yt
ZO f(N g:o f(n+s) n, = (2.14)
We give the following theorem.
Theorem 2.8. We have
_ BN /1 _
HB'I'(T‘Z,y)kJI’l,)\ (z,y) = Z (n) (5) (,u - x)nJrs,)\ HB?(”rzy)kﬂLl*n*S,)\ (M’ y) : (215)
n,s=0

Proof. Taking z by z + win (2.4), it yields

(Z+W)m+1 [e’e} ko1

W ms1x ; j Z8w
m+1, m ! Yy I\ om B(J) [
ex(z4+w)—1—em_1x(z+ w)e>‘ ((z +w) ) ex(z+w) k;o 1B (1Y) k!l
and similarly we acquire
m+41
(Dmi1 % j = 2P ol
m s m ! y J :c
ex(z+w)—1—em_1,,\(z+w)e’\(<Z+w)) ex (z +w) Z: rnk—‘rl/\ T/y) AT
By the last two equalities, we write
o0 kol 00 kol
45) AN . —z 5) AN
Z HanL,k—H,)\ (z,9) P ey " (z+w) Z HBWJL,k—O—l,)\ (1) R
k,1=0 o k,1=0 o
00 okl

|
(]

x)n+s)\ n! S' Z HBm k+l)\(:u y) K l'
n,s=0 k,l=0
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By using (2.14), we acquire

Zk wl > bl (:u - x)n-f-s A HBEyZ)k+l—n—s A (p’a y) k1
Z HBmk+“(”)k' T2 2 nls! (k— )L (1 — s)! e
k,l=0 k,1=07n,5=0
whichmeans the assertion (2.15). O

Theorem 2.9. The following symmetric identity holds for n € Ng and a,b € R:

" /n j j _ " /n ; ; e
Z (k) HBfr]z,)n—k,A (b, y) HBfer,)k,,\ (az,y) a” o = Z (k) HBT(YJL,)n—k,)\ (az,y) HBr(gL,)k,)\ (b, y) b a*. (2.16)
k=0 k=0

Proof. Let

(az)m+1 (bz)m+1 (%ﬁfﬁ?) egx (az) 4 (bz) e¥ (ajzj) eV (bizj)
(ex(az) =1 —em—_1 (az)) (ex (bz) =1 — em_1,x (b2))

Then, thanks to T being symmetric in a and b, we have two expansions of T as follows:

T:

> bz)"
P 0 e
n=0 ’
o0 n ZTL
ZZ( )Han ko (07, 9) HBT(n)k;A(ax y)a"" kbkm
n=0 k=0 '
and similarly
ZZ( ) uB fi)n ,M(ax,y) HB%?k,,\ (bx,y) b ~*a k*,
n=0 k=0
which means the assertion (2.16).
O
For k,m € Ny, we define the numbers S, x.» (n) as follows:
ex((n+1)z) =1 —em_1x( 2k
S, ) 2.17
eA()—l—eml,\( Z e (R) g7 @17)

which, for A = m = 0, reduces to the power sum limy_,¢ So x,» (n) := Sk(n) given by (cf. [5])

k e(n-i—l)z -1

> z
Zsk(n)E:7ez,1 .
k=0

©)

m,n,\

A symmetric identity for y B,”’ | (z,y) is stated below.

Theorem 2.10. For a, b being two integers and n,m € Ny, we have

Zii( ><"_“> <Z> #BY, o (b2,by) S ga(b— 1)

u=0 j=0 i=0

x HB’fi)u i\ (az,ay) Sm,ix(a —1)a™ " “d"

= S (M) (7) 5B ) Ssaa =)

u=0 j=0 =0

aBY) (b, by) S (b — 1B ab

mou—i,\
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Proof. Let

m m 1 2
(a2)™* (b2)™ () (en(ab2) = 1= e (ab2)?

(ex(az) — 1 —epm_1.2 (a2))* (ex (b2) — 1 — ep_1.x (b2))*
x e (az) €S (b2) €Y (a?27) e (b7 27)

L (1)m x | o]
(az)m+1 (7,,.:11)’!k el))( (az) eiy (ajzj) ex (abz) — 1 — ep—1,x (abz)

ex(az) — 1 —ep_1,(az) ex(az) —1—epm_1x(az)
m (1)m azx a ) ~ ]
o (b2)™ (m_;rf)'ke)\ (bz) e5” (V27) ¢, (abz) — 1 — epm—1,x (abz)
ex(bz) =1 —epm_1,x (b2) ex(bz) =1 —ep_1, (b2)

Thus we have

o= 3> (n> uBD (b, by) Sma (b — 1)@

l n!
n=0 1=0
SO (™M) B, (aag) Sl — )8
l m,n—I,\ m,t, n! ’
n=0 1=0
which completes the proof.
O
3. Further Remarks
Now, we introduce the Gould-Hopper based Detr-Bernoulli polynomials Bfn )n ) (@) of order 7 as follows:
Z B\ () = S U R e (2) ¢} (27) (3.1)
H mn)\ - ex(2) = L—em_1. (2) A A : :
We note that HBﬁn n))\ (x,y) ==m fi)n ) (@,y). Also, upon letting = = y = 0, the polynomials in (3.1) reduce to
the Gould-Hopper based Detr-Bernoulli numbers of order r below:
z7n+1 T
iB(,) L (D13 Gy
o mnA ) ex(z) =1 —em_1. (%)

We first give the following summation formula.

Theorem 3.1. We have
- n . )
HB?&’?L:TL),)\ (1'7 y) = Z (l) Bw(n,)n—l,)\Hl(,j)\) (l‘, y)

1=0
Proof. By using (1.8) and (3.1), the proof is similar to Theorem 2.1. We, therefore, choose to omit details involved. [
Addition property of the Gould-Hopper based Detr-Bernoulli polynomials of order r is given below.
Theorem 3.2. We have
,r1+T - n ir
B7(7]L nlj 2 (xl + x2,Y1 + 1/2) = Z (u> HBgyul’; (.’171, yl) Bf(i ng)u A (.’E27 yQ) .
u=0

Proof. By utlizing (1.8) and (3.1), the proof is similar to Theorem 2.1. We, therefore, choose to omit details involved.
O
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Theorem 3.3. We have

! (Dn)

()
H = 3.2
wd ) = G G D) (£ D) 3.2
n+(m+1)r
n+(m-+1
X Z ( (l )>52,7n;)\ (TL—i—(TTL-l—l) _177 ) HBy(,j;lA(way)'
1=0
Proof. By (1.7), (1.8) and (3.1), we investigate
> , " ex(z)—1—epm_ 2))"
Z SQ,m;)\ (TL,T’ . ‘u Z HBv(‘rjz7n))\ )7' _ ( A( ) o 1,)\( )) 6‘/{ (2’)
n=0 :
r Z(m,+1)7‘
. ((1)m+m> (L) ()
(ex(z) =1—emrn(z)" A7
— TR ()Y (7) <(1)’”+“> Z(mAr
o A 7! ((m+1)H)"
e’} ) n+(m+1)’r‘ ((1)m+1 )\)r
— H(]) o < ’
ngo n,A (»LJF%?J) n| r'((m_’_l)')rv
which implies the assertion (3.2). O

4. Conclusion

In this study, we have introduced the Gould-Hopper based truncated degenerate Bernoulli polynomials and
have examined diverse properties and formulas covering addition formulas, derivation rule and relationships
with the Gould-Hopper polynomials and the degenerate Stirling numbers of the second. Then, we have derived
some interesting symmetric relations and implicit summation identities. Moreover, we have defined Gould-Hopper
based truncated degenerate Bernoulli polynomials of order r and have given some of their properties and relations.
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