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Ozet: Schwarz Lemmasinm bir Tesmili Hakkinda Not - L Ahlfors
Klasik Schwarz Lemmasim'} z |'< 1 den bir Riemann yiizeyine analitik fonk-
siyonlara tesmil etti. Bilahare ok yakin bir zamands Z. Nebhari, ayn1 Lem-
mayt Birim dairesinden Birim dairesine iiniform olmiyan analitik _fonksiyon-
lara tesmil etti. Bu tegmilde miielif * Ahifors imn metodunu kullanmaktadlr
: BIZ ise ayn1 metodla Schwarz Lemmasim Birim, dalresmden bir Riemann - yés
zeyme umform olmlyan anahtlk fonksl,onlara tesmll etmls oluyoruz, .

‘Tn the treatment of the extremal problem wnthm “the
famlly of normalized analytlc functions generated by the confor-
mal maps of the equiangular Schwarz’ triangles lying in the unit
circle onto a straight equilateral triangle, let us say [1], we sta-
ted a generalization of Schwarz’ Lemma of which. we gave a di-
rect proof for the particular case at hand ).

Here we wish to present a formal proof which is based
essentially - on a method of proof due to-L. Ahlfors [2] and
Z. Nehari [3]. Y

We first recall prehmmary notxons and notatlons whlch will
be used in the sequel. :

A topologlcally invariant. defmltlon of an . abstract Rlemann
surface is ‘as follows : : :

(1) We proht of the occasion to correct two mxsprmts m {l] e
p. 249, line 33, in place of “inequality”“read equahty” .T , E
p- 250, line 21, in place of “inequality” read “equality”,
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Let I be a connected topological Hausdorff space such that
every point 0 is contained in at least one neighborhood NV, homeo-
morph to the unit circle | w | < 1. If Ay, is.a topological mapping
of Ny, onto|w| << 1 we may require also the condition Ay(w)= 0.
w is called a local - parameter for w. Let Ny, Ny be two over-
lapping neighborhoods and ®, o' the corresponding local para-
meters. Denote by Ny , the intersection Ny Ny and by
Ny = hp(Np w) No = by (Ny, o) its image in [0 | <1,
| o | <1 respectively. If Ay, and A, are such [that NV, = hy
hy ' (N,) is directly conformal then W is called a Riemann
surface.

At every point w of W we introduce a Riemannian - metric
of the form
(1) ds = A | dov |

where X is defined in | w | < 1, is positive and of class C,. A
- depends on the choice of the local parameter but ds does not.
-Finally the Gaussian curvature of the metric (1) is given by

(2) K= — (8 log \)/A?

Again (2) is independent of the choice of w. If K< 0, then
A log 2> 0 and therefore log.£ is subharmonic. Conversely if
log A is subharmonic then A log A > 0 and therefore K'<= 0.

We shall consider negative curvatures with the upper bound
equal to — 4. In this case 1 satisfies the condition

Alog A > 42
or upon setting u = log A ’
(3) Au> 4e™

2. Let T be a Riemann surface, a a point on I8 and a its
projection on the w-plane, then by definition

w—a=co"+ - c,#0, n>1

fn=1we say that a is a regular point. If n>> 1 we say
that a is a branch point of order n — 1, n is the number of
sheets containing a. In the latter case v is called a local uni-
formizing parameter for a. L

We now state the theorem to be proved.



NOTE ON A GENERALIZATION OF SCHWARZ’ LEMMA 3

Theorem. Let w == f(z) be analytic in the unit circle | z | <1,
save branch points of finite order. Suppose f'\z) << in |z | <1
If the metric ds of the Riemann sufface M generated by m has
a negative cprvature < — 4 at every point, then

ds = ds

‘where ds is the well known hyperbolic metric of the unit circle.

"Proof ; Let 3 and W be the two conformally equivalent Rie-
mann surfaces with respect to w = f(3), the latter being single
‘valued on the finitely many sheeted Riemann surface 3 lying
over the upit circle |z| <<1l. We introduce the metric
ds=21|dw| where w is the projection of w(}), A >0 is of
Class C; and ds has a curvature < — 4 at every point of W.
We have :

ds =1, dz | =2 dw |

and

L=l
Then everywhere on the Riemann surface 3, u=log %, sa-
tisfies the inequality (3) with the exception of the points at
‘which f(z) = 0. :
Furthermore (3) holds at the branch pomts at whlch f'(2)=k0.
For, at such points f'(z) < 0, so that f(z) remains conformal.

We wish to compare the metric = ds with the hyperbolic
metric

ds=|dz}t—|z]|?

when these metrics are carried over the Riemann surface 3.
" For an arbitrary R <1, we set

. R
v:logmz N ]z|<R

We have A
4) T do= 4t
Combining (3) and (4 we get ’
(5) [ {7 !—* o) = 4(e?* — &)

" (1) In other words the variable wis used as a local parameter for some
ineighborhood of each. point W. ,



4 S v CoULUCAY -

(5) holds at every point of the Riemann surface 34C 3 lying
over -the circle |z | <R, except. at the :points for -which
f(z2) =0. As we know (5) holds . also at the branch points at
which f(z) 0. B
Let E denote the open point set in 3& for which
u>v

1t is clear that £ cannot contain any. point of 3z at which
f(2) = 0. Hence by (5) - % ‘
6) Au—d)>0 - - -
holds in E. We“ conclude that u — v is’ subharmonic in £ except
at the branch points of 3; inside £. o ‘ o
A Hence u — v can have no maximum at any interior point of.
E which is not a branch point. Let us verify that u — v can
have no local maximum at these branch points either. & being a
local uniformizing parameter for a branch point ain £, we have*

z—a=c,"++ nx2 ¢,50
It is well known that . .. . - ,
bl — o) = &, (= o) | dad I
By (6) ‘it follows that in the neighborhood of { = 0
AL A lu—o)>0 e
.On the other hand u— v as a function of { being -single
valued and of Class C; in the neighborhood of C==0 is sub-
harmonic there. Consequently. it can have no local maximum at
C=0. Hence u — v considered as a function of z can have no
loal maximum at. a. The-conclusion is that u~ v .canhave mo
maximum at any interior point of £ without exception. Hence

u — v must approach its least upper bound on a sequence ten-
ding to the boundary of £. But £ can have no boundary point

on| z | = R since v’ becomes positively infinite as z tends
to this circumference, while f’(z) is finite. For a boundary point
of Einside | z | = R, since u — v is continuous for all | z | <R,

we must have u — v =0 that is, u — o cannot be maximum at
such boundary points either. Thus'a contradictién is reached
thereby implying that the set £ must be empty. Hence u <o
must hold for all points | z | << R..As R is. arbitrary it must
hold for R > 1. e I
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Consequently we have for all | z | <1

1
A —
“ET1eT
Multiplying both sides by | dz | we get finally
ds < do
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