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Ozet.— Daha énce tarif edilmig olan «guruplarin biiziilmesi» (contrac-
tion of groups) metoduyla G gibi bir Lie gurubundan bagka bir K gurubu-
nun nasil elde edilecegi gosterilmigti. Gegenlerde Prof. Cahit Arf, bu metotla
ilgili olarak su problemi ortaya atti: Acaba her iki G ve K guruplarini da
alt gurup olarak ihtiva eden daha genig bir L gurubu bulunabilir mi? Bu
yazida, verilen G gurubunun yapi sabitleri (structure constants) basit bir
bagintiy1 sagladiklar1 takdirde bSyle bir L gurubuoun mahalll olarak tegkil
edilebileceyi gosterilmektedir. Once biiziilme igleminin infinitezimal operatsr-
lere dayanmiyan, fakat bunlar yerine bagl gurup (adjoint group) kavramin-
dan faydalanan yeni bir tarifi veriliyor. Bu tarif, eski tarifle egdegerligi gos=
terildikten sonra, eldeki probleme tatbik ediliyor. Sonda, misal olarak, home-
gen Lorentz gurubu ile homogen Galile gurubunu alt guruplar olarak ihtiva
eden bir gurup, infinitezimal operatdrleri cinsinden verilmigtir.

Introduction. In a previous article published elsewhere
[1], the operation of “contraction of a Lie group with respect
to any of its subgroups, was defined. If this Lie group G is
of dimension n and its subgroup S of dimension m then by
contraction with respect to S one obtains another Lie group
K of dimension n, which contains in addition to the same
subgroup S, an (n — m)-dimensional abelian invariant sub-
group,; the subgroup S is isomorphic with the factor group of
this invariant subgroup. Contraction was carried out by means
of a singular transformation on the infinitesimal operators of
the original group G, which changes its structure. Prof. Cahit
ARF suggested recently that it might be possible, at least in
certain cases, to find a larger group L which would contain
as subgroups both G and K, the original and contracted
groups.

In this paper, we want to show that it is possible indeed
to construet a local group with the desired property, in the
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case that the structure constants of the original group G sa-
tisfy a simple relation, namely if ¢/}, =0 for all i;, j; =1,2...,

mand ks=m+ 1, m + 2,..., n, where the subscript 1 refers
to those infinitesimal operators that form in the infinitesimal
group the subgroup corresponding to S and the subscript 2 to
those operators that do not belong to this infinitesimal sub-
group. Since this condition is very simple, one can give im-
mediately the infinitesimal group corresponding to L and then
check that the structure constants satisfy the Jacobi relations.
However we shall follow a roundabout way and first give a
definition of the contracted group which does not involve the
infinitesimal operators but instead makes use of the adjoint
group- It is hoped that this new definition may prove valuable
in investigating also some other questions on the relationship
between G and K such as for instance the problem of obtai-
ning sufficient conditions for a group to be derivable from
another by contraction.

After reviewing briefly the old definition in terms of in-
" finitesimal operators, we shall give the new definition and
show the equivalence of the two. Then we shall apply this
new definition to the problem in hand and obtain directly a
large local group L in finite form, in the case when the abo-
ve-mentioned condition is satisfied. We shall also derive the
structure constants of L. As an example, the large group
which contains as subgroups the homogeneous Lorentz and
Galilei groupsis given at the end in terms of its infinitesimal
group. We remark here that throughout the article only local
groups will be considered.

Definition of the contracted group by means of the in-
finitesimal operators. Let G be an arbitrary local Lie group
of dimension n,; its infinitesimal operators (i = 1, 2,...,n), and
S a subgroup of G of dimension m. Assume the operators so
chosen that I, Ig,...» I,, fall within the infinitesimal subgroup
corresponding to S. There would then exist the following
- commutation relations between the operators:

@  [,Ul=ch, T, o
(1) (b) [I,1 I]]—‘ k) Ik1+ ck2, (lxy]nk1—1,2,...,m )

1112 i1j2 > —
(c) [Iiza I; ] — czzjz Ik1 + ¢ ks lz,lz,k, M+1,M+2,..,n

l2]2
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where the c¢’s are the structure constants for the group G,
the indices with subscript 1 refer to operators of the sub-
group S and the indices with subscript 2 refer to those out-
side it.

Consider now the following commutation relations between
n new operators J:, where the same constants cf.‘j are used.

(@ [3:,3]=cy I

i1f1

1 I —
2) (b) [Jip sz] — ci‘clzig sz <l.1’].1,1::1’2’“" m )
() [Jiz’ szl —0 Igyjo, ke=m+41,m-+2,...,n

As was shown previously, the operators J; form an infini-
tesimal group and the corresponding local group K is said to
have been obtained from G by contraction with respect to
its subgroup S. More briefly K is called the contracted grour.
t is seen from the equations (2) that the operators J;, form
an abelian invariant subgroup A of K, that J; form a sub-
group locally isomorphic with S (which for our purposes can
be considered to be identical with S) and that consequently

the factor group of A is locally isomorphic with S.

Definition of the contracted group by means of the
adjoint group. In order to obtain the contracted group di-
rectly in finite form we consider the following construction,
pointed out by Prof.- Arf. Let S be any local Lie group and
A an additive vector group which may be considered as a
vector space. Elements of S and A will respectively be reg-
resented by s and a. Assume that a representation Rs of the
group S is given in terms of the one-to-one transformations
of the vector space A. For any a€ A and s €S we have

(@) R,(a)=2qa  where a’is determined uniquely by sand a,
(@) (®  R,(R,(a)) =R, ,(a)
(c) R.(a) = a where ¢ is the identity element in S.

We construct now the set of all pairs (a, s). Two elements
of this set, (e, ;) and (a,, s9) are taken to be equal if and only
if a; = a,, s;=-s;. The product of two pairs is defined by
4) (as, s )(az, s3) = (ax + Rs(a3), 5152 )

If this set is to form a group under the law (4), the product
must be associative. Thus we must have
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((au s1) (ay, Sz))(as» $3) = (ay, 31)((02, s3)(a;, 33))

or, using the definition of equality and the fact that the pro-
duct s,# is associative,

R, (a)) + R, ,(a5) = R,, (02 + Rsz(aa)).

It is seen that this condition will be satisfied if R, is a linear
representation on A; i. e. if

(5) R(a; + a;) =R, (a;) + R.(a)-

Assuming (5) to be valid, the set of pairs (a, s) becomes
a group H. The identity element of H is (o, e) where o is the
identity element of A and e, the identity element of S. The
inverse of (a, s) is given by

(6) (@ s)* = (= R,~(a), s77),

We remark that it is not necessary for R to be a faithful
representation of S. The elements (a,s) will form a group
under (4) even if R gives only a homomorphic mapping of S.

The two properties of H that make it important for our
purpose are the following: The elements (o, s) form a sub-
group of H which is locally isomorphic with S, while the
elements (a, €) form an invariant subgroup of H which is iso-
morphic with A. Furthermore S is locally isomorphic with
the factor group of (@, e) in H. Therefore it appears likely
that by taking S to be the same subgroup of G as considered
above, letting A to be an (n — m)-dimensional vector space
and specifying the representation R suitably one may identify
H with K, the contracted group. This specification will be
made below by using the concept of adjoint group.

Adjoint group of G. Let the local group G be given in
canonical coordinates of the first kind. Then the inner auto-
morphism b,(x) of the group defined by

by(x) = gxg~!
can be written in coordinate form as
Bi(x) = pig)x!

where g and x are elements of G and &', x/ are respectively
the canonical coordinates of b and x, with {,j=1,2,---,n.
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In this way to every element g there corresponds a matrix
pj.(g) and these matrices form a representation of G since one

finds that,
Pi(g1) Pf‘gz) = pilgi52)-

The set of matrices p;'.(g) is called the adjoint group of G
(Cf. e.g. Ref: 2). The functions pi(g) can be calculat=d directly
from the structure constants of G. We replace g' by fu’ where
t is a real parameter and u' are the components of the direc-
tion vector of a one-parametric subgroup that goes through

both the identity element and the element g. Then the fol-
lowing relations hold:

(8) —— = ¢, u"pitu).

Together with the initial conditions

©) pi0-u) =10 |

the system of ordinary differential equations (8) can be integ-
rated to give pi(g). (Ref: 2).

We shall consider in particular the matrices pi(s) that cor-
respond to elements of the subgroup S of G. Let the ele-
ments s have the coordinates

¥ o gm¥2 =L gt = (), with s, §% ¢+, s™ arbitrary,

and mark all indices that run through 1 to m with subscript
1 and all indices that run through m + 1 to n with subscript
2. Using these indices and the facts that pj.g(s) =0, cj"fk1= 0
(both of which follow because the elements s form a subgroup),
the equations for pj.(s) can be separated into three sets:

dpi\(tuy) .

10 g = )
dp’M(tuy) o m o m

(11) —’d—zt———— == it u™pti(tuy) + i} u™ pn(tu)
dptts)

(12) *—Zt—“‘ = ci u"piltey)

These equations show that the functions pj.}(tul) are deter-

mined wholly by the constants ci! , and similarly pj.g(tui) are
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determined by ¢ . while pil(tuy) involve both ¢i}  ~and (SN

Conversely from these equations the c¢’s can be determined
uniquely as follows :

i (m1) i (my1)
N =(f1Pji(‘"' 1>) o (ir;“__)) ,
mij1 dt oo’ 1z dt £=0
. (dpj.g(tus"'n))
ciz . = | —=——
172 dt =0 ’

where u(l"‘l) stands for the vector which has all its components
equal to zero except for u]! =1.

The matrices pj.(s) form an n-dimensional representation of
the subgroup S. Since p(s) = 0, this representation is redu-
cible and pj.i(s), pj.g(s) form separately representatiors of S.
The representation pji(s) which will be denoted simply by
pi(s) is m-dimensional while pi2(s), or briefly pa(s), is (n — m)-
dimensijonal. Remembering that p, depends only on the cons-
tants c:',%u.2 we see that this representation suggests itself as
a suitable R in order to identify H with K. Indeed, in the
definition of (a,s), let S be the subgroup of G with respect
to which contraction is made, A an (»n — m)-dimensional vec-
tor space and R, = py(s) or in coordinate form,

(14) Ry (a) = pff (5) a”?,

where iy, js=m+ 1, m+ 2,...,n. The representation py is
obviously linear in the vector space and the set (a, s) forms
a group.

Furthermore, the structure constants ~cj-k of this group H

are identical with the constants c_'}k of K. It follows directly
from the construction that

ke K ke __ kg ko . Lk
ct, = c¢’L cr2 c’2, c;l =7l =10,
i1 ij1’ Tigja iy j2 0, iz S 0

To obtain Eﬁzjz we consider the part g(s) of the adjoint group

of H corresponding to S. For (0,5) € S, (a, s') ¢ H, we have
the relation,

(0, 5) (a, &) (0, s7") = (pz, (@), s 5" s™)

or denoting the elements simply by s, A and s™%,
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(shs=t)z = pjz (s)aiz.
Thus for the part ¢(s) of the adjoint group of H, we have
i — pf
922 () = pl2 s)
and consequently from (13)

-i2 — iz
cjzkz - c]'zka )

This completes the proof of the local isomorphism‘of H
with K. Therefore we may, if we wish, define the contracted
group as the group H. 1t may be interesting to point out that
because (a, e) form an invariant subgroup of H, the matrices

q;; (s) vanish identically. The matrices g (s) have the general
form,
Pi(ct, ,s) 0 “

(15) g(s) = ko
. i
0 Palel, 9 |
while p(s) had the form

) . ;
Prfgs ) Pralefly, s o9 |
0 P2 (C;.zzkz > S)

where we have indicated the dependence of the functions
p(s) on various structure constants.

(16) ps)= ,

Construction of a large group L. Let us consider a simi-
lar combination of the whole local group G with an n-dimen-
sional vector space Ajie. let (a, g) be the elements of the

new local group L, where acA and g € G. The product is
defined by

(17) (a1, g1) (a2, @) = (q, + g (a2)s g1 g2)

where Pg, stands for the adjoint group of G. In coordinate
form,

i i i . . N
(18) pgl(az) P; (g1) a’ with i, j=12,., n

The group L is 2n-dimensional.
Obviously, the elements (o, g) form a subgroup of L which
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is locally isomorphic with G. Similarly, if S is a subgroup of
G and s& S, the elements (a, s)  will form a subgroup of L,
which we shall indicate simply by (A, S). Assume that the
subgroup S is of dimension m and its elements have coor-

dinates s’z =0, s" being arbitrary, where we use the same
convention for the indices. Since p;21 (s) = 0, the matrices pj. (s)

which correspond in the adjoint group to the subgroup S,
form a reducible representation of S. If in addition we have,

Pl () =0,
then the matrices pi. (s) are completely reducible. When the
trans‘formation pj. (s) is applied to a’, the components a’! and
a’? transform separately among themselves as p;i (s) a’' and

p;zz (s) a’2. Consequently, in this case the elements (a;, s) and

(ay, s) form two separate subgroups of L, where a; and a,
indicate respectively elements of A with coordinates a2 =0,
a arbitrary and ai1=0, a’z arbitrary. Of these, the sub-
group (Ag, S) formed by the elements taz, s) is locally iso-
morphic with the contracted group K, obtained from G by
contraction with respect to S.

The relations (11) and (13) show that the conditions (19)
are equivalent to the conditions:

i S

(20) cjllkz ="0.

Thus, in case a local group G and its subgroup S satisfy the
"conditions (20), one can construct a large local group L =(A,G)
which has one subgroup (o, G) locally isomorphic with G and
another subgroup (Az, S) locally isomorphic with K.

- Structure Constarts of the large group L. Lot the struc-
ture constants of the group G be indicated by cj.k (where i, J,
k =1, 2, sery n) and those of Lby Cg:{ (WhEre o, B’ Y = 1, 2,

. 2n). Let a4 By, vy = 1,2,...,n refer to infinitesimal operators
of the subgroup (0, G) in L and a,, By Yo =n-+1,n 4+ 2,...,2n
to those operators outside it. As the elements (a, €) form an
abelian invariant subgroup of L, we have first,
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2D Ch —=(C® —9 ) .
; Bava Bavs (“1' ﬁ1aY1=1,2"-'-’"- )
an “51§2!72=n+1an+2,-.-,2n.
(22) CH =90.
B2

In order to determine the remaining constans Cgfvz’ we use

the following definition of the C’s which brings in the commu-
tator g(x, y) of two elements x, y of L:

(23) 90 ) = (xyx~lg=)* = C & xP g7+ & (3),

where €% (3) is a quantity of the third order of magnitude
with respect to the coordinates of x and y (Ref: 2).

For x = (o, g), y ==(a,e), where g has the coordinates g!,
g%..» g" and @ has the coordinates a!, @, <2 a", we obtain from

(24) 9% (x, y) = Cgf’Yz gBl a¥rn | g%(3) ,

where €% (3) is of the third order in the coordinates ggl, a'z—n,
On the other hand by direct computation we obtain,
q(x, y) == (o, 2) (a,€) (0, g~Y) (— a, ¢)
= (pg(a) -a, e)a
or

@) o = G2 () — 3% aie.

Now, it follows from the definition of Pl that
i — i Gk i
(26) P (g) =8, + ¢ g+ 2L (2),
where 8;: (2) is a quantity of the second order in the coor-

dinates g". Replacing i, j, k by o — n, v3 — n, B; respectively
and substituting (26) into (25) we obtain '
@7 gr=cfa=n ghgli—ny g0 (3),

where &% (3) is of the third order in the coordinates g% av.

Comparing the equations (24) and (27) we have the result

=129,..,n
28 Caz — pl—n f’l 1yt eey 16y
(28) C gl = g "n  Where %Yy =n+1, n42,..., 2 n.
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In particular we have

o — CRo—n
(29) Coltn— gy O

and

o G. -n,

(30) Cﬁl‘(ﬁ'ﬂ 51+nY1 Blel

An example. In nearly all the examples of contraction
considered in Ref. 1 the conditions (20) are satisfied. There-
fore a group L can be constructed for nearly each case. We
select among these, as an example, the contraction of the
homogeneous Lorentz group with respect to the subgroup of
rotations in space by which operation one obtains the homo-
geneous Galilei group. In the Lorentz group let the infinite-
simal operator for spatial rotation in the kl-plane be repre-
sented by I.; (where k, I =1,2,3 and I;; = — I by definition)
and that for the Lorentz trapsformation in the k-direction
by L (k=1,2,3). There are six independent operators. Their
commutation relations may be given in the following compact
form [3]:

(31) [Ikl ’ Imn] glmIkn gkmlln+ganlm_glnIkm (k’ l) m, n== 1’2’3)3

(32) [IH" Imn] = gim ni—'glnIm4 (l, m, n = 1’2a3)7
(33) [114 ) In4] = Iln (19 n-— 15213)’
where e — 0 for k # ! and g1 = Gy = g3 =— — 1. The cor-

responding large group L will have in addition to these
operators Iy, Ixs for G, six other operators for its abelian
subgroup. In analogy with the I's, we represent these opera-
tors by Ji s Jes (where Jip == —Ju). Taking account of the
expressions (21) (22) and (28) for the structure constans of L,
one can write immediately the commutation relations which
involve the J’s. They are:

(3 4) [Ikl ’ mn] = glkan ~— Zrm Jln + gknJlm - gankm

(35) [114 ’ mn] glm nd T ganm4

(36) [T s Tnnd = GimIna — Gindme

(37 [Tu» Jnd = — Jin

and
(38) [Jer» Imal =0
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(39) [sz R J,,,4] =
(40) [Jeay Jua] = 0.

Tae relations (31) — (40) determine the group locally. The
subgroup with the operators I, , Iy is locally isomorphic with
the Lorentz group, as seen from (31)-(33), while the sub-
group with the operators Ip;, Jis is locally isomorphic with
the Galilei group, as seen from (31), (36), (40).

In conclusion, I would like to thank Prof. Cahit Arf for
his kind interest and very wvaluable suggestions. 1 wish also
to express my gratitude to Prof. Arf and the staff of the
Mathematical Institute of the University of Istanbul for their
kind hospitality.
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