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‘A characteristic property of a developable surface®

GIACOMO SABAN

Department- of Mathematies, Faculty of Science, University of Istanbul
(Received October 27, 1967)

The pitch of a closed developable surface is equal  to the - arclengzh of its
edge of regression, The aim of this paper is to show. that this is characteristic
property of a closed developable. viz. that if the pitch of a closed ruled surfag:e
is equal to the are- length of its line of striction then the surfaee is developable.

1. The Pitch [1] of a closed [2] ruled surface R (i. e. a ruled surface
whose directrix curve D and spherical indicatrix of the generators
J are both s1mplv connected closed curves) is defined as the line
integral

(L.1) o P:j'g". &
)b

—
where 8 is the vector describing D and -g>is the unit vector on
- the generator of the surface. P is an integral invariant of R [3]
If £ denotes the line of striction of R, decribed by the vec-

tor function T and if L is the lengih of p (1. 1) can be rewritten in
the form

L) P— jﬁg di

and P satisfies the limitation (1)
(L3) P < L.

* This Note contains the answer to a question put to the Author during his stay
at the Middle East Technical University in Ankara in June 1967,
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If R is a closed developable, its line of striction reduces to -
the edge of regression and if A is to indicate the arc-length of p

—_
L
g =—
r
then = -
dl @iy
149 P=( — a4 = _-_=j'dx=L.
Ldx pan - dp

The object of this short note is to show that the converse
of the statement implied by (1.4). viz. the pitch of a closed develo-
pable equals the length of its edge of regression, is equally true
and that therefore the property mentioned above characterizes
developables.

2. Suppose that the pitch of a closed ruled surface R is equal
to the length of its line of striction.

T o= (2) being the vector function which describes the
generic point A of f

Ldi
2.1) g. —d\ =L
L dr
or h
— > -
- dl dl di
2.2) j g — &\ = S ——
£ dx Ldx dr
or again N
' : — —
-~ dl dl
(2.3) . g-—).—dx= 0.
L dx da
di
But — is a unit vector in the tangent plane of R at
d)

—_ .
the point A: if t denotes the unit vector of the tangent to R
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orthogonal to the generator

a -
(2.4) — =gecos ¢ + t sing
dx

where ¢ = ¢ (1) is a periodic function of A of period L.
Then ' ‘

Lod o d
2.5) @-—).— dx = (cos ¢ — 1) dr
dx  dx
so that the condition (2.3) reduces to
(2.6) J (cos o — 1) dr = 0.
L '

3. Whatever the nature of the function ¢ = ¢ (),
cos < 1 hence
Pl S

(3.1) 2 =cosp—-1=<0

whereas A is a monotonic increasing point function of the point
A on f. Therefore the integrand in the condition (2.6). does not
change sign along £: for the condition (2.6) to hold the integrand
must therefore be identically nil along £. This implies

(3.2) cos ¢ = 1
along L or else
(3.3) dx =0.

The first case obviously leads to R being dsvelopable whereas
the second implies that £ reduces to a point and therefore that
the surface R reduces to a conc, as a particular case of a develo-

pable .
Thus

34) jﬁ(g, — - D=0

charact&\rizes closed developebles.
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OZET

Kapah ve acilabilir bir regle yiizeyin adum (the pitch) onun dayanak egrisinin uzun-
luguna egittir. Bu yazimn amaci, acilabilir yiizeyler i¢in bu 6zelligin karakteristik ol-
dugunu yani kapah bir regle yiizeyin admim onun bogaz ¢izgisinin uzunluguna esit
ise yiizeyin agilabilir oldufunu géstermekten ibarettir.
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