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SUMMAKY

The purpose of this note is to give, first, a general formulation of the extremal func- 
tion withiıı the class E of analytic functions that can be represented by means of a Stieltjes 
integral such as considered by Goluzin and then to apply the result in a systematic way, 
say, to analytic functions with positive real part. We also called attention to söme errors 
in Goluzin’s paper (translated by A. W. Goodman).

INTRODUCTION

The purpose of this note is to give, first, a general formulation 
of the extremal function within the Class E of analytic functions 
that can be represented by means of a Stieltjes integral such as 
considered by Goluzin and then to apply the result in a systematic 
tvay, say, to analytic functions with positive real part. In Golu­
zin’s translated paper Theorem 1 on page 13 is not correct, for 
equation (9) has at most two roots and not four roots as it is clai- 
med in the paper. Furthermore, the cited example to show that 
the extremal function (8) does not degenerate into the function 
s(z, t) is also not correct, for the assertion that the function 
z* /((l—z“)2 f(z)) eTj yvhenever f(z) eT, is not true. Here T, is the 
class of typically-real functions analytic in the unit disk. [1].

1. Variations of Analytic functions represented by Stieltjes
Integral

lA. Goluzin has considered
represented by a Stieltjes integral [1]

a Class E of Analytic functions
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(1) f(2) = J g(z2t) dfz(t), 
a

where a,b are given real numbers, g(z,t) is
in the unit disk K: ] z ] <1 for a

a given function analytic
g t b, and runs ihrouglı

ali possible nondecreasing functions in a< t b, subject to the 
condition

J = P-(b) — [^(a) = 1 • 
a

He has obtained two variation formulas within E, i.e..

(2)
^2

. f*(z) = f(z) + X J g,(z,t) lp(t) — c |dt,
*1

where t. tz are arbitrary numbers in the interval [a,b], X is an
arbitrary number in the interval — 1 < Â 1, c is a constant 
■vvith respect to t and X, but depends on the sign of X, and g, is the 
derivative of g with respect to t. Finally,

(3) f**(z) = f(z) + X[g(z,t,) — g(z,t2)],

where tj, tj e[a,b] are two jump points for the function [x(t), and
X a sufficiently smaU number.

IB. Corning back to the representation (1), we observe that 
if u.(t) is a step function with jump points at t,, tj,..., t„, with

a t. t2 t„ b,
and if is the corresponding jump in (x(t), i.e..

n
= I^(tk+0) — |jL(t^—0), k = 1, . . n, S = 1,

k=ı
then

n
f(z) = s Xk g(z,t^) 

k=i

Remark. From here on, we shall assume that for each fixed
zeK, g(z,t) is analytic in a
[a,b] : a

region containing the closed interval
<: t g b. We shall continue to designate by E the class
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of analytic functions represented by the Stieltjes integral (1) in 
which g(z,t) has the foregoing specification. Furthermore, for ex- 
tremalization at a given point z, unless f(z) = 0 for ali f(z) eE, we 
may assume without loss of generality that f(z) #0.

2 . Extremals ıvithin the Class E.

2A. We consider the Class E, and show that

Teorem 1. For a given entire function F(w) and a given point 
zeK, either of the functionals

Re {F(logf(z))},(1) lF(logf(z))l

attains its maximum in E only for functions of the form

f(z)= S Xkg(z,tJ k=l
with

n
Âjç 0, k — 1,..., n, S = 1.

k=l

Here, we exclude from consideration the case in which for the 
extremal function, F’(log f(z)) = 0.

Proof. Since E is compact and that the functionals are con- 
tinuous on E, it follows that the extremal function exists. Indeed, 
the continuity is evident, as to the compactness of E, it is a con- 
sequence of the uniform boundedness of E inside the unit disk K, 
i.e., on every closed subset of K. In fact.

Max |g(z,t)|, |z| 1.
I^i=-a<CtCb

Moreover if f(z)f extremalizes the second of the functionals 
in (1) then for a suitable y, it will extremalize

Re {e'-r F(log f(z)) }

which is nothing else but the first functional in (1), where F(w) is 
replaced by the entire function e'Y F(w). Consequently it will suf- 
fice to prove the theorem only for the first functional in (1).
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Denoting for simplicity by G(z) the coefficient of X in for- 
mula (2) of paragraph 1, we have in view of this formula.

F(logf*(z))= F(log(f(z) + XG(z))). 

But, in view of the Remark, we may write.

log(f(z) + XG(z))

Hence,

= logf(z)(l + XG(z)/f(z))

= log f(z) + log(l + XG(z)
= logf(z) + XG(z)/f(z) + 0(XO.

r(iogf*(z)) F(logf(z) + XG(z)/f(z) + 0(XO).
Or,

F(logf*(z)) = F(logf(z)) + XF’(logf(z))G(z)/f(z) + 0(XO.

Finally, going back to the old notation, and setting

If Re F(log f(z)),
we have,

*2

If* = If + J Re(F’(log f(z)) g.(z,t) /{{z)) lfx(t)-c |dt + 0(XO. 
ti

For fixed z, in order that Ij be extremal it is necessary that 
the coefficient of X vanishes. Namely,

(2)
^^2

J Re(F’(log f(z)) gt(z,t) | jj,(t) — c j dt = 0, 
ti

where t,, ta are arbitrary numbers in the interval [a,b]. From (2)
it follows that [j,(t) =
there are no roots of the eguation

e constant for any segment (t,, tj) in vhich

(3) Re(F’(logf(z)) g.(z,t)/f(z)) = 0.

But because of the fact that gt(z,t) is analytic in a region containing 
[a,b], and assuming that F’(log f(z)) 0, it follows that for a
fixed z, (3) has only a finite number of roots on [a,b]. If s is the
number of roots, then [r(t) is a step function with no more than s 
points of discontinuity, say.

ta 'S b.



EXTREMALIZATION PROBLEM 15

We now construct the second variation according to (3) of 
paragraph 1. We have as before

F(log f**(z)) = F(log f(z))+XF’(log f(z))(g(z,tj-g(z,t.)) /f(z)+0(XO

Taking real part of both sides, we obtain

T ♦* = If+XRe (F’{logf(z)) (g(z,t,,)—g(z,t,))/f(z)) + 0(XO.

Here (tj^,tj) is either one of the intervals (t,,t2),. . ts)-
For fixed z, in order that be extremal it is necessary that the 

coefficient of X vauishes. Namely,

Re(F’(log f(z)) (g(zA)-g(z,t,)) /f(z)) = 0.
This condition shows that

(4) Re(r’(logf(z))g(z,t)/f(z))

has the same value for t,j and tj. Hence the derivative of (4) with 
respect to t, i.e., the left hand side of (3) must yanish at points 
inside the intervals (t„ tz),.. ., (tj.,, t^). Rut then the equation (3) 
will have more than s roots which is impossible. This proves that 
p.(t) has at most (s+1) /2 jumps if s is odd and s 12 i( s is even. In 
ali cases if n denotes the maximuın number of jumps of p,(t), then 
the extremal function will be of the form such as stated in Theo­
rem 1.

2B .If we choose F (w) = e’ then theorem 1 takes the form.

Theorem 2. Suppose that for each ze K, g(z, t) is analytic
a t g b. Then for ain a region containing the closed interval 

given ze K, and f(z) e E,

lf(z)|^l f Xkg(z,tj|. 
k=ı

3. Application to Analytic Functions ıvith Positive Real Part.

3A. Compactness and Distortion Theorem. W e consider analy-
tic functions h(z) dcfıned in the unit disk K: ]z| 
normalizatiön h(0) = 1 and positive real part

Re(h(z))> 0.

1, with the
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We shall establish a lemma similar to the one given by G, 
Labelle and Q. I. Rahman. [2].

Lemma. Let w=h(z) be analytic in the unit disk K, normalized 
and with positive real part. Then the image of the circle |z | = r <1 
under w == h(z) lies in the disk with centre o = (l-f-r^) /(I—r’) and 
radius p = 2r/(l—r^).

lu fact, Ave have

1 + r^ 2r
(1) r.W----

1 — 1 —

Proof. For analytic functions w = h(z) dcfined in the unit 
disk K, normalized and with positive real part, we have the Her- 
glotz-Stieltjes integral representation

(2) h(z) = J
27r 1 + e“;

O 1—e“z

z

where (x(t) is non dccreasing in [0,27t:] and [j.(27t:) — [x(0) = 1.

For each te [0,2tc], the linear substitution

1 +
T.:z

1 — e’*z

transforms the circle | z [ = r
1 + r^

; 1 into the circle with centre
2r

Cû = and radius Hence it follows from (2),
1 — r’

P =
1 —

that for |z I r
[w —w 1 = P •

Theorem 1. If w = h(z) is analytic in the unit disk K, nor- 
malized and with positive real part, then 

1 —r
(3)

1 + r
1.r

l + r 1 — r
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Proof. The theorem follows at önce from the triangle inequa- 

lities. The triangle in question has for vertices: 0, «, w, ■where 0 is 
the origin of the complex w-plane. Hence (1) reads

1 + r’

1 —
|w — WI |w I

1 + r’
+ |w — <0

1 —

Here [w — co [ p . And (3) follow8.

Note that the right hand side inequality in (3) fol]ows at önce 
from the representation (2).

From here on P Avili denote the class of functions analytic in 
the unit disk K, normalized and with positive real part.

Theorem 2. The class P is compact (hence normal) inside K.

Proof. Indeed, the inequality on the right-hand side of (3)
shows that P is uniformly bounded inside K, i,e., on 
subset of K,

every cloşed

Theorem 3. (Distortion theorem). If h(z) eP, then
2

(4) 1.
(1-r)^

Proof. We have for h’(z) the representation

27t 2e‘‘
(5) h’(z) = j- -------_

0 (1—e**z)^

From (5), the theorem follows.

(6)

In particular, 

ih’(0)|^2.

Note that ali our inequalities are sharp as the function
(l^-z) /(I—z) in P shows. Furthermore, for h(z) eP with real coef- 
ficients.

Re f(-) 0, |z I < 1
1—z"

z

r

dp,(t).
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being necessary and sufficient in order that f(z) helongs to T,, it 
follows from (6) that if f(z) = z 4- aj z^ . eT^, then

— 2 ^ 32 < 2.

3B . Variation within the Class P. Applying formally the for­
mulas (2)and(3) of paragraph 1 to a function of Class P, we have

t.

G) E*(z) = h(z) + X J
2ie*‘z

and
t, (l-e’‘z),2

(8) h** (z) = h(z) +
1 4- e''-;'z 1 4- e-

1 — e**'z 1— e**2z

2
—el dt

7‘’z X

If A is any fixed closed suhset of K, then for ali zeA, h*(z) 
and h**(z) will have positive real part as soon as 7. is chosen suf­
ficiently small.

3C. Extremals within the Class P. For each z, | z ]

z

1,

g(zd) =
1 4- e";

1 — e*‘z

is analytic with respect to t. On the other hand, if F’(log h(z)) 7^ 0 
and z 0, then

Re
F’(logh(z)) 2ie“z (1 - e -İt,

|i- ,ıt,e“z 4

,-ityields a cubic equation in e with at most three roots. Hence,
n = 2 and -vre have.

Teorem 1. For a given entire function F(w) and a given 
point zeK, either of the functionals

Re (F{logh(z)), lF(logh(z))l

attains its maximum in P only for functions of the form

(9) h(z) =
1 e*‘'z 1 4- e'*’;'z

1 — e‘**z 1 —• e“^z
+ X2
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with Xı, ^2 0, X, + ^2 = 1. Here, we exclude from consideration
the case in which for the extremal frmction F’(log h(z)) = 0,

In particular, if yfe choose F(w) = e"', then
Theorem 2. For a given zeK, and h(z) eP, |h(z) | attains 

its maximum in P for a function of the form (9).

4. Application to Typically-Real Functions

(1)

4A. Variations within the Class T^. The function 

f(z) = z azZ’ + • • •
analytic in the unit disk K: |z |

I z I < 1, if it is real on the diameter — 1
1 is called typically-real in

1, and if at other
points of K, Im f(z) 0 for Im z 0, Im f(z) 0 for Im z 0.
We let Tj. denote the Class of functions (1) that 
typically-real in K.

are analytic and

(2)

Each f(z) eT can be represented in K by the formula [3 ]

TC

TT 0 1 — 2z cos 0 + z'

where p,(6) is a real non decreasing function in 0 0 tc with

The formula (2) can be written in the cquivalcnt form

(3) f(z) = J

where p(t) is a real non decreasing function in — 1 îS t ^1 with 

1l(1)-p(-1)=1.
Note that for any fixed t, — 1 t 1,

(4) g(z4) =
1 — 2tz + z^

1
= ----  J

Z

^■(7^) — |a(0) = 7Z .

z

1 — 2tz +

z

z

2
d[^(0)

is schlicht and belongs to T,. Furthermore, we maintain that for
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any fixed z, [ z ] 1, the deuominator in (4) does not vanish in
the interval — 1 t -ğ. 1. In fact if we write

1 + z"

2z

we see that t is real only if z is on the unit circle or on the real axis.
But for — 1 1, One has | t[ 1. From this the assertion
follows. Accordingiy, g(z5t) is analytic in a region containing 
— 1 t g 1. Finally, both varied functions

f*(z) = f(z) + J gt(z,t) I |x(t) — C I dt

and
ti

f**(z) = f(z) + X(g(z,t,) — g(z,t2)), 
belong to T,.

4B. Extremals within the Class T^. We see that ali the con- 
ditions of the Remark are satisfied, and that for F’(log f(z)) 0
and z yt 0,

Re
F’(logf(z))

f(^)
2z’ (1—2tz

- t =

z

= 0

has at most two roots in the interval — 1 t şS 1. Hence

Theorem 1. For a given entire function F(w) and a given 
point zgK, either of the functionals

Re(F(logf(z)),. lF(logf(z))|

attains its maximum in only for a function of the form (4), i.e., 

f(z) = g(z,t).

Here, we exclude from consideration the case in vvhich for the 
extremal function F’(log f(z)) == 0.

In particular if we choose F(z) = e"', then
Theorem 2. For a given zeK, and f(z) eT,, 

its maximum in T, for a function of the form (4).
I f(z) I attains
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4C. Connection between the classes P and T^. In paragraph 

3A we recalled that for functions in P with real coefficients [4]

1 ---Z"
Re f(z) 0, I z I 1

z
if and only if f(z) e T^k This means that if h(z) is a function of posi­
tive real part with real coefficients, then

1 — z=^
Mz) = f(^), f(z)eT,.

z
Conversely, if f(z) eT„ then h(z) eT^. with real coefficients. 

Hence, for the same z, using Theorem 1 of paragraph 4B, theorem 
1 of paragraph 3B takes the form

Theorem 1. For a given entire function F(w) and a given 
point zeK, either of the functionals

Re (F(log h(z))), 1 F(log h(z)) 1
attains its maximum in the Class of functions of positive real part 
with real coefficients only for a function of the form

(5)
1 

h(z) = ----
2

1 + e-i6z

1 — e>9z 1 — e-i0z

1 -|- ei9z
+

Here, we exclude from consideration the case in which for the ex- 
tremal function F’(log h(z)) = 0.

Proof. For the extremal function in T^, instead of (4), we use 
the expression under the sign integral in (2). Then the extremal in 
the class of functions of positive real part with real coefficients 
takes the form (5), i.e.,

1 —z^ z 1 1 -|- e'öz 1
+ 1 4* e-‘9z

z 1 — 2z cos 6 z^ 1 — e’9z 1 — e->9z

In particular, if we choose F(w) = e'»W then

2 2

1 This agaîn is not stated correctly in Goluzin’s paper (translated by A.W. 
Goodman).
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Theorem 2. For a given zeK, and h(z) eP ■vvith real coef- 
ficients, ] h(z) ] attains its maximum for a function of the form (5).

Conversely, Theorem 1 and Theorem 2 of 4C yield Theorem 1 
and Theorem 2 of 4B, respectively.

LİTERATÜRE

[1] G. M. Goluzin, On a variational method in the theory of analytic functions, Le­
ningrad. gosüd. Univ. 144, 85-101, (1952). (Russian) Translated by A. W. Go­
odman, Amer. Math. Soc. Trans., II. Ser. 18, 1-14 (1961).

[2] G. Labelle et Q. I. Rahman, Remargue sur la moyenne arithmetigue de fonctions 
univalentes convexes, Canadian J. Math., 977-981 (969).

[3] W. Rogosinski, Über positive harmonische Entwickiungen und typishrelle potenz- 
reihen, Math. Z. 35, 93-121 (1932).

[4] A. C. Schaefîer and D. C. Spencer, Coefficient Regions for Schlicht functions, Amer. 
Math. Soc. 2-3, (1950).

ÖZET

Bu makalede, Goluzin tarafindan tetkik edilmiş Stieltjes iutegrali yardımıyla gös­
terilen analitik fonksiyonların E smıfı içinde ekstremal fonksiyonun genel bir formülas- 
yonu verilmektedir. Bu formül özel olarak reel kısmı pozitif olan analitik fonksiyonlara 
tatbik edilmiştir. Ayrıca, Goluzin’in makalesinde (A. W. Goodman taraûndan tercüme­
sinde) bazı önemli hatalara işaret edilmiştir.
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