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SUMMARY

The purpose of this note is to give, first, a general formulation of the extremal func-
tion within the class E of analytic functions that can be represented by means of a Stieltjes
integral such as considered by Goluzin and then to apply the result in a systematic way,
say, to analytic functions with positive real part. We also called attention to some errors
in Goluzin’s paper (translated by A. W. Goodman).

INTRODUCTION

The purpose of this note is to give, first, a general formulation
of the extremal function within the Class E of analytic functions
that can be represented by means of a Stieltjes integral such as
considered by Goluzin and then to apply the result in a systematic
way, say, to analytic functions with positive real part. In Golu-
zin’s translated paper Theorem 1 on page 13 is not correct, for
equation (9) has at most two roots and not four roots as it is clai-
med in the paper. Furthermore, the cited example to show that
the extremal function (8) does not degenerate into the function
s(z, t) is also not correct, for the assertion that the function
22 [((1—2%)2 £(2)) €T, whenever f(z) €T, is not true. Here T, is the
class of typically-real functions analytic in the unit disk. [1].

1. Variations of Analytic functions represented by Stieltjes
Integral

1A. Goluzin has considered a Class E of Analytic functions
represented by a Stieltjes integral [1]
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) f(z) = | glat) du(o),

where a,b are given real numbers, g(z,t) is a given function analytic
in the unit disk K: |z| <1 for a <t < b, and p(t) runs through
all possible nondecreasing functions in a<< t < b, subject to the
condition

[ du(t) = pb) — (@) = 1.

He has obtained two variation formulas within E, i.e.,

t2
@ =0+ s ol

1

where t, < t, are arbitrary numbers in the interval [a,b], Ais an
arbitrary number in the intexrval —1 <X <1, ¢ is a constant
with respect to t and A, but depends on the sign of 2, and g, is the
derivative of g with respect to t. Finally,

(3) £4%(z) = £(z) + A [g(zt)) — g(z.L)],

where t,, t, €[a,b] are two jump points for the function u(t), and
) a sufficiently small number.

1B. Coming back to the representation (1), we observe that
if u(t) is a step function with jump points at t,, ts,..., t,, with

ast <t <...<t, =b,
and if A, is the corresponding jump in u(t), i.e.,

e = p(t-0) —uw(t—0), k=1, ...,n, & A =1,
k=

1

then
. .
f(z) = 2 N glzti)
k=1

Remark. From here on, we shall assume that for cach fixed
zeK, g(z,t) is analytic in a region containing the closed interval
[a,b] :a < t < b. We shall continue to designate by E the class
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of analytic functions represented by the Stieltjes integral (1) in
which g(z,t) has the foregoing specification. Furthermore, for ex-
tremalization at a given point z, unless f(z) = 0 for all {(z) €E, we
may assume without loss of generality that f(z) 7= 0.

2. Extremals within the Class E.

2A. We consider the Class E, and show that

Teorem 1. For a given entire function. F(w) and a given point
zeK, either of the functionals

(1) Re {F(log f(z))} , |F(log f(2)) |

attains its maximum- in E only for functions of the form

) = £ 2y (ot
‘with

N =0, k=1,...,0 3 —1.
k=1

Here, we exclude from consideration the case in which for the
extremal function, F’(log f(z)) = 0.

Proof. Since E is compact and that the functionals are con-
tinuous on. E, it follows that the extremal function exists. Indeed,
the continuity is evident, as to the compactness of E, it is a con-
sequence of the uniform boundedness of E inside the unit disk K,
i.e., on every closed subset of K. In fact,

6] £ Max [g@0)], |2] =v<1.
Z}=—r
a<t=b

Moreover if f(z) extremalizes the second of the functionals

in (1) then for a suitable v, it will extremalize

Re {e'Y F(logf(z))}
which is nothing else but the first functional in (1), where F(w) is

replaced by the entire function e!Y F(w). Consequently it will suf-
fice to prove the theorem only for the first functional in (1).
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Denoting for simplicity by G(z) the coefficient of A in for-
mula (2) of paragraph 1, we have in view of this formula,

F(log f*()) = F(log(f(z) + 16(2))).
But, in view of the Remark, we may write,
log(f(s) + 26(z)) — log £(z) (1+36(2) ()
— log £(z) + log(L-+26(z) [£(z))
— log f(z) -+ 1G() f(z) + 001).

Hence,

o F(log f*(z)) = F(log f(z) + AG(z) /f(z) + 0(3*)).

F(log f*(z)) = F(log f(z)) + \F’(log {(2))G(z) /f(z) + 0()?).
Finally, going back to the old notation, and setting

I, = Re F(log f(z)),

we have,

t2
Ir =L +2 ft Re(F’(log f(2)) g.(2.t) /f(2)) [u(t)—c [dt + O(3).

1

For fixed z, in order that 'If be extremal it is necessary that
the coefficient of A vanishes. Namely,
‘tz
@ | Re(F(log f(2) g,(xt) ) [u(t) — e de = 0,

£

where t,, t, are arbitrary numbers in the interval [a,b]. From (2)

it follows that yu(t) = c constant for any segment (t,, t.) in which
there are no roots of the equation

GO Re(F"(log f(2)) g/(z:t) /(z)) = 0.

But because of the fact that g,(z,t) is analytic in a region containing
[a,b], and assuming that F’(log f(z)) 7~ 0, it follows that for a
fixed z, (3) has only a finite number of roots on [a,b]. If s is the
number of roots, then p(t) is a step function with no more than s
points of discontinuity, say,

ast <t <...<ty;=<h.
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We now construct the second variation according to (3) of
paragraph 1. We have as hefore :
F(log £**(z)) = F(log (z))-+AF"(log £(2))(g(z,t,)—g (=) /(=) +0(»?)

Taking real part of both sides, we obtain

e = T4 aRe (F(log £2) (g(nto)—g(m8) /(2 + 009,
Here (tk,tl) is either one of the intervals (t,,t.),. . .,(ts_1, tg).

For fixed z, in order that I, be extremal it is necessary that the
coefficient of A vanishes. Namely,

Re(F’(log £(2)) (g(2,t)—g(z.t)) /£ Z)) = 0.
This condition shows that

) Re(F(log 1(2)) g(2.t) /f(2))

has the same value for t, and t,. Hence the derivative of (4) with
respect to t, i.e., the left hand side of (3) must vanish at points
inside the intervals (t,, t.),. . ., (ts_, t;). But then the equation (3)
will have more than s roots which is impossible. This proves that
w(t) has at most (s+-1) /2 jumps if s is odd and 5/2if s is even. In
all cases if n denotes the maximum number of jumps of yu(t), then
the extremal function will be of the form such as stated in Theo-
rem 1.

2B.If we choose F (w) = e", then theorem 1 takes the form.

Theorem 2. Suppose that for each ze K, g(z, t) is analYtic
in aregion containing the closed interval a <t <b. Then for a
given ze K, and f(z) € E,

i) | <] E e gatd) |-

3. Apphcatwn to Analytic Functions with Positive Real Part.

3A. Compactness and Distortion Theorem We consider analy-
tic functions h(z) defined in the unit disk K: [z]| < 1, with the
~ normalization h(0) = 1 and positive real part

Re (h(z)) > 0.
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We shall establish a lemma similar to the one given by G.
Labelle and Q. I. Rahman. [2].

Lemma. Let w=h(z) be analytic in the unit disk K, normalized
and with positive real part. Then the image of the circle |z]| = r<1
under w = h(z) lies in the disk with centre » = (1-}-12) [(1—r?) and
radius p = 2r [(1—1?).

In fact, we have
1 re 2r

1—1

)

In

W —

, |z] =1

[ S

Proof. For analytic functions w = h(z) defined in the unit
disk K, normalized and with positive real part, we have the Her-
glotz-Stieltjes integral representation

27 1 4 eltyz
2 h(z) = | - dy(t),
0 1 —eitz

where p(t) is non decreasing in [0,27] and p(2r7) — w(0) = 1.

For each t€{0,2], the linear substitution

1 4 eity
Tt “Z > —
1 —eitz
transforms the circle |z]|=r <1 into the circle with centre
14 re 2r
= and radius p = . Hence it follows from (2),
1—r 1 —r2

that for |z| <r
w—o] S .
Theorem 1. If w = h(z) is analytic in the unit disk K, nor-

malized and with positive real part, then

1—r 14~
< |hz)| = L 2] =r < 1.
147« 1—r

©)
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Proof. The theorem follows at once from the triangle inequa-
lities. The triangle in question has for vertices: 0, », w, where 0 is
the origin of the complex w-plane. Hence (1) reads

14 r [ 141
——w—o]| = v = —
1 —r2 ] —r

+ [w—a]:

Here [w— ]| < p. And (3) follows.

Note that the right hand side inequality in (3) follows at once
from the representation (2).

From here on P will denote the class of functions analytic in
the unit disk K, normalized and with positive real part.

Theorem 2. The class P is compact (hence normal) inside K.

Proof. Indeed, the ineqﬁality on the right-hand side of (3)
shows that P is uniformly bounded inside K, i.e., on every closed

subset of K.
Theorem 3. (Distortion theorem). If h(z) P, then

2
@ W@ =—— | =r <1
(1—r)?
Proof. We have for h’(z) the representation
2x  2eit
6)  WE = —— (o)
0 (1—eltz)e

From (5), the theorem follows.
In particular,
(6) h(0)} = 2.

Note that all our inequalities are sharp as the function
(1+42) /(1—=2) in P shows. Furthermore, for h(z) €P with real coef-

ficients,

1—z2

Reg f(z)§>0, 2] <1

Z
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being necessary and sufficient in order that f(z) belongs to T, it
follows from (6) that if f(z) = z + a,z2 ... €T, then

—2<a, <2,

3B. Variation within the Class P. Applying formally the for-
mulas (2)and(3) of paragraph 1 to a function of Class P, we have

t, 2iel'z
(7) h*(z) = h(z) + A j; —

(1—eitz)e

li(t) —c| de

and

@ h** (2) = b(z) + X (lb—l- eitiz B 14 el )

1 — eltiz 1 —elteg

If A is any fixed closed subset of K, then for all zeA, h*(z)
and h**(z) will have positive real part as soon as A is chosen suf-
ficiently small, )

3C. Extremals within the Class P. For each z, |z| <1,

1+ elty

g(zt) = -
1 —eltz

is analytic with respect to t. On the other hand, if F’(log h(z)) 7% 0
and z =~ 0, then

F’(log h(z)) 2ieitz (1 _ e—“i)z )

e (-
h(z) |1 —eitz|*
yields a cubic equation in e~i' with at most three roots. Hence,
n = 2 and we have.

Teorem 1. For a given entire function F(w) and a given
point zeK, either of the functionals

Re (F(log h(z)), |F(logh(z))|
attains its maximum in P only for functions of the form

1 4 eitiz 1 4 eitrg
(9) h(z) = —MMn + ———©

1 —eitiz 1 — eltzg
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with A, A = 0, A, + A, = 1. Here, we exclude from consideration
the case in which for the extremal function F’(log h(z)) = 0. -
In particular, if we choose F(w) = e*, then

Theorem 2. For a given zeK, and h(z) €P, |h(z)| attains
its maximum in P for a function of the form (9).

4. Application to Typically-Real Functions
4A. Variations within the Class T,. The function

(1) f(z) =z + a2 ... :
analytic in the unit disk K:|z| <1 is called typically-real in
| 2] < 1,if it is real on the diameter — 1 < z < 1, and if at other
points of K, Im f(z) > 0 for Im z > 0, Im f(z) < 0 for Im z < 0.

We let T, denote the Class of functions (1) that are analytic and
‘typically-real in K.

Each £(z) €T, can be represented in K by the formula [3]
1 = z '

@) f(z2) = — |
n 01—2zcos0 -} z?

du(6)

where p(0) is a real non decreasing function in 0 < 6 <7 with

w(m) — p(0) = m.

The formula (2) can be written in therequivalent form

z

3 ‘ f(z) = R
@ & J‘ 1 — 2tz -+ 22

du(v)

where p(t) is a real non decreasing function in —1 < t < 1 with
WD) — p(—1) = 1.
Note that for any fixedt,—1 =t £ 1,
z
(4) g(at) = ———-——
1 — 2tz + 2

is schlicht and belongs to T,. Furthermore, we maintain that for
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any fixed 2, | z| < 1, the denominator in (4) does not vanish in
the interval — 1 < t < 1. In faet if we write

1+ =z
2z

t =

we see that t is real only if z is on the unit circle or on the real axis.
But for —1 <z <1, one has |t]| > 1. From this the assertion
follows. Accordingly, g(z,t) is analytic in a region containing
— 1 <t < 1. Finally, both varied functions

t

£4(z) = f(z) + 1§ gy(at)] u(t) —c | dt

Y

£*4(z) = 1(z) + Mg(z.t)) — g(@t2),
belong to T,.

and

4B. Extremals within the Class T,. We see that all the con-
ditions of the Remark are satisfied, and that for ¥’(log f(z)) £ 0
and z £ 0,

. (F’aog £(2)
- {(z)

has at most two roots in the interval — 1 < t < 1. Hence

2z2 (1—212 +22)2) =0

Theorem 1. For a given entire function F(w) and a given
point zeK, either of the functionals

Re (F(log f(z)), | F(logf(z))|
attains its maximum in T, only for a function of the form (4), i.e.,
f(z) = g(z.t).

Here, we exclude from consideration the case in which for the
extremal function F’(log f(z)) = 0.

In particular if we choose F(z) = e», then

Theorem 2. For a given zeK, and f(z) €T,, | f(z)]| attains
its maximum in T, for a function of the form (4).
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4C. Conriection between the classes P and T,. In paragraph
3A we recalled that for functions in P with real coefficients [4]

1 —=

Reg f(z)%>0, [z|<1

V4

if and only if f(z) € T,'. This means that if h(z) is a function of posi-
tive real part with real coefficients, then

1 —z2

h(z) = 1(z), f(z) e T,.

Z

Conversely, if f(z) €T,, then h(z) €T, with real coefficients.
Hence, for the same z, using Theorem 1 of paragraph 4B, theorem
1 of paragraph 3B takes the form

Theorem 1. For a given entire function F(w) and a given
point zeK, either of the functionals

Re (F(log h(=))), | F(log h(z)) |
attains its maximum in the Class of functions of positive real part
with real coefficients only for a function of the form.

() h(z) = —

1 1 - eifz 1 4 e-ify )
( 1 — eifz 1 —e-ifz

Here, we exclude from consideration the case in which for the ex-
tremal function F’(log h(z)) = 0.

Proof. For the extremal function in T, instead of (4), we use
the expression under the sign integral in (2). Then the extremal in
the class of functions of poesitive real part with real coefficients
takes the form (5), i.e.,

1 — 2 zZ 1 14 eifg 1 14 eifz

Z 1—2zcos® + 22 2 1 —eifz 2 1 —e-ifz
In particular, if we choose F(w) = e, then

1 This againis not stated correctly in Goluzin’s paper (translated by A.W.
Goodman).
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Theorem 2. For a given zeK, and h(z) eP with real coef-
ficients, | h(z) | attains its maximum for a function of the form (5).

Conversely, Theorem 1 and Theorem 2 of 4C yield Theorem 1
and Theorem 2 of 4B, respectively.
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OZET

Bu makalede, Goluzin tarafindan tetkik edilmig Stieltjes integrali yardmmyla gés-
terilen analitik fonksiyonlarin E simfi i¢inde ekstremal fonksiyonun genel bir formiilas-
yonu verilmektedir. Bu formiil zel olarak reel kisrm poiitif olan analitik fonksiyonlara
tatbik edilmistir. Ayrica, Goluzin’in makalesinde (A. W. Goodman tarafindan terciime-
sinde) bazi 6nemli hatalara isaret edilmistir.
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