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Absolute Summability Factors of Infinite Series

by
NIRANJAN SINGH

Depertment of Mathematics, Kurukshetrr Universuy, Kurukshetra, India
(Recived 6. XI. 1971)

In this paper we have proved the following theorem which generalizes a the-
orem of Pati [M.Z. 78 (1962), 293-297] and also a theorem of Prasad and Bhatt
[Duke Math. J. 24 (1957), 103-117]

A
THEOREM Let {7&;} be a convex sequence such that X — < . If
n
n |Sy
Z —— = 0 (log ny,)
v=1 v

where {y.n} is a positive non-decreasing sequence such that

1 a,
nlogn p, A (—) = 0 (1), ne> 00, then T ~
£ tn Hn

is summable |C, 1].

1.1. Let X a, be any given infinite series with partial sums

o o
8y, and let t, = n a,. By {o,} and {t,} we denote the n-th
Cesaro mean of order a (a > —1) of the sequences {s,} and {t,}

respectively.
The following identity is well known [1].

[+ 4 o

-4
(1.1.1) t, = n(o, — 6,_,)-
The series X a, is said to be absolutely summable (C, @), or

: o
summable |C, a], a > —1,if {o,} is a sequence of hounded

variation, i. e., if
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o o
(1.1.2) 2 [cn — Gn_ll < 0.
n ;
Let
' 1 n Sy
t,* = X

log (m+1) v=0 n—v + 1

If t,* € B. V., we say that X a, is absolutely Harmonic
1
|

summable or simply summable |N,

n+1

We write, throughout this paper, for any sequence {p,}

Apn: Pn — Pa+1e A? Pn = A(Apn)

A sequence {\,} is said to be convex if A2}, = O for every

positive integer n.

no | sy |
If X

v=1l v
to be strongly bounded [R, log n, 1].
The object of this paper is to prove the following theorem.

= O (log n), as n ~— oo, then X' a, is said

1.2 THEOREM 1. Let{},}be a convex sequence such that

Mo
P < oo . If
n
n sy | '
(1.2.1) 2 = 0 (log n y,),
v=1 v

where {u,} is @ positive non-decreasing sequence such that

1

nlognp, A(—)=0(1),n > w,
n

an?‘n

is summable | C, 1].

then X

¥n
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It may be remarked that if we consider the special case p, = 1,
we obtain the following theorem of Pati [5]

THEOREM A. Les {An} be a convex seéuence such that

M :
Y—— < . If ¥ a, is bounded [R, log n, 1], then X a, A, is

n ,
summable [C, 1].

On the other hand, if we take y, = (log n)* (k = 0), then
it is easy to see that our theorem generalizes the following theorem

of Prasad and Bhatt [4].

THEOREM B. If {A,} is a convex sequence such that
Aa ' o

n

X < wand X sy —s| =0 {n(logn)<}, k = 0,
n v=1 -

as n — oo, then the series X (log (n + 1) )~* A, a, is summable

Ic, 1].

1.3. For the proof of this theorem we reqﬁiye the follo-
wing lemmas.

LEMMA 1. [2] If .} is a convex sequence such that
A g :

x

< oo, then {),} is non-negative decreasing sequence and
n

Mlogn=0(),n— .

LEMMA 2. [3]. If {,} be a convex sequence‘ such that
Ay o '
< oo, then X log (n+1) A X, < o, and
n n

m log (m+1) Axr, = O (1), as m — 0.

X

LEMMA 3. [6]. Under the hypothesis of Lemma 1 we have as

m
m — oo, X nlog(nt+1l) A*2, = O (1), as m — 0.

n—

1.4. PROOF OF THE THEOREM. By virtue of the relation
(1.1.1) it is sufficient to show that
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ot | T, | < o
n

where '{Tn} is the n-th Cesaro mean of order 1 of the sequence

n i, a,
{ } that is
Ka
n v ay
T, =@+ 1) X
v=1 iy
By Abel’s transformation, we get
1 n-1 v Ay 1 Sp L A,
T, = I s A(—) +
n4+1 vy=1 y n+-1 Hn
8o M
(n+1) g,
1 n-1 vAxN Ay g
= 2 sy ( -
n—|——1 V=1 U'v y‘v +1
1 Sp B Ay, 8o A
+ vAyy, A —) 1+ —
ty (n+1) pq (n+1) g,
1 nl  vAx 1 nl sy vy,
== Z‘ SV — Z
n41 v=1 Hy n+1 v=1 py,,
1 n-1 1
+ 2 Sy . V. )\v+l A ( )
n+1 v=1 ey
n s, A, 8y A,
(n+1) (n+1) g,
= Kl + Kz + K3 + K4 + Ks, say;
Now '
m |K,| m 1 n-1 vA Ay
z =0(—m 2 |8y | —)
1 n 1 n(n+1) v=1 ty
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m sy | VAN
=0 (X
1 v Ky
m-1 v AN v s
=0[] 2 A(—) 2
1 By p=1 p
m Ar, m |su|
+— ]
Bm =l p
m-1 VA )\v
=0[ 2 | A(———) |logvey]
v=1 ey
m Ax,
+0 [ — " log m. gl
tem
m"]. VA 7\V
=0[ 2 | A(—) | (log vuy)]
v=1 TaY
+ O [m Ax, log m]
m-1 VA)\V
=0[ 2 | A(—) log v.iry .] 4 O (1).
v=1 ty
m-1 Az)\v v A;\V
=01 2 logvuy( +
v=1 ty ty
1
FAN Y A—) ]+ 0
ty
m-1 m-1
=0 X2 v A2)\logy+ O Z logvA ]
V=1 V=
m-1 1
+ O 2 vlegve, A) A 1+ 0 (@
hY === p’v

=0
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by lemmas 1, 2, 3 and the hypothesis of the theorem. Also we
have
m K | m 1 n-1 sy | Avyy
=0( 2 — —
n=1 =n n=1 n(n+1) v=I1 Uy gy

m |sy | Ay

=0( Z )
v=1 v By,

v=1u=1 By 4,

v=1 v Ym+q

m-1 7\\;
—0[ £ (loguy)A

v=1 p‘v_{,l
Am

) ]

+ O [log m pp, ]

Fmg
m-1 Ay
—0[ = (ogruy) Al

v=1 E‘L\H—x

)] + O [An logm]

m"]. )\V
=0 [ 2 (logvuy) A(

v=1 p’V«H

)1+ 0(Q)

m-1
=0 ( 2 logvA )+

v=1

m—l )\V 1
O( 2 logv vty A —) 0 (1)

v=1 v By iy

m-1 A
=0 +0( 2

v=1 v

v

) + 0 (D)

=0 (1),
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by the hypothesis of the theorem and lemmas 1 and 2.

Next
m |K3 ! m 1 n-1 ’ 1
b =0( 2 — Z-lsy|vry A )
1 n n=1 n(n+1) v=1 thy
. m 1 n-1 Isv | My
=0( 22 — ¥ —
n=1 n(n+1) v=1 log (v+1)
log (v+1) 1
B )
By Hy
m 1 n-1 lsy | Ay
=0( ¥ — _—
n=1 n(n+1l) v=1 log (v+1)Hy
m |sv | Ay
=0( 2 )
v=1 v (log (v+1). &y )
m-1 v [su | Ay
—0[ £ = A (
v=1 p=1 m log (v1) &y
m [sy | Am
+ 2 -
v=1 v log (m+1) pp
m—i 7\\)
=0 2 logv by A (———-———)]
v=1 log (v+1) &y
log m pp, Ap
+ 0 [
log (m+1) p,
m—]\. A )\V . y‘v
—0[ 5 logg— ]+
v=1 log (v-+1) &
m-1 )\V 1
O 2 wlog

v=1 w v+1 v (log (v+1) )
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m-1 W&, logv &, 1
+0[ Z A—1]+ 0@
v=1 log (v41) ty

m-1 m-1 )\v
—0( Z AN)4+0( 3

v=1 v=1 v

)

m-1 i
+O0( 2 » & A

v=1 &y
m"‘]. )\V 1

=0 +0( 2 v. By A
1 v p'V

) + 0 (D)

)
= 0 (),
by the hypothesis of the theorem. Also
lsa| 2a
—)
I nyp,

m IK4|
2

1 n n

m M log m gy Ay
=0( 2 logny, A(—)) + 0 (———)
n=1 Pen Pm

m
=0( 2 lognp’nA()‘n/f“'n))_"O(l)

n=1

m AR,
=0( X logny, —)+
n=1 Ha
m 1
o ( b2 lognf‘nxnﬂ A__—)+O(1)

n= #n
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m m A,
=0( 2 lognAi)+0( 2 —)+0(Q)

-0,

by lemmas 1,2 and hypothesis of the theorem. Lastly

m |Ks| m 1

z =0( 2 —m)

1 n n=1 n (n+1)
= 0 (1)

Therefore, we have

m | Ty |
2 =0(1),m—
1 n

This completes the proof of the theorem.

1.5. Concerning absolute Harmonic summability factors
Singh [8] has recently proved the following theorem.

THEOREM C. If X a, is summable | C, 1|, then

a, logn 1
—————— is summable | N, |.
n n--1
From the above theorem we deduce the following result for
1
summability | N, |
n+1

THEOREM 2. Let {\a} be a convex sequence such that
A

n

z

< o . If
n

[sv |
— = O (log n p,), n —> o

Ll R~

v
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where {u,} is @ positive non-decreasing sequence such that

1
nlognp, A (——) =0(1), n — o0,
“‘n+1
a, A, log n 1
then X ———— is summable | N, ———|.
n p, n+1

Taking 1, = 1, we have the following theorem of Lal [7].

THEOREM D. Let {),} be a convex sequence such that

A

S — < w.If Za,is bounded [R, log n, 1], ithen
n
M 8, log (n+1)

s absolutely Harmonic summable.
n
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OZET

Pati’nin bir teoremini [M. Z. 78 (1962), 293-297] ve aym zamanda Prasad ve
Bhatt’m bir teoremini [Duke Math. J. 24 (1967), 103-117] genellestiren bir teoremi bu

makalede ispatladik.

A
TEOREM { )\n}, 3 —— < o0 olacak sekilde bir konveks dizi olsun.

n
1
{un}, nlogn u, A (—) = O (1), n — 00 olacak sekilde positif bir azalmayan dizi
Uen
n S| a2y

|C, 1| toplanabilir.

olsun. Bu takdirde % —— = O (logn y.,) ise, X
v=1 v Yn



Prix de ’abonnement annuel

Turquie : 15 TL ; Etranger : 30 TL.
Prix de ce numéro : 5 TL (pour la vente en Turquie).
Pri¢re de s’adresser pour I’abonnement 4 : Fen Fakiiltesi Dekanlii

Ankara, Turquie.

Ankara Universitesi Basimevi - 1972



