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A Matrix Representation Of The Quadratic Residue
And Quadratic Non-Residue Classes.

E. KAYA*

SUMMARY

In this article, we obtain a matrix representation of residue classes (mmod p) using
Mahler’s Matrices and extended this to quadratic and non-quadratic residue classes of
an odd prime p.

Some properties of Mahler’s Matrices have been obtained by D. H. Lehmer [1]
and J. L. Brenner [2].

I. INTRODUCTION

Let p be an odd prime and m a positive integer so that
(m,p) = 1, m =1 (mod p).

Definition 1.1. Let Q be a square matrix of order p of the form.

0 1 0 0 0
0o o0 1 0 0
Q= | i
0o 0 0 0 1
w 0 0 : 0 0

where w is a primitive p-th root of unity.

Lemma 1.1, w™ = w

1.2. Q* = wE (E is the unit matrix of order p).
1.3. Qmr —= w"E = wE.

* Department of Mathematics, Ankara University, Ankara, Turkey.
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1

- W

Definition 2.1. Set v =

11, ...1)

2.2. Let B (m) be a square matrix of order p of the

form.

v E

v Q™
B(m) = | .

;, Q (P—1)m

First, we investigate some properties of the matrices B(m).
Lemma 2.1. Q B(m) = B(m) Q™
2.2. Q% B(m) = B(m) Q™

where k is any positive integer.
2.3, (E-Q) B(m) = B(m) (E-Qm)
2.4. v B(m) (E-Q™) = v
2.5.  (E-Q) B(m) (E-Q) (B(m")) = (E-Q) B(mm)
Proof. (2.1) We can write Q B(m) and B(m) Q™ as follows

v Q© vQ©

Q B(m)= v QEm | B(m) Q™ = v QEim

w v E v Qrm

By lemma (1.3), the last row of B(m) Q™ is vQP® = wvE. This
completes the proof of (2.1).

(2.2) This can be proved by induction.
(2.3) By (2.1) and (2.2), we have
B(m) (E-Q™)= B(m) - B(m) Q,
= B(m) -Q B(m)
= (E-Q) B(m).
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(2.4) Let us consider the following equality
(E-Q™)= (E-Q™) (E+Q™+...4Q"-0m).
Multiplying on the left by v both sides of the relation,
(B+Qmt...+Qe-m)  (E-Qm) = (E-Qv™)
and using (1.3}, (2.1), (2.2), (2.3), we have
VEHQTE ... QP (EQm) = v (E-QU),
(VE4+vQm4 .. .—|»VQ”I’*1>‘“) (E-Q™) = v(E-wE),
(1,1,...,1) B(m) (E-Q™) = (1-w)v,
v B{m) (E-Q™) = v, or
v(E-Q) B(m) = v.
(2.5) The left hand side of (2.5) is
(E-Q) B(m) (E-Q) B(m') or
B(m) (E-Q™) B(m’) (E-Q™).
By (2.1), (2.2), (2.3), (2.4); the r-th row of this is
v QU=om (E-Q™) B(m') (E-Q™),
v B(m’) QU-umm (E-Qm™) (E-Q™),
v B(m') (E-Q™) Q"-vmm (E-Qm™);
v Qrmommt (E-Qmm).
But -the relation is the r-th row of
B(mm’) (E-Qm™).
Thus (2.5) is proved.

Definition 3.1. Set A(m) — (’I’:_) (E-Q) B(m)
m .
where (?) is the Legendre’s symbol.

Now, we investigate some properties of the matrices A(m).
Lemma 3.1. A(1) = E.
3.2. A(m) A(m') = A(mm’).
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3.3. A(m) A(m') = E, if m’ is thesolution of the
linear congruence
mx = 1 (mod p?).
3.4. Alm) = A(m') if m = m’ (mod p?
Proof. (3.1) and (3.2) are easily obtained using the above results.
If (m, p) = 1 then the linear congruence
mx = 1 (mod p?)

has exactly one solution m’ (mod p?), [3]. Then the solution m’
satisfies the relation m m’ = 1 (mod p?). From this, we have,

since
A(m) A(m’) = A(mm’),

A@mm’) = A(+qp) = AQ) = E.
where q is any integer.

Hence, we see that each matrix A(m) has an inverse.

2. Suppose that («, p) = 1. If the conguence
x? = « (mod p)

has a solution, then the integer o is said to be a quadratic residue
of p. If this congruence has no solution, « is said to be a quadratic

non-residue of p.
We write « R p or « N p according as « is a quaratic residue
or « is a quadratic non-residue of p.
Lemma 4.1. If « R p and «’ R p, then
Aa) Ala') = A(ax’).
4.2. If « N p, o’ N p then,
Ao} A’y = A(aa’).
4.3. If « Rp and o’ N p then
A(d) A(e’) = — Afxa’).

24

Proof. (4.1). If « Rp and o' Rp then (%) = 41, (~P~) = +4 1.
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Hence,

A(a) A{e)) = A(x).

4.2). (%):—1, (%) = — 1. From these we have

Ax) A{a') = A(o’).

4.3). (_;‘_) 4, (%) — ~1. Then

A(e) A(e) = - A (aa).
Thus we have proved the following theorem.

Theorem. Let p be an odd prime. If m is a quadratic residue
of p, then the set {A(m)} forms a finite Abelian group, isomorphic

to the multiplicative group of quadratic residues of (mod p?)
[3, 4]
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OZET

Bu ¢aligmada (mod p) kalanlar simflarinin Mahler Matrisleri ile gosterimi, kuadra-
tik ve kuadratik olmiyan kalanlar simflarina bir tesmili yapilmigtir,
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