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On L' Convergence Of A Walsh-sum

by
Babu RAM:

SUMMARY

n
It is shown that limit of the Walsh sum gn(x) = X A" Py (x), 0<x<1,, exists
k=o

and is integrable if and only if lim A® < 00. Then g, converges in L' norm to g

' n—->00
and for 0 <p<1,lim [ | gx) - g, ®) [P dx = 0.
[

1. The Rademacher functions are defined by

G,(x) =10 <x <1)2), gx)=-1(102 =x<1)
G, x+D)=g,x), B,x)= F,2%) (n =1, 2, ... ).

Then the Walsh-functions are defined by

¥(x) =1,%, (x) = gn (x) On, (x) Zn, (x) . .. Zn, (x),
for n = 20,  2n, + ... 4 2n., where the integers n; are
uniquely determined by n;,, < n;

Let {A"}, 0< k< n be a double sequence of real num-
bers satisfying the following conditions:

(1.1) Lm A", = 0
n— o

(1.2) lim (™ —am,) =% ifk<n
m-—> oo .

(1.3) lim (A," - n )\::i ) <ooif and only if lim A ® <oo
n—>00 n—co

(14) lim Ak 2 x=n—y = 0 where A" = A" — Ay
n—>co
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(1.5) A 2+ > A A"> 0 if k < n-2, where
A%y A= A A - Ak+1 N
(1.6) A, A", > 0.

In the present paper, we prove the-following theorems for
Walsh sum =t _ A" ¥, (x). )

Theorem 1. The limit of the Walsh sum =°__ 2", ¥, (x),
0 < x <1, exists and is integrable of and only if lim ,—> oo A" < oo,

Theorem 2. If the limit g of g, (x) = s A Vilx) is in-
k=0
tegrable, then gn converges in L‘ norm to &

Theorem 3. If the limit g of gn (‘() Zn A Wi lx) s
’mtegrable, then for 0 < p <1 we have ke ‘

1 o
lim j | g (x) - ga (x) P dx = 0.

It may be remarked that Theorem 1 and 2 are analogous to
the results of Garrett ( [3], Theorems 1 and 2) for the genaralised
Rées-St:;noiéVic (;oysirk'xe sum in the form ‘2 —{— E 7\“,( cos kx

while Theorem 3 to a known result for trlgonometrlc series

([L] p. 215).
2. We require the following Lemmas for the proof of our the-
Oremss, . . .. :
Lemma 1 [2]. (G) If D, (x) = s Y. (x), then | D, (x)|
k=0 . : v

< 2fx for 0 < x < 1.

CRANCE

1 f DX(x), then | K, (x)]< 2/x for
alln,.” :

Exa =

Lemma 2 [4]. If K (x) =

1 n
T o Dk (X)? then
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1 .
: J | K(x) | dx° << 2, for all n.
0 o

3. Proof of Theorem 1. Let
ga (x) = }Eo' Ay Wi (%)
Applying Abel’s transformation twice we have

n=|
(3.1) gn(x) = kfo Ay A"y Dy, (x) + A", Dnﬂ (X\

ne=2
= k=20 (k-+1) A% A% Kl; (X) =+ P[Ak lnk]kénfl.Kn—l(x)
e

Since | D, (x) | <2/x, | K, (x) | <2/x (0 < x.< 1), lim;>00
A"y = 0 and lim,>o [Ag A" ]y 4., = O the last two terms

(I

in (3.1) tend to zero in the limit. Finally, = = = !

im E (kDA O Ky ()
n—> oo :
; 2 5 | A2 an
< L lim = - (k 4 1y A% amy
n—> oo k=0 -
= lim _;'[ I AN -(@-1A,, M,y]
n—»oo T ko : T
B 2 ram Lam L IyOoa T
= Im T[xo_)\ n—l_‘(n‘—l)()‘ uvﬂ—)\n)], :
n—> o : ) SR
. 2 ] n . v.),«,n S
== llm —x— [)\0—11(7\ ,n—1v“)‘n)_7‘ n]” i
3 2 n 3 m m m
= lim — [A\o-n_ lim (™, _ -2, -A", +
n>oo X . m>

j\mn+1) - )‘nn]
. 2 n-1 . ..

= lm = D,-nk,, - %]
n>co X S



12

B. RAM
2 n n-1 . .
— (\"g-nxr_ ;) < o if and ony if

= lim

ns>o X

Im A", < oo
n—co

It follows therefore, that lim, .., g, (x) exists if and  only
- 00

if lim, o A", < co.
Now let g (x) = lim, o g, (%). Then g(x) = lim’

S (k + 1) A% K, (x).
k=0

Since :2—‘.2 (k+1) A*, A" K, (x) is nondecreasing, using
=0

Lemma 2, we have
B (k4 1) A2, K, (x) dx

1
I | g (x) | dx = lim
0 n>o YO E=°
<2 lim S (k + 1) A% an,
n-- oo k=0
. n-1 n
=2 lim [A®, - nkn_l - A" ]

n— oo
< oo if and only if lLim A", < o0
n—>co

Proof of Theorem 2. Since g, is integrable, therefore by The-
orem 1, we have lim,_, o A", < 0. Then it follows from A}k =
lim, o [A% — A" ] that lim ,o A" < oo for allk > 0.

We denote lim,_,oo A" by 3, *®. Then
go (x) = z Ay Py (%)
n =] ==}
pY ()\k _')‘n+1) ‘Fk (X)
k=0
n <« -}
z 'lk le (X) - )\n+1 Dn+1 (X)

k=0
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Applying summation by parts we hawe

n—1 i
gn(x) = kfo Ak kwk Dk+1 (X) + )\wn Dn+1 (X) - )\wnﬂ Du+1(x)
= E’ Ag 2 Dy, (%)

= ]E: (k+1) A2 A= Ki(x) + (0+1) [A= 1o K4(%).

Since lim (A Yoy = lim (A, °-2*,, )=lim »* =0,
n—>o n—> o0 n-> oo

we have

gx) = Im g,(x)= 3 (k+1)A% 1*, Ky(x).
n—o k=o

Then,
1
lim j | g(x) - g, (x) | dx

n—soo Y0

1
— lim 1T (kDA K, (%) - (n+1)(A 3% K o(x) |dx
n—>oo JQ k2
- 1 1
— lim [% (k—{—l)Azkk“’kjOKk(x)dx+(n+1)(Akkwk)k=nj K (%)

n-—>oo &0 0 dx]

<2 hm [T (kDA% + (1) (A= )een]

n—>oo <1

= 21lim  [3 AR An(AA" )t (AR g ]

n—oo k™

=2lim [ Ac+@nt1) (Aou®)e_n] = 0.
n->oo "k

o
since T A ® = A" < ooand A%\ = lim A?A™, > 0.
k=1 m-> o0
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Proof of Theorem 3. As in the proof of Theorem 2, we have
by using Lemma 1

1
m | g () -g (9 I s
n>o Y0
1

n—o. Y0 kT8 .

— lim 1S (k1A% 0" K(x)-(04-1) (Apn® - K o(x) [P dx

| o
<dim 20 [ 3 | (DA 1+ (A enn] jox-P dx

n—> o

1
— 2 lim [2 AT +(@n+1) (AP gmn ] j x? dx — 0.
n—soo XM 0 ’
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OZET

n
Gsteriliyor ki g, (x) = X Wy ¥y (%), 0< x<< 1, Walsh toplam:, meveuttur ve

k=o
integrallenebilir yalmz ve yalmz lim A® <00 . Bu taktirde g, , L' normunda g ye
n—>-00 ‘

yakimsaktir ve 0 <<p <1 ise lim .fl Je(x) ~g,(x)|P dx = 0.
n—>eo ¢
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