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On the Zeros of Polynonıials

V. K. JAIN

1. Govil and Rahman [1, Theorem 1] have proved the fol- 
lowing theorem.

n
Theorem A. Let p (z) = £ aj^ 

k“0
z’^ ( 0) be a polynomiai of

degree n with complex coefficients such that for some a
>«-1 I a^ •11-2 a' I »ol-

Then p (z) has ali its zeros in |z Kj, where Kj is the

greatest positive root of the trinomial equation
K"+ı - 2K" + 1 = 0.

In the same paper [1], they also remark that Theorem A 
remains true if the polynomial has gaps and non-vanishing coef-
ficients , an,’ satisfy

a' ,n-ıa‘ -“a I a°2 I

O

I a I a a”~' I aj

We have sharpened the result for the polynomials having 
gaps and ■we prove

Theorem 1. Let p (z) z= a„ z” + a„^ z“> a„ Z"2 +...
^2

/ 0, be a polynomial of degree n with conıplex

coefficients such that

“2 1’ “2’- n,j ali being non-nega-
tive integers.

(ii) for some a >0, the coefficients a,j’s satisfy the condition

ianl a“-“> a“-”i*2 |a„J. (1)

(i) “ «1 “k? “1
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Then p (z) has ali its zeros in | z | < f— 

greatest positive root of the equation

Kj, vrhere is the

x“-“k+ı -X’;“-nk_x"ı-“k+l +1 = 0. (2)

As remarked earlier, Theorem 1 is sharper than the bound 
given by Govil and Rahman [1]. For the sake of eompleteness, 
we shall verify this faet and for this, it is suffieient to prove that

2 ~ J^2
n-l ... K, - 1 0. (3)-

For this yfe note that

1 K2 2. (4)
Also Kj will satisfy the equation

“ı-“k-lKr“'

Now ^■e have

‘k - K?- (5)

2 — JV2
n-l

K“2 “ 1^2

••-K,-1

- -.

.-1 + ... + Kr+ K, + 1)

n—1K? - (K“ + K2
n-2 ... + Ka“ı-“k+l) - k”-"’‘k

-

.. - K,-l = 0.

(by (5))

= KS -
.^n-(n[+l)+ıi4. -1

K'2“-“k (K^ - 1) (K,-l) - Kr°»‘k (K?-

0.

Proof. If, a.“1 z"' + a. z"^ + ... + a”k
“k = Pı (z),

Kj - 1
-

)

‘“2

1

tben for |z | = R 1 A L-----I, we have 
a /
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İPı (2)1 < I |z|“> + ia^J |zp^ + ... + |z | “k

- hnj R“‘+ |a„J R”^+ •.. + |a„JR’

1%
a,I R"- Tl + I I

L ajij
1

r““”='■2 R“*

< |a„_ |R“. Tl + 
L I n,—n.

(aR) *■ (aR)
n—n,

J,(by (1)
'k.

|anjR”‘ [ “ı-“k 
2

V=o

= |a„jR’n,
”ı-“k+l

(aR-l) (aR) ‘ ‘k
(6)

1

1

1
W

+ - +

]
- 1

1

Therefore, for every real 6, we have

İ0.İP (Re ) I JaJ R"- İP, (Re’®)|

.n|a„| R"- I a„J R’,x., (aR)
(aR-l)(aR),“ı-“k

(by

if

bnl
n—n, 

a ‘|anj

R”'
n—n, 

a

(aR)“‘-"'‘+^ -1
n,—n‘ R“ (aR-l) (aR)”*’ 'k

But l^nl
n—n, I *

if
|anj

= W 
(aR)’,“-“k

_1
(aR-l)

1 by hypotbesis, yfe conciude that p (Re’®) / 0

(aR)’ (aR-l) (aR)’’'-’’k+l-l.

a

0

On replacing (aR) by K, we get tbe result.

2. Tbe following result is due to Cauchy ([2], p. 123),
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a.'n
Theorem B. Ali the zeros of p (z) = 

0, lie in the circle
»o + HjZ + ... + a„ z“,

|z| 1 + max I a,j/aj, | , k = 0,1,2, ..., n-1.

We skarpen this result in the ease of polynomials having
second and third leading coefficients equal to zero i. e. a^^ j = 0,
a,■n-2 = 0. We prove

n 
Theorem 2. Let p (z) = 27 a,j

k=0

af degree n ( 3) such that a.

(4: 0) be a polynomial

n—1 = 0, a ‘̂n-2 = 0. Define

Q z= ( Max 
0<j< n~3 a,‘n

1

) •

Then ali the zeros of such a polynomial lie in the circle

1^1 r (8)

where r is the positive root of the trinomial equation

x2 - Q" = 0. (9)

Proof. Without loss of generality, we can assume that Q 4 0.
We have for jz| 1,

Ip (z) i 1 a«l hn-îl lz|“ ’
- |a,

'n—4 I hi:11“4 - laol

lzl“ - i a„| Q” |z| n~3 - |anl Q“

|ani Q“ hl -Q“ Unl

= |aj [1^1“ - Q”
n-2 - 1

İM - 1 ]

lani [İM"-Q” hln-2

|z I - 1 ]

= bn! 1^1 n—2 [
|zp - |z|^ - Q°

|z| -1 ]• (10)
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Henee if | z | 
P (z) in |z I

r. then İP (z) I 0. Therefore, the only zeros of
1 are those satisfy ineguality (8). But, as ali the

zeros of p (z) in |z | <1 satisfy inequality (8) also, we have fully 
estahlished Theorem 2.
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