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On the Zeros of Polynomials
V. XK. JAIN

1. Govil and Rahman [1, Theorem 1] have proved the fol-
lowing theorem.

Theorem A. Let p (z) = z a, z* (# 0) be a polynomial of
k=0

degree n with complex coefficients such that for some a > O

Ian|> alan—1|> azl an—2|> > an—ll a1|> anl aOl'

Then p (z) has all its zeros in |z| < (%) K,, where K, is the

greatest positive root of the trinomial equation
Kottt - 2K® + 1 =
In the same paper [1], they also remark that Theorem A
remains true if the polynomial has gaps and non-vanlshmg coef-
ficients a_, a,, a, satlsfy
laa| > a™™| [a%] 2> "] a%] >
We have sharpened the result for the polynomials having
gaps and we prove

Theorem 1. Let p (z) = a, z* + a, z™ + a, 7™ +...

+ a, z% a, # 0, be a polynomial of degree n with complex
k

coefficients such that

(i) n> n; > n, > ... > n,; ny, n,..., n, all being non-nega-
tive integers.

(ii) for some a >0, the coefficients a,’s satisfy the condition

|a a®™™ fan | > 2™ lan | > L3> 2 ay | 1))
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2 V.K. JAIN

Then p (z) has all its zeros in |z| < (_:1—) K,, where K, is the

greatest positive root of the equation
e S e L S B} 2)

As remarked earlier, Theorem 1 is sharper than the bound
given by Govil and Rahman [1]. For the sake of completeness,
we shall verify this fact and for this, it is sufficient to preve that

n-2

K- KiWKi?- .. K,-1 < 0. (3)
For this we note that
1 <K, <2 (4)
Also K, will satisfy the equation

KE™ - KK L KT— 0 ()
Now we have | |
KD oK K - oK, -1

n-2

n-1 -m +1
=K2—K2 —Kz —...——K?ll‘

_ (K;‘Fnk

+ Ky 4+ KE K, 1)

— Ki- (K + Ki7 .. 4+ KiWTh _KETR
(by (5))
_ Kn—(nl+1)+nk 1 n
:Kn—Kn' n +1 2 ] e
2 2 K_2 — 1 2
-n+1

K % (K -1) (K,-1) - Ky % (K% - Ky
K, -1

)

o =0 »
~ Proof. If, a, z™ + a,, z% 4 ...+ a'k Zn, = P1 (2),

then for |z | = R (> :—), we have
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P (@) < lan, | |2]™ + Jag | |2]™ + o + |2y,

| ]z ™

= Ianl[ R% + la, | R™ + + ]ank[Rnk

1

— |a, | R™ [1+|__ ot |

Rn 1,

< | HIR“[1+

<l ¥ 2 ]

n-n+1

= oy, [ R G -1
' (aR-1) (aR)™ &

Therefore, for every real 0, we have

Ip (Re") | > |a,| R" — |p, (Re')]

-ny+1

T e

ank 1 ]
anl R n,-y

,(by (1)

(6)

la,| R" - [a, | R™ LB_)___:_I_, (b W)
n —, (by
(aR-1)(aR) 'k
>0
if
[anI - Rn. (aR)nl—nk+1 -1
a lan| a" *R" (aR-1) (aR)™ "k
( R) -~ +1 -1
(aR)™™ (aR-1)
But _"%—T > 1by hypothesis, we conclude that p (Re'®) % 0
a’ lay
if

(aR)* ™ (aR-1) > (aR)“I;nk+1¥1.

On replacing (aR) by K, we get the result.

2. The following result is due to Cauchy ([21, p- 123).
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Theorem B. All the zeres of p (z) = a, + a;z + ... + a_ =",
a, # 0, lie in the circle

|z| <1+ max| a/a, |, k = 0,12, .., n-1.

We sharpen this result in the case of polynomials having
second and third leading coefficients equal to zeroi.e.a, , = 0,
a, , = 0. We prove ’

n

Theorem 2. Let p (z) = z a, z (+ 0) be a polynomial
=0

af degree n ( > 3) such that a, , = 0, a, , = 0. Define

1

a;
a!l

Q= ( Max
0<j< n-3

)

Then all the zeros of such a polynomial lie in the circle
lz| <r (8)

where r is the positive root of the trinomial equation
x3-x2- Q" = 0. 9)

Proof. Without loss of generality, we can assume that Q 0.
We have for |z| > 1,

lp @ 1> |a] 21" = laus | |27 = Ja,L] |27 = = 2]
> lay] 21" = | a,] Q* 2] °7 = |a,| Q" 2" —m
|anl Qn lzl _Qn Ianl

o 2] -1

= |a,| [|z]* - Q Wl_]

o

> |a,| [|z[*-Q —lzl_*—l—]

= fol fop [ R L= (10
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Hence if |z| > r, then |p (z)| > 0. Therefore, the only zeros of
p (z) in |z| > 1 are those satisfy inequality (8). But, as all the
zeros of p (z) in |z] <1 satisfy inequality (8) also, we have fully
established Theorem 2.
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