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ABSTBACT

We replace in the parabolic model of the classical Laguerre plane the parabolas
y = a + b X 4- c by the polynomial curves y î= ax® + b x“ + c. Where n and
m are even and odd integer^, respectively. Por each siieh a pair n, m with n>m>0 ‘we 
obtain ’agaijı a Lagtıerre plane wlıicb is also ovoidal.

1. BVTRODUCTION

A Lagıterre plane is a system (y, s) which consists of a
nonempty set P of points, a nonempty set of subsets (cycfes)
of jP and 
axioms:

£ the set theoricat înciusion satisfying the foUowing four

’ LI. Por every three paiı^vise nonparallel points P, Q, R there 
exists a unique cycle z such that P,Q,R £Z.

points are said to be paralkl ( 11 ) if and only if either 
P = Q or there is no oycle z £^ such that Psz and Qez.),

L2 < Por each eyele z and each point P^5 there exists a unique 
point Q such that () j /F and Q£z.

L3 . Por each cycle z, each point Psz, and each point Oe^-^z,
P'f]xQ, there exist8 a 
znz’ = {P}.

unique cycle z’ siMİı that P,Qez’ and

L4 . Pör each P, there exist Q, Rt^ such that Q 96 P t/: R, 
P j l() and P R. Every cycle contains at least three jioints.

s The origion of the‘Laguerre geonietry is the ygeometry of 
öriented lines and oriented circles with honnegatiye radius of 
the euclidean plane (see, Waerden-Smid [6] and Benz-Maurer 
{3]), In [1], Benz eohstructed the fbHowing class of Laguerre 
plan es: Let P he ah arbitrary field and V = P’ denote the three
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dimentional vector space över F. Lel O be an oval*) in the plane
{(x,y,z) sV: z = 0}. Then (f,
(x,y,0) £ 0} and £ = {{(x,y,z) sf: z

s) with ‘î’ = {(x,y,z) şV:
+ b y + c}:

ahîC sF} is a Laguerre plane in the above sense. Hier j®is the set 
of points (rf.’B!K!woidal «^dinder and a eyele ihlintersection of 
with a plane which is not parallel to the axis of the cylinder. A 
Laguerre plane is ovoidal ıf it is isomorphic to a member of this 
class. (For a gtşneral definition, see Grph [4 ]). in .(2 ], Benz shows
that if O iş^iven by x2 + ==

isomorphic to the parabolle model (y, z)erre plane ıs
Where U

S == .{i{fey)£*SV: y ==;

1 then the corresponding Lagu­
över

a5£^.-h;h X 4- -c}

.,^<L^ -iş the fiehF of alı real-numbers. In order to obtain şome
new Laguerre planes^ Hartman [5 ] replaced the parabolas in 
the above model by some particularly chosen curves.

a X

The following are three baslc pfoperties of the Laguerre planes;

a) Faridlelism is an eqüivalence relation ön

b) Eor[,eyery point F the derived incidence strueture , 

e-Ap = {z: P£Z££}u{X: X -ti. P}, s)

is -ah affhie 'plaflieı. (Where P or X denotes the equivalence* class
which contains P or X, respeetively.) t

c) Ih ah ovoidal Laguerte plane ali derived affine plhnes are 
desarguesiâh and isomorphic to each other.

r The jfnirpose etf ihls paper is to' give a class of öVbidal Laguerre
planes by generaUzing the parabolle model.

2 ; GENERALIZED PARABOLIC MODEE

Let ^enoj^e the field of ali teal npınbers. The Central point 
of thİS Kork İSfj J-,. / -i

Theojr^m li Leb n be an even integer and m ah odd
integer sueh that nî

—’ I ....■■-•■i
m 0. Then the ss iricidenoe structnre

. * o is a subset of a pcojectiye piane such that i) each Ene cuts O in at most
two pofnt^ and ii) through each point P e^Ö ^oes exactly one tangent, i,e. a line ihteV- 
sectihg Ö 'in exactly one point.’exactly one point.'
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£nt]iı Âl, 2’i£)witb r- U and £ -= {,-{(x,y) sT:
a -H b X'" 4- c} U,{a}: a,b,c z^R}. U a Lagnerre plane-^

Proo/. Il is oKviöu^ fbat {â} / j {«} for ali a, a zR and {x,y)
11 for ali X,y^ü,v£7?, and thercfore satistics

L2 and L4. '
Tw6'cases are possîble for Ll. In the

are (.^i^yı) witb
case wbere given points

i j, i,j = 1,2,3, let (lct(x,.,y i,z,)
dençte the detebtninant functiön. of wbich ifb row vector is
(xi,yi,Zi). Let f(xı,X2,:,X3) ■= det(x;",Xi'”,l) = d. Considerihg any
two of tbe vâriablcs as parameters, say X2 = r and X3 = s, and
taldngXı =. X in f(x,,Xs,X2) . 0 we obtain.tbe trinpmiali eq.aatioıı

f(x,r,s)>=^^ 

tvbere Â = (s"- r"'‘)(r”

’O
s“)-* and 7Z = (/‘s™- .m fili’r^s ‘)(t'” - .m)-ls'

By The'DesGartes mle of signs f(x,r,s) vanishes if and only
if X = r or X s. It f0İİ0W8 that f(xiiX2,X3). O if-.Sı 7^ X2
7^ x,ı X,. Now, let [a,b,ç] denote tbe cycle ~

-)-bx"’-(-c} U {a}. Using the equation of the cycle it is easil^a x"
seen that a = d ' det (yi,Xj"’,l), b = d ' 'det(x£",y(,l) and
c d bdel (xj",Xj“*,y9 for [a,b,c] eontaining’tbe' igiveıi pbints.
In tbe case where given îpoi®^ are (x^iyı), •(X2,y2).A»dtb Xî

X2, it can bd sbpwn that tbe re!quired :cycle [a,b,c] is given Ly
a ■=== a.‘, b = (yj’-as^P, •

c =: (Xı’" - X2“*) det {x m t •> ■yr<^Ö-
For L3, let z = [a,b,c J âbd z’ [A,B,C J? For an eticlidean

point in ?nz’ the eqwatipn ,

F(x) = (A-a) , x'.n + ,(B-b) x‘" + C^c = 0 ,(i)

is valid. In the case wbere P, •= <x,,yı)ı and Q ==
witb Xı 7^: xi necaSsarily A a. From P, Qsz’''we have
B= (xiW4<k2“) -det (y^A X‘“, 1) G = (X|“ - x m')4f det (x,'", y^
A Xj”).' Additionally if xı 7^: 0 tben C-c 0, and by tbei Desı 
cartes rule of signs Eq. (1) bas exactly two nonzero roots, one of 
which is xı. These roots coincide if and only if F'(xı) — 0. Com- 
bining this Mith Eq. (i) tte obtain ’ ' ■

A = k”-* [(mb -h na Xı“-'"); ^ı*" - X2") - nı (yi - yz)], where
k = (n-m) xı"-n X2'"xı"-“' m X2'’, and cleariy xı X3,,impliçs

I
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k 0. Ifxı = 0 then C = c == yi- Furthermore Eq. (1) has 
no real root other than 0 if and only if B = b, which implies 
that A = (ya - yi - b X2'") X2~". In the case vrhere P (xı,yı) 
and Q = {a}, clearly A = a a and C — yi -axj“ - B Xj“. When 
Xı:7^:0, a similar argument to the preceeding case shows that the two 
real roots of Eq. (1) coincide if and only if F'(xj) = 0, which gives
B = b - n m * (a-~ a) k,”'™. When = O, the n.onexistence of
a root of Eq. (1), distinct from 0, gives B = b. In the case where 
P = {a} and Q = obviously A = a, B = b and C = 
y2- a X2“ - b X2™ determine the required cycle uniquely.

Corollary. Let n be an even integer and m 
such that n>m>0. Then the incidence structure 
£min = (f’ Z''» with f U and

an odd integer

y = + b X + c}u {a}: a,b,c z"^}a
is a Laguerre plane isomorphic lo

Proof follows from 0: (x.,yy
to

By the above corollary, if n / m — 2 then

(x“,y) being an isomorphism

is isomorphic
to the parabolic model and consequently ovoidal. Furthermore it 
can be easily shown that the mapping (x,y) (x“ , y a x”'“ ■{x^ ',y + ax’
is an isomorphism between the real affine plane and the derived 
affine plane at P = {a}, for every az% In fact we have

Theorem 2. Eveîy is ovoidal.

Proof. Let O denote an oval given by

.nm ' )

1—mn '{(x,y,0):x = ± (1 + y)"“ ' (1 - y) , - 1 < y <1} i» T-
Consider the ovoidal Laguerre plane constructed with
O by the Benz’s method described in the introduction. For proof 
of the theorem it will be sufficient to show that this plane is iso­
morphic For ihis we need the stereographic projeclion

?F: T’MfO,l,z): zs<S} -> xz—plane

defined by T ((x,y,z)) = (x{l-y) \ Ö, z(l-y) *). If

= {(x,y,z): z
of z'^{fO,l,b+c)} underT is

= a X + b y + e, (x,y,0} s O} then the image
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1
{(u,0,v); yn/m + a u -L (c-b)}.

wh.ere « = X fl - y) ' and V Z (1 — y) *. Thus, if the defi-

V = -ğr (b-t-c)2

nition ofY is extended by'F ((0,İ5z)) — { —zj, for every 

zs'^, it can be easily shown thatY gives an isonıorphism from
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ÖZET

Bu çalışmada, klasik Laguerre geometrisinin parabolik modetinin y = a 
.mbx + c parabolleri, n çift ve m tek pozitif tam sayılar olmak üzere y = ax“ -4- bx’ 

-H e polinom eğrileriyle değiştirilerek genelleştirilmekte ve bu özellikte her n,m İkilisi 
için bir Laguerre düzlemi elde edilmektedir. Son olarak da bulunan Laguerre düzlem" 
lerinin hepsinin ovoidal olduğu gösterilmektedir.
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