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ABSTRACT

‘We replace in. the parabolic model of the elassical Laguerré plane the parabolas
y=12ax?+bx 4 ¢ by the polynomial curves y = ax® 4+ hx™ + ¢ ‘Where i and
m are even and odd integers, respectively. For each such a pair n, m’ with- n>m>0 we
obtain again a Laguerre plane ,@ wlnch ‘is -also ‘ovoidal. : i

i

1. INTRODUCTION

_e

A Laguerre plane is a system (P, Z, <) wh.lch consists Df a i

‘nonempty set P of points, a nonempty set Z of subsets (cycles)
of P and ¢ the set theorical inclusion satisfying the followmg four
‘axxomS' g - )

. LL For every three pairwise nonpara]lel pomts P Q, R tvkem
exists a unique cyele z such that P,Q,R ez.

(Two points are said to be parallel ( [/ ) if and only if either
= Q or there is no cycle zcZ snch that Pez and Qez.).

L2: For each cycle z and each pomt P¢z, there exxsts 3 unique
point Q such that Q//P and Qez.

L3. For each cycle z, each point Psz, and each pomt Qe‘}’\z,
P‘H\Q, there emsts a_unique cycle 7" such that P Q ez” and
znz = {P}.

“L4. For each P there exist Q, RcP su¢h that Q qﬁ P£ R,
P//Q and P Y. R. Every cycle contains at least three points.

. The origion of the' 'Laguerre geometry is the geometry of
onented lines and oriented circles with nonnegative radiuns of
the euclidean plane (see, Waerden-Smid [6] and Benz-Maurer
[3]). In 1], Benz constructed the followmg class of Laguerre
planes Let F be an arbitrary field and V = F? denote the three
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dimentional vector space over F. Let O be an oval*) in the plane
{(x,y:2) €V: z = 0}. Then (P, 2, ¢) with P = {(x,y,2) ¢V:
(%y,0) e O} and 2 = {{(x;y,2)eP: 2z = a x + by + ¢}
a,b,c ¢F}is a Laguerre plane in the above sense. Hier Pis the set
of points of -amiavoidal cyknder and:a cyocle is.'intersection of P
with a plane which is not parallel to the axis of the cylinder. A
Laguerre plane is ovoidal if it is isemorphic to a member of this
class. (For a general definition, see Groh [4]). In [2], Benz shows
that if O is glven by x2 + y? = 1 then the correspondlng Lagu-
erre plane is lsomorphlc to the parabohc model (P, Z, &) over
7:, Where P=%2U ;
= .{{(x,y)a?{z Y= ax) + b x + ¢ {a} a,b,ccR)

:a.nd %/15 the. fleld of all real n,umhers In order to obtain someé
new Laguerre planes,. Hartman {5] replaced the parabolas. in
the above model by some partlcularly chosen curves.

The fo]lowmg are three basw propertles of the Laguerre pla.nes
) a) Parallehsm is an equlvalence relatlon on P.
: ,. - b) Forf every pomt PaC'P the derwed 1n01dence structure :
= (PP, {z: Pezeg}u{X: Xe?, X {L P}, o)~

is am affine plane. (Where P or X denotes the equlvalence‘ class
which contains P or X, respectively.) o

=" ¢) In an ovoidal Laguerre plane all derived affine planes are
Vdesarguesum and 1so‘morph1c te each dther.

'+ The purpose ¢f this paper is to give a class of ovtndal Laguerre
planes by generahzmg the parabollc model.- R

e Seeey oo

2: GENERALIZED PARABOLIC ‘MODEL'

~Let 5‘{ denote the field of all real numbers The central pomt
of tlus wo;'k is!;

% - Theerem l: Let n be-an. even ‘integer and m an odd
mteger sueh tha,t n> m> 0. Then the: mmdence structure

* An oval Oisa suhset ofa pro;ectwe plane such that x) each hne cuts O in at most
two pofnts,, and ii) through each pomt PeO goes exactly one tangent, i.e. a line mtei'-
secting O 'in exactly one point. - .
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Lom = (B> Z>e)with P = RUR and Z = {;{(X,y) R
y = a x4 b x™ + c}u{a}: ab,¢ eR} is-a Laguerre plane.
Proof. Tt is obvious that {a} [/ {«} for all a, a R and (xy)
[[(uv) < x =u for all x,y,u,v :-:‘R, and the'refbre fmn sausﬁés'
L2 and L4 : : ,
" Twd' cases are pOSS1bIe for L1. In the case w’here glven pomts :
are (x,,yi) with x; 7 %, 1 7§, i = 1.2,3, let det(‘cl,y,,zi)
denote the determlnant function of whlch ith row vector ‘is
(X15y12;). Let f(xl,xz,x3) = det(x, X, 51) = 0. Consldenng any
two of the variables as ‘parameters, say X, 2 yand x; = € and
takmg x, = xin f(x,,X,%:) =0 we obtam the, trmom;al‘\qquauon

f(x,r,s)L "éa{f— /'lx’“ +p)="0" ‘”i’?i’ bR
where 1 = ("= r")(r™ — ™)' and ,u = (rs™ pmg)(r™ — gty
B :The ‘Descartes: rule of signs f(x,r;s) vanishes if -and only

if x = r or x = s. It follows that f{x;%,,x3). 5% - if‘?x\{-—,é:xz P

# % 7 x,. Now, let [a,b,c] denote the cyele {(x,y)sR'1y =
a x“—i—bx —}—c1 U {a} Ucmg the equation of the cyclc it is easﬂ
seen that a = 67 det (y;,x;™1), b = 67" "dét(x," ,yi,l) an
¢ 07 det (xi“,,xi“‘,yii) for [a,b.c] eontaining the igiven points.
In the case where given points are: {a}s (ujsyy), (x2y2) with x;
# X2, it can be shown that the required cycle [a, h,c] is: gzven by
a = & b = (x,TexM)hdet (yr«ami“, 1) and e
= (%™ - sz) Vdet (x;, Yz“axi ).

For L3,letz = [ab,c}and 2’ = [A,B C] For an eticlidean
point in znz’ the equation - TR S e

F(x) = (A-a), x" + (B-b) x tCo=0 ,.(,1)

is valid. In the case where P, = {x,,y:): and. Qir-z (x;u)h)

with %1 £ x; neecassarily A 3 a.From' P, Qez”i we' have
= (x1"™3x,") T det (y~A x;° 1) Go= (x,® — x,™) 7l det- (x5, 0

A x?)i - Additionally - #f x; 2% 0 then C-oi5% U, apd by thelDesx

cartes rule of signs Eq. (1) has exactly two nonzerg, rools, one of L

which is x;. These roots coincide if and only if (xl) 0 Com-
bining this with Eq. (}) we obtain . 7 e

A =k [(mb +na %" (X" - x%7) -.m (y1 =.v2}], where’
k = (n—m) x"n x,m%,™™ | m x,", and: clearly x, 7% nghxmghygs

{
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k £ 0. If x; = 0 then C = ¢-= y,. Furthermore Eq. (1) has
no real root other than 0 if and only if B = b, which- implies
that A = (y2~- yi— b x,) x, ™ In the case where P = (x1,y:)
and Q = {a}, clearly A = a3 aand C =y, —ax,"-Bx™. When
%70, a similar argument to the preceeding case shows that the two
real roots of Eq. (1) coincide if and only if F'(x,) = 0, which gives
B=b-n m™ (e a)x,"™ When x, = 0, the nonexistence of
a root of Eq. (1), distinct from 0, gives B = b. In the case where
{a} and Q = (x2,y2) obvmusly A =aB=>band C =
y2— a X" — b x,™ determine the required cycle uniquely..

Corollary. Let n be an even integer and m an odd integer
such that n>m>0. Then the incidence structure

Lop = (P Z'>¢) with P = R*UR and

Z = {{xy) Ry =ax" 4+ b x 4 c}u{a}: abe s’ﬁ}
is a Laguerre plane isomorphic to f,,. :

Proof follows from o (x,y) —> (x™,y) being an isomorphism

from £, to Lajm.

By the above corollary, if n /m = 2 then f,, is isomorphic
to the parabolic model and consequently ovoidal. Furthermore it
can be easily shown that the mapping (x,y) —>(x™ ',y + ax™)
is an isomorphism between the real affine plane and the derived
affine plane .4, at P = {a}, for every ac®. In fact we have

Theorem 2. Every £, is ovoidal.
Proof. Let O denote an oval given by

{xy,0:ix=+ 1+ y)™ Q1-y)™, -1 <y <1}in R
Consider the oveidal Laguerre plane (P, Z”, ¢) constructed with
O by the Benz’s method described in the introduction. For proof
of the theorem it will be sufficient to show that this plane is iso-
morphic to. ,@n/m For this we need the stereographic projection

Ly, ?”\{(O,I,Z). zgR} ——> xz-plane
defined by ¥ ((x,y,2)) = (x(1~y)™, 0, z(l-y)™). If

= {(x,y,2):z = ax+ by + ¢, (x,y,0) ¢ O} then the image
of z\{(O L,b+c)} under ¥ is
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{(,0,v): v = —%— (b+c) u™m + au + »—;— (c=b)},

where u = x (1 -~ y) " and v = z (1 = y)7. Thus, if the defi-

nition of ¥ is extended by ¥ ((0,1,2)) = { —;— z}, for every

zeR, it can be easﬂy shown that¥ glves an isomorphism from

(?”92”7 5) io l?n/m
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6ZET

Bu c¢alismada, klasik Laguerre geometrisinin parabolik modelmm y = ax?+
b x + ¢ parabolleri, n cift ve m tek pozitif tam sayilar olmak iizere y = a x* + b x™
<= ¢ polinom ejrileriyle degistirilerek genellestirilmekte ve bu dzellikte her n,m ikilisi
icin bir Laguerre diizlemi elde edilmektedir. Son olarak da bulanan Laguerre duzlem-
lerinin hepsmm oveidal oldugu gbstenlmektedlr
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