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; ■ V \ ^ABSTRACT: ’ | :•

lü 1073, M; Steglilz defined the concept oî conveıgeuce which is a gençrali- 
zation of almost convergence. Quite recently, Nanda introduced the spaces of strongiy 
almost summable seguences. In the present paper author has generalized this concept 
bf strongiy almOst summable se<juences by defining the spaces of strongiy summab
le sequences, and proves such spaces to be complete paranormed spaces under certain 
conditions, some topological result and characterizatiou öf strongiy Fcg- regular mat
rices have also been discnssed.

1. Introduction.

Let S be the set of ali sequences real or comp]ex and l„ de-
notes the Banach space öf bounded sequences x = {x,j} normed 
by ||x II = supt lX(£ İ. Lorentz [1] has introduced the concept of 
almost convergence by an application of Banach limits and cha- 
racterized the space f of almost cohvergent sequences b/ means 
of the folloving property:

The sequence 
i - lim X, if

X — {xjs)-is almost conVergent to the value

lim 
n

1 
n-{-l

l+n
S x,^ = f - lim X (uniformly in i = 0,1,2,...)

k-i

This criterion can also be formulated as’. het ^^ = be the 
wsequences of matrices Bj ~ (b„ic(i)) with

(«
b„k(i) =

1
n+1 

o
i<h<i+n, 
otherwişe.

Thus X is almost conyergent tö the eaclı value>f- lim je, if
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(1)
lim (B(X)„ = lim

eonn
2 b„k(i)xk = f lim X 

k’>0

(uniformly, i = 0,1,2,)
Stieglitz [5 ] further generalized this concept by means of a 

given matrix sequence = (Bj) with Bj = (b„,5(i)), xeZ^ is
- convergent to the value Lim ^x, if 

co
lim (B(X)„ = lim S b„,j (i) X|j. = Lim

nn 00 k—o

(uniformly, i=0, 1, 2,...).

The purpose of this paper is to introduce the spaces of strongly 
F<g-summable sequences.

Let A = ke an infiuite matrix of non-negative real num- 
bers, and p = {pı^} be a sequence such that Pk> 0. We write

= {A„ (x)} if A„ (x) = S a, 
k 71k

iPk converges for each n.

We define (see Maddox [2])

[A,p]o = {x:A„(x)^0};
[A,p ] = {x: A„ (x -le) Q ioı some Z};

and
[A,P]« = {x:sup„A„(x)

The spaces [A,p](„ [A,p] and [A^p] CO
are called the spaces

of strongiy summable to zero, strongly summable, and strongiy 
bounded sequenees, respectively.

Let
1 

n+1
i+n
s Aj (x) = 2 a (i,k,n) | Xi, iıPk

where

a (i,k,n) = 1 
n+1

i+n
2 a

J=i ■
4k

I I

CO }.

We define (see Nanda [4])
[Â,p]o = {x: (x) 0 uniformly in i};
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{A,p] = {x: t„,i (x - l e) 0 for 8om.e l (uoiformly in i) };
and

[A,pJ„ co }.

The spaces [Â, p [Â, P ] and [Â, p ]
00 ar® caUed the spaces of

strongiy âlmost summable to s,er®, strongiy almost summable and 
strongiy aimoşt bounded sequences, respeçtiyely.

^e now generalize these spaces by means of a given matrix 
sequence = (Bj) with = (b„|j (i)). We tvrite

Tn,i (x) = Ş a (i,k,n) I Xfc |

Avhere

iPk

a (i,k,n) = Şb„j (i) ajk

We now write

[Z%p]o = {x:T„,i(x) 0 uniformiy in i};

= {x:sup>,,it„,i(x)

J

[Z*,p]= {x:T„,Jx-îe) 0 for some / uniformiy in i};

and

[Z*, P ]« = {x: sup„,j T„,; (x) ce } .

These are the spaces of strongiy - summable to zero, strongiy 
F^ -summable, and strongiy F,g - bounded segnences, respecti- 
vely.

If X is strongiy F^ - summable to l yve write Xjj 
A pair {A,p) will be called strongiy F<g - regular if

^tZ*,pJ,

İ[Z*,p].

These spaces of strongiy F^ -summable sequences depend 
on the fixed chosen matrix = (Bf). In case '®(,= (I) (unit matrix) 
these are equal to the spaces of strongiy summable sequences and

for “gj — (Bj) these are the spaces of strongiy almost summable 
sequences.
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2 . Some important results

First we establish a number of lemmas.
Lcmma 1. If p e /,»5 then [Z’^,p ]„, [Z’',p ], and [Z'*,p L are

linear spaces över the complex field C.

Proof. First we consider only [Z*,p]. If H = sup pk and

K = max (1,2 H-1 ), we have (see Maddox [3], p. 346)

(1) 1 Xk + Yk 1|Pk |Pk<K( lx, ly, Pk'

and for 2 e C

(2)
H,< nıax (1, 1 2 I ).

Suppose that Xk
Then Ave have

I tZ*,p],yk l' [Z*, p ] and 2, fj, e C.

T„,i (2 X + y - (2 i + /«Z') e) < KK' T„,e (x - Z e) + KK" ,
T„,Jy-Z'e)

where K' =sup | 2 
that

and K" = sup \ fj, 1^*^ and this impKes

Ax + fiy (2Z + ;/Z') [Z*,p].
This terminates our proof.
Now [Z*, p]oand [Z*, p]^ also can be treated similarly^

Lemma 2. [Z*, p ] ç [Z*,p]„if

(2.1)
eo

IİA II = sup S a (i,k,n) 
n k

00

Proof. Suppose that 
the inequality (1)

Xk (^1) holds. Now by

T„,i (x) - T„,j (x - Z e + l e)

(2.2) (i,k,n) t Za

< K T. i (X - Z e) + K (sup j Z 1^*=) S a (i,k,n). 
. / k



ON STRONGLV F<g-SrMMABLE SEQUENCES 17

Therefore, XE [Z*,p]^ and bence onr proof is complete.

Lemma. 3 Let p € then [Z*, p ]o and ([Z^

(’nf Pk > 0) 
ned by

are linear topologieal spaces paranormed by h defi-

h (x) = SUp„,£ I T„,; (x) '

where.M = mRx (1, sup p,j), If (21) holds, then [Z*,pl has the 
same paranorm. ,

Proof. Clearly h (0) = 0 and h(x) = h(-x). Since M ■> 1, 
by 3İIittbowski’s inegüality if föllovs that h is subadditivei Now 
it follows from the ineguality (2) tlıa,t /

, h(Ax) <8up (A h(x).
Therefore n
Given s >

0 => A X O, Âfixed. No w let x be fixed and A -* 0.
0 fŞıere exists an integer N such that

(3.1) T„,r(Ax) Zİ2 (Vi, V n N)

since T„,,. (x) exists for ali n, yve write

;., K ^N);,

•:and''' ■
1

d = e
2 K (n)

/Pk

Then for [ A J < d, 

(3.2) T„,, (Ax) < ■^(Vi,l <n^N).

It fb|Iows froın (3.1) and (3-2) that 
A0 =» A X 0, X is fixed.

This completes the proof for [Z*, p]o.

If inf pij = P 0 and 0 1 A I < 1, then V x e ([Z*,- p]„

h’“(Ax)^ 1A l^hM(x)

Therefore [Z*,p]^ has the paranorm h. If (2.1) holds it is clear
fronı Lemina 2 that h (x) exis₺İ for each x e [Z*,p].
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Henoe the proof is complete.

Lemma 4. ,{Z*, p]<, and [Z*, p] are complete with respect
to then p^anorm topologies. [Z*, p] is complete if (2.1) holds 
and ■ ' "

(4.1) S a (i,k^) -► 0 uniformiy in i k ' \ ■:

Proof. Let {1;^} be a Cauchy sequ'ence in [Z*; Ji]o. Then the-
re exists a sequence x such that h (xj-x) 0 as j 00 . Since
E is subadditive it follows that x e [Z*, p j^. Therrfore [Z*» p],lO
is comjdete and sinularly we can prove that [Z*, p}„ is complete.

We now consider [Z*, p]. If (2.1) holds and {x^} be a Cauchy 
sequence in [Z*, p], Then there exists x such that h(x^- x)^ 0. 
If (4.1) holds then from inequaEty (2.2) it is clear that [Z*, p] 
-=ÎZ*,Pİ-.;

This terminates the proof.

Combining the above lemmas we obtain the foUoving result.

Theorem 2.1. Let p e/„. Then [Z*, pj^ and [Z*, p]j, (inf 
Pk > 0) are complete linear topological Spaces paranormed by 
h. If (2.1) and (4.1) hold then [Z*, P ] has the same property. Furt-
her if Pk = p V k, they 
normed spaces for 0 <

are 
:P

Banach spaces for 1 < p 
<1.

eo and p-

^eorem 2.2. Let 0 < 
are locally bounded if inf p^ 
the same property.

Pk <1. Then [Z*, pj^ and [Z*, p ] eo

0. If (2.1) holds, then [Z*, p] has

Proof; We consider only [Z*, pJ^j . Let inf p^ — 0. If
X e [Z\P]=. then there exists a constant K > O such thafc

s a (i,k,n) 1 Xt K (V n,i).

For this K and given d 0 chose an integer N > 1 such that

n” K 
d

Since 1 /N <; 1 and p^ > (8 we have

1
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1
&

1

Then for ali

(V k)

n and i, vve get

Xk 
;N

Pk
3

N
K
3

N« '
d

S a'(i,k,n) 1 Xk 1^*^ 
k

Theşfefore by taking jSfl>renj,ujp pver n, aıı4 i we Ijıave

(2.2.1) {x : h (x) < K) ç N { x: h (x) < 5}.
Föt' ev^ery d > Ö tfeife ₺xite âh ihfİgfet N 
holds and so

’î fot'Vvhibh (2.2.1)

(x slt(x) < K.)
is bounded. This eömpletes the proof.

Theorem 2v3. L«t Ö R^pk^ l.'Thüen [Z*, p]o and (Z*, p]
are r-convex for ali r, 0 lim inf p,^. Moreover, if pı^ = p

leo

V k, then they are p-convex.
[Z*, p ] has the süıhe property îf cbndi^oh (2.1) holds.

Proof. We shall provç our theorem only for [Z*, pj^.. Let
e [Z*, and r 6 (ö, lini inf p^;). Then there exists' k^ such that 
< Pk (Vk > ko). Now define '

“■O

f (x) — supo,ı [ S a (i,k,n) I Xk )" +k-ı
;Cö

; S.< . a (i,k,n)

|PkI Xk I*'*']-

S a (i,k,n) k

r

r

rSince 
0 <

< Pk < 1 (V k > kg), f is subadditive. Further for

11 1^*' < İl r (v k > k„)

Therefore for such 1 we have 
f(lx)^ |1 l-f (x).^^^h

I
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Now for o «5 I,
U= {x:f(x)<â} \

is an absolutely r-convex set, fol | Â |'+ |/< 1"'^ 1 andx, y e U => 

f (A X + jM y) < f (Â x) + f (jU y)
rf(x) + l/z rf(y) L . y

<( |A r+ I/* Dö 
d

If Pjj = p V k, then for 0 . < ö 

{x:f(x)^d}
1,

İS an absolutely p -convex set. This can be obtained by a siniilâr 
analysis. This completes the proof.

3. We now characterize Ae dass of stroı^y F^regular mat'^
rices.

TheOTem 3.1 Let 0
rongiy F^-regular

6<p,<H
if and only if A e (Ç<„Fo<g).

eo . Then (A,p) is st-

ProoL N^esşity; Suppose that (A,p) iş strongly F<^ regular

Therefore"' l ./'. t '
I X|. -1 L^?*' -> 0 a (i,kjn) 4 X1^ - 11-^ 0 

' ■ k'.....  '

uniformly in i. Agajn since İ 1 IH> 0, Therefore by the fob 
lowing lemma (see Maddox [2], p. 347),

Lemma. If p,^, > 0, then

p
% (q) % (p) o liminf —~ 

4k
0.

we have

^k
Thus

l I Xj^ 0.

-^l "Sı a (i,k,n) (x,^ - l) 0 k
uniformly in i and hence A e (Co, Fo<g)'
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Sufficiency. Since pj; > 0 > 0, by above lemma

/ =s. | x^ - / I,Pk 0.
Again we have A e (c„ F^^). Therefore 

This Gompletes the proof.

^[Z*,p].Xk
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Ö2SET

1973 de M. Stieglitz, hemen hemen yakınsakhğm hir genelleştirilmesi olan 
tammlamlştır. Daha sonra Nanda, kuvvetli h^men 

hemen toplanabilir dizi uzaylarım tanımladı. Bu çahşmada yazar, kuvvetli F^- 

toplanabilir dizi uzaylarını tammlayarak kuvvetli hemen hemen toplanabilir dizi 
kavramını genelleştirmıştir ve bazı koşullar altında böyle uzayların paranormlu tam 
uzaylar olduğunu ispatlamış olıip ayrıca bazı topolojifc souuçlarıelde etmiş ve kuv- 
vetlı Fsg-reguler matrislerin karakterizasy onunu yapmıştır.
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