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ABSTRACT:
“in 1973, M. Steglitz defined the concept of Fp— convergence which is a genggali-
zation ‘of almost convergence. Quite recently, Nanda introduced the spaces of strongly

almost summable sequences. In the present paper author has generalized this concept
‘of strongly almost summable sequences by defining the spaces of strongly F%— summiab-
le sequences, and proves such spaces to be ¢complete paranormed spaces under: certain
conditions, some topological result and characterizatiou of strongly F%- regular mat-

rices have also: been dlscussed

1. Introductuon.

Let S be the set of all sequences real or comp]ex and lo, de-
notes the Banach space of bounded sequences x = {x,} normed
by |x| = supy|xx|. Lorentz [1] has introduced the concept of
almost convergence by an application of Banach limits and cha-
racterized the space f of almost cohvergent sequences by means
of the following property:

The sequence x = {x,} is almost convergent to the Value
f-lim x, if .

. 1 . . . o
lim n+1 kg‘.i X, = f—-’ lim x (uniformly ini = 0,1,2,...) ‘

This criterion ecan also be formulated as: Let B, = (%i“’)'be the

®»
sequences of matrices B; = (b, (i)) with

S 1
) — i 1
Bol) = vy i<k<i-+n,
‘ o otherwise.

Thus x is almost convergent to the each value f- lim x, if
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lim (Bx), = lim £ b (i)x, = f-lim x
n n—e¢ =0

(aniformly, i = 0,1,2,)

Stieglitz [5] further generalized this concept by means of a
given matrix sequence B = (B;) with B; = (b,(i)), xel, is
FGB~convergent to the value Lim Bx, if

hm (Bx), = llm Z b, (i) x, = Lim Bx

’ (uniformly, i=0, 1, 2,...).

The purpose of this paper is to introduce the spaces of strongly

Fq — summable sequences.
B |

Let A = (a,,) be an infinite matrix of non-negative real num-
bers, and p = {p,} be a sequence such that p,> 0. We write
Ax = {A, (x)} if A, (x) =§ au | % IP% converges for each n.
We define (see Maddex [2])
[Apl, = {X: A, (x) >0}
[Ap] = {x: A, (x~-1le) > 0 for some I};
and '

[Apl. = {xisup, A, (x) < }.

The spaces [A,p]l,, [A,p] and [A;p]. are called the spaces
of strongly summable to zero, strongly summable, and strongly
bounded sequences, respectively. :

Let -
ti () = —— 2 A, (x) = Zalikom) | % [P*
mi \X) = n+1 55 j ——-kal, g i
where
) 1 itn
k) =3 E o

© We define (see Nanda [4])
A, pl = {x: 1,,; (x) = 0 uniformly in i};
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[A,pl = {x:t,,; (x~1e) > 0 for some I (uniformly in i) };
and ' ‘ ‘
Aple = fxisupity (0) < & ).

The spaces [A, plo, [A,p]and [A,p],, are called the spaces of 4
strongly almost summable to zere, strongly almost summable and ‘
strongly almost bounded sequences, respectively.

‘We now generalize these spaces by means of a given matrix
seque’nce B = (B,) with B, = (b, (i)). We write :
Toi (%) = T (i) |1
where

- a (i,k,n) == Ebnj (i) ajk
. J

We 1116w erite‘ ‘
(2%, plo = fx: Tyys (x) 0 uniformly in i};
[Z*, pl= {x T, (x— l e) — 0 for some [ unlformly in 1}
and ‘
[2*,pls = {xisupy,; Ty (x) < oo ).
These are the spaces of strongly F% - summable to zero, Strong}y

FGB —summable, and strongly F B~ bounded sequences, respecti-
vely.

If x is strongly \FGB - summable to I we write x, — 1 [Z*, p],
A pair (A,p) will be called strongly F% - regular if

x>~ 1l=>x ->1[2*%p]

These spaces of strongly Fg, —summable sequences depend

on the fixed chosen matrix B = (B,). In case ‘VGBO= (I) (unit matrix)
these are equal to the spaces of strongly summable sequences and

: (1)
for B, = (Bli) these are the spaces of strongly almost summable
sequences.
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2. Some important results
First we establish a number of lemmas.

Lemma 1. If p €l then [Z*,p]o, [Z*,p], and [Z*,p]w are

linear spaces over the complex field C ‘
Proof. First we cons1der only [Z*p]l. If H = sup pk and‘
K = max (1,2 ), we have (see Maddox [3], p. 346)
M sty P <K (hx P w19
and for 1 € C
Pk H
@ 12 <max(L [4]).
Suppose that x, > I [Z*,pl,y, >V [Z*,p] and 4, M eC.
Then we have
TpiAx+py-@Al+pul)e) < KK’T,, i(x-1le) + KK”
n,t (Y =r e)

where K’ =sup | 4 |pk and K’ = sup llu ka and this ir;lplies
that ’
Ax+py—>@Al+pl) [Z*%p].
This terminates our proof. ,
Now [Z*,p], and [Z*,p], alsd ‘can be treated similarly,
“Lemma 2. [Z*,p] < [Z*%,p] . if ‘

@.1)  JA]=sup § a (ikn) <

Proof. Suppose that X, 1 [Z*,p] and (2.1) holds. Now by
the inequality (1)

Thi(x) =Thi(x-le+1le)

2.2) T, (x)<KT,, (x-1e) + K3 a (ikn) |1 (P

SR TR

< KT, (x~le)+ K(up [ P)Zalikn).
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Therefofe, xé [Z*,p]., and hence our proof-is complete. "
Lemma. 3 Let p €1, then [Z*%, p}o and ([Z*,p}w :

(mf pk > 0) are lmear topologlcal spaces pa.ranormed by h defl-
ned by 4
h (X) = supn,i I Tn,t (X) lth R
where, M = max (1, sup. pk) If (2.1) holds, then [Z*p]. h,as the
same paranorm. , 5
: Proof. Clearly h(0) =0 and h(x) (—-x) Smce M =1
by Minkowski’s inequality if follows that h is*subadditives: Now
1t fo]lows from the inequality (2) tha.t e oy o
Ry <sup 12 [P ., | |

Thel:efore X—>0=AX— 0 ﬂ. flxed Now let x be flxed and 3. T 0
Given ¢ > 0 there exists an lnteger N such tha’c L

(3 1) nl(}.x) <s/9 (Vl,Vn>N)
since T,, ; (x) exlsts for all n, we write '

Toie (x) K (n), (1 <n g N)

s "(m‘;n; >

Thenfor[2]<6

'and

(3 2) T, (lX) < ——-(Vl,l <n <N)
It follows from (3. 1) and (3.2) that .

l—>0=>2.x—>0 x is fixed.
This completes the proaf for [Z ,p]o
‘ Ifmfpk ﬁ>0and0 < A <1, then‘v::e({l,p]ﬁc

9

B (Ax) < 12 1P b (x) aE

Therefore [Z*,p].. bas the paranorm h. If (2 1) holds it is clear
from Lemma 2 that h (x) existd for each x e [Z*;p]..
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Henee the proof is complete.

Lemma 4. [Z*,p], and [Z*,p]. are complete with respect
to their paranorm topologies. [Z*,p] is complete if (2.1) holds
and : - . R AT
(4.1) Zkia (i.k,n) > 0 uniformly ini.

Proof. Let {x'} be a Cauchy sequence in [Z*;p],. Then the-
re exists a sequence x such that h (x’-x) - 0 as j o . Since
h is subadditive it follows that x € [Z*, p],. Therefore [Z*, p],
is complete and similarly we can prove that [Z*,p]}, is complete.

We now consider [Z*,p]. If (2.1) holds and {x'} be a Caﬁchy
sequence in [Z*, p], Then there exists x-such that h (x' —x) - 0.
If (4.1) holds then from lnequahty (2 2) it is clear that [Z*, p]

= 12%pls '

This terminates the proof.
Combining the above lemmas we obtain the fo]lowing result.

Theorem 2.1. Let p el . Then [Z*,p]0 and [Z*,ple (l.nf
Px > 0) are complete llnear topological spaces paranormed by
h.If(2.1) and (4.1) hold then [Z*, P] has the same property. Fur-
her if p, = pV k, they are Banach spaces for 1 <p < and p-
normed spaces for 0 <p < 1.

Theorem 2.2. Let 0 < p, < 1. Then [Z*, p]o and Z*,pl.
are locally bounded if inf p, > 0. If (2.1) holds, then [Z*,p] has
- the same property.

Proof: We consider only [Z*;p].,. Let mfpk = g >0. If
x €[Z* p]l, then there exists a constant K >0 such that

S a (ikm) | %, P < K (V n,i).

For this K and given ¢ > 0 chose an integer N > 1 such that
K ‘

8
N> —

Since 1/N <:1 and py > we have
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1 1 '
— <—— (V)

Then for all n and i, we get

<k

Za(lk,n) e [T e L % a(ik,n) kalpk
N B NB K
K
8
Nr? i "
< 8

Therefore by taking Supremum pver . and i we have P
(221) x: h(x)<K}cN{x h(x) <8} -

Fot' every & > 0 thete exls’ts an’intéger N >4 for wm*ch (2 2. 1) '
holds and so

B O <

is bounded. This eompletes the proof o

‘Theorem 2.3. Let 0 <'p, < 1. Then 12*, p]; and - [Z" p]°° ,
are r-convex for all r, 0 <r < lim inf p,. Moreover, if PTPS ], ;
V k, then they are p-convex.

[Z*, p] has the sdme’ property if condition (2.1) holds.

Proof. We shall prove our theorem only for [Z*,p], . Let'
x € [Z* p], andt e (o, lim inf p,). Then ﬂiere exmts ko such’ that
r<p, (Vk>k). Now define . s

£ /,,q+

f(x) = sup,,; [ E a (1,k,n) |xk [" + 2 a (i,’k,n)

'Pk] .
Smce r < pe <1M¥k >k) f is subaddmve Further for
0< 12l ;

12 1P < (2 F (VE > k)
Therefore for such 1 we have

AR < 121 £0.
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Now for 0 <4 <1,
= {x:f(x) < é} :
is an absolutely r-convex set, for | A |'r + I |r < 1 and X, y € U nd
fAx+py) <f@x)+fpy)
<AL+ [uIFEGy)
<(IATF+ 1ul)e
: < '
Hp,=p Vk then for0.<6 <1,
{x: (x) < 8} i
is an absolutely p - convex set. This ‘can'be obtained by a similar
analysis. This completes the proof. :

3. We now characterize the class of strongly FGB egular mat-
rices.

Theorem 3.1 Let 0 <6 <p, <H < . Then (A,p) is st-
rongly F“B regular if and only 1f A € (CO,FOGB)
| . Proof Necessxty Suppose that (A,p) is strongly FGB—— revular k
Therefore - ' ’ ( ' :

I % "H!/pk =0 —?_Za (ikm) jx —1] =0

umformly in i Agam since 1 Ipe =1 /H >0, Thetefore hy the fol-
lowing lemma (see Maddox [2], p. 347),. .

Lemma. If p,, q; > 0, then

o (q) ‘co (p) < liminf Py > 0.
K
we have
' Cotee
— = | x —l 1 - 0.

Thus
x, —>l= Zk a(ikmn) (x,-1) >0 l T

uniformly in i and hence A €(C,, Fo%).
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Suffl(:lency Since p; =06 > 0, by above Iemma

X > 1= lxk-l |Pk—->0
Aga,m we have A € (c, F,q). Therefore x, — I [Z*, p]
- This completes the proof.
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OzZET

1973 de M. Stieglitz, hemen hemen yakinsakhgn bir genellégtiﬁlmesi olan
FGB— yakinsaklik kavramum tammlamigtir, - Daha sonra - Nanda, kuvvetli hemen

- hemen toplanabilir. dizi uzaylarim tamimladi. Bu-¢aligmada yazar, kuvvetli F

toplanabilir dizi uzaylarini' tammlayarak kuvvetli hemen hemen f@hnabiﬁr' dizi
kavramim genellestirrmgtir ve baz kogullar altinda bdyle uzaylanmn paranormlu tam
uzaylar oldugunu ispatlamis olup ayrica bazi topolojik souuclart elde etnng ve kuv-
" veth F%—reguler ‘matrislerin karaktenzasyonunu yapmlgtlr
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