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Absolute Convexity In The Spaces Of Strongiy 
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ABSTRACT:

Nanda has considered strongiy almost summable seguences and introduced the 
ronvexity in strongiy almost summable sequences. Maddox and Eoles have introduced 
the absolute convexity in certain topological linear spaces. The purpose of this paper is to 
introduce the absolute convexity in strongiy o - summable sequences.

1. Introduction;

Let 1•00’ c. c^be the Banach spaces of bonnded, convergent
and null sequences x = {x,,} with usual norm || x || = sup,ç| X|j |. 
Let (T - be a mapping of the set of positive integers into itself. 
A continuous linear funetion 0 on l.^is said to be an invariant
mean or a er - mean if and only if (i) 0 (x) > o when x. o for
ali n (ii) 0 (e) = 1, where e = and (iii) 0 {X(j(j,)} =
0 (x) for each x z 1^0 Throughout this paper we deal only with
mappings a - which are one to one such that a“(n) n for ali 
m and n, where cî”'(n) is the m*’’ iterate of c at n. For such mappings, 
every u - mean extends the limit functional on c (see Raimi [6] ), 
in the sense that 0 (x) = limx for ali x s c. Consecfuently, e <= 
where V(j is the set of bonnded seguences ali of whose a - means 
are equal.

The strongiy summable sequences have been systematically 
investigated by Hamilton and Hili [2], Kuttner [1] and some 
others. The spaces of strongiy summable sequences were introdu­
ced and studied by Maddox ( [3], [4]). Maddox and Roles [5 ]
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[5] have introduced the absolute convexity in certain topological 
spaces. Nanda [8] has considered strongiy almost summable
sequences and introduced the r convexity in strongiy alnıost
summable sequences. More recently Saraswat and Gupta [7] has
considered strongiy o - summable sequences.

The purpose of this paper is to introduce the absolute con-
vexity in strongiy c - summable sequences, which v/illfillup
a gap in the existing literatüre i

2. Preliminaries: Let A = be an infinite matrix of non-nega- 
tive real numbers and pj^is real such that Pr > 0 and supı^ pj^ 
< 00 . If X = {x„}, write Tx = {xc;(„)}. It is easy to show that
Vj; can be characterized as the set of ali bounded sequences X
for which lim (x + Tx +... +T“x) /(m + 1) exists in looHnd has m
the form Le where L = o - limx. Throughcut this paper we shall 
use the notation a (n,k) to denote the element a„i; of the matrix A 
for which m >0, we have

(Ax + TAx + ... + T‘"Ax) / (m + 1)

= {S [a(n,k) + a (a(n),k) +•.• +a ( a™(n),k) ] xj (m + 1)}-, k
where o'“(n) denotes the m’ 
integers m, n > 1

th iterate of u at n. We write for ali

co
Tn.,n(x) = Sk=l

m 
s 

j^o
a (aj(n), k) [Kkl’k/ (m + 1)

= 2a (n,k,m) |xk|’’k, 
k

where

(n,k,m) = 1 m
, ■. s m +1 j=o

a (G-'(n), k).

We now write (see [7] )

[Aa,P ]o {x ; T^„(x) -> o uniformly in n}^
and

[Aa,p]=o= {x : sup„„T„„(x) co 1
/•
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Thesets [Aff^pJ^and respectively called the spaces
of strongiy a - summable to zero and strongiy c - summable boun­
ded seguences.

If we take ct (n) = n + 1, then these spaces reduced to spaces
of strongiy almost summable to zero and strongiy almost bounded 
sequences respectively (see [8] ).

In this paper we
dedness. We start with some definitions..

study absolute convexity and locally boun-

For o r < 1 a non-void subset W of a linear space is said
to be r-convex if x, yeW and f Z|'^ + lp.|'’< 1 together imply 
that X X p. yeW. It is clear that if W is absolutely r - convex.
then it is absolutely p-convcx for p r. A linear topological
space X is said to be r - convex if every nbd of 0eX contains
an absolutely r-convex nbd of 0eX. The r - convexity for r 1
is of littie interest, since X is r - convex for r 1 if and only if
X is the only neighbourhood of 06X (see Maddox and Roles 
[5] ). A subset Y of X is said to be bounded if for each nciglıbour
hood W of OeX there exists an integer N 1 such that Y £
NV, X is called locally bounded if there is a bounded neighbour­
hood of zero. Also, we define natural distance function

h (x) = sup„,„ (T„,„(x) )Vm

(inf Pk> 0), where M = max (1, sup pjj= H), and for r-convexity
we define s(n) = {k: 0 < a (n,k,m), sup„,a (n,k,m) 00 and pjj^<r}
for r 0.

3. We first State a number of useful inequalities.

Inequality: Let x,y,X,p be complex numbers. 
Then

(i) 0 p < 1 implies

(ii)
I X +y |P< I X 1’+ I y |P. 
p > 1 and [ X [ + [ p [ <1 imply
([ X! + f P' y f )”< f XIX]p + I p, ] I y j p.

iiii) [ X I <1,0 P r and N 1 imply

IX J’ 1 X P(1 +NlogN) +N^
1 r

where + — = 1; and tc is the conjugate of p.



50 Z.U. AHMAD - S.K. SAKAWAT

Proof: (i) is well known. A proof of (ii) is given in [5 ] and (iii) is a 
slightly generalization of a result used in [9].
We now prove

Theorem 1. Let [A(jp]^be
o
that

i r < 1 and suppose that there exists
a paranormed space, let p s

an integer N
1,•00 9

1 such

sup S N'■’^fc (3.1)
m,n s(n)

where 1 /tcj^ + r/p^.= 1. Then [A^jjı].^ is r-convex.

Proof. Consider an absolutely r-convex set W(d) containing the
origin 6 = (o,o,o,...) to show that W(d) form a nbd base of 0 (for
o d < 1).
We define qk= max (r,piç) V k and y- d 0, also

(a)Wı(d) {x e [A,j,p]^: sup S (a (n,k,m) [xj. [’’k)‘’k/*’ic<d}

(b) W2(d) {x e [A^,p]„o:
m,n

sup (a (n,k,m) |xk[‘’k< d}, 
m,n

and W(d) = Wı(d) n W2(d). Nowif x,y eW(d) and [ X + fp. <1, 
then [ X f f p f < 1. We have

( i><Xk[ + fpykf )‘'k< |XÎ''fxj,|‘’k + fp(''[yk[<’k[,for qk< 1 and 
qk> 1

whence x,y e Wı(d) =
(using inequalities (i) and (ii) ) 

Xx + p y G Wı(d). Also, since x, ye W2(d)
and f X f + I p. [ < 1, it is easy to see that X x + p. y e W2(d).
Therefore W(d) is an absolutely r-convex set containing 0. (It
may be noted here that p e l-^is taken for the linearity of [A^^p ] 
(see [7] ) ).

00

Let S (R) be the sphere of centre 6 and radius R>0 i,e. the 
set of ali x g [A^p J^such that h (x) < R. Now, itiş easy to prove
that W (d) S (d*/M) for o d < 1, so that W (d) is a nbd of 0

Finally, we prove that for each
o such that o d

of ali k e s (n) such that pj-
1 and W (d)

s . 
c

> o, there is a d = d (s) 
S (s). Let t (n) be the set

r /2. By (3.1) we see that t (n) is
a finite set vn. Let N (n) be the number of integers in t (n), 
Therefore, we have
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S 
s(n)

S N-‘N (n)
t(n)

(3-2)

whence

H' = sup N (n) 00 .

Now, let X e W (d) for some d with o 
splitting T^,n(x) as follows, 

Tm,n(x) = S a (n,k,m) | Xk [’k

(3.3)
d < 1. We take h (x) by

= S overp^>r +Soverpk<r/2 4-S3Over r/2^ p,(^<r.
1 2

= 11+ I2+ I3» say, (3.4)
Now, for each n > 1 9

11= S a. (n,k,m) [ Xk|Pk = Sı(a (n,k,ın) [’’k)‘ik/Pk< d, (3.5) 

since X E Wı(d) and Pk= 5f|£when Pk> r.

Also

rl2l2= Sa (n,k,m) [x,j [’k d. H', for pı^
2 (using (b) and (3.3.)

{^■6)

and
13= Ş « (n,k,nı) | xk|Pk

< (1+N logN) S (« (n,k,nı) I Xij |Pk)‘’k/Pk-J- SjN 
3

(by inequality (iii))
as we have qi5= r for 112 p,ç r. (for eacE N 1 and n > 1).
Now let R be a positive integer. If r/2 < p|j< r then 
7T|j< —1, whence

S (RN)
3

TCk -TTk
R-ı S N \

so that supmjn

s(n)

y N~*^can be made arbitrarily small by a choice

of a suitably 1arge N. Therefore 
sup„,„SN""< (s/2)«(for e o, N > 1) (3.8)

and o d 1 such that
d (2 + H' + N log N) (s/2)M.

Thus, by using Inequality (i), (3.5), (3.6), (3.7) and (3.8) we 
have
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h (x) < 
Hence W (d)

s, whenever x e W (d) for M > 1.
c S(c).

This completes the proof.

Theorem 2. Let S = .jk: o < sup a (n,k,ın) 
m

00 } and T =

{k: k e S and a (n,k,m) (n 00 ) }. Let [A,j,p]oo (respec-
tively p ]„) be paranormed. Then it is locally bounded if and
only if infgPk o (respectively inf.pPjj 0).

Proof: Necessity. Suppose that [A(jp]^is locally bounded. 
Then, there is a bounded nbd B of 0 such that S (d) c B for
d o. Since B is bounded there is a non zero Ş such that

3 S (d) c p B c S(d/2).
Ve define x('‘’e S (d), by 

x('‘)= (dM/sup„,„ a (n,k,m) )'/’’k e('^>.
Then

h(px('')) = d İP pk/M < d 12,
Therefore

infsPk> 0.

Sufficiency: We shall show that the sphere S (1) of centre 0 
and radius 1 is a bounded nbd of 0. Let N be any nbd of 0. Then, 
there is a sphere S (d) c N. If xe S (1), then 
h (x/p) = sup„,„(S « (n,k,m) | x/p |Pk)VM(for jp f >1)

S

■where
M == nıax (1, sup^pı^).

No w, choose p such that | p | >1 and
I P d’^.

Then
h(x/p) < İP |-“’fsPk/M 

Therefore, x /p e S (d) c N, so 
bounded nbd of 6.

that S (1) P N, i.e.S (1) is a

The proof for [A^p],, is similar.

This terminates the proof.
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ÖZET

Nanda kuvvetli hemen hemen toplanabilen dizileri incelemiş ve kuvvetli hemen 
hemen toplanabilen dizilerde r-konveksliği tanımlamıştır. Maddox ve Roles ise bazı 
topolojik lineer uzaylar da mutlak konvekslik kavramını vermişlerdir. Bu çahşmamn 
amacı kuvvetli a-toplanabilen dizilerde mutlak konvekslik kavramını tanımlamaktır.
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