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ÂBSTRACT

in this paper we are concerned with the estimation of parameters snbject to linear 
constraints. No rank conditions are imposed on R,X and V. The results are applied to 
obtain the generalized inverse of X'V+X which ^ ields a solution of the normal equations 
snbject to nonestimable constraints on the parameters.

I
1. INTRODUCTION

Consider the linear model

Y = X Ş + u, u^N (0, (l-l)
where Y is Nxl, X an Nxk matrix of fixed quantities, and Ş a 
kxl vector of unknown parameters, u is an Nxl vector of jointly 
normal disturhances with mean vector zero and nonnegative 
definite covariance matrix V. Further suppose that one İs con-
templating appending the model with m 
restrictions on p.

k independent linear

I! p = r (1.2)
where R is an mxk matrix of known constants, and a r known
kxl vector. The ecfuations R Ş 
One solution in p.

r are assumed to have at least

2. MATRIX RESULTS

In this section we establish some of the matrix results, we 
şhall use in the sequel. In particular, we shall estahlish those 
properties of the generalized inverse. We write A''(nxm) to denote
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a generalized inverse or g-inverse of a matrix A (mxn), that is.
any matrix A~ satisfying A A~A. = A and ive write A+ to denote 
the Moore-Penrose inverse, defined as the nnique matrix G satis
fying each of the following four conditions:

A G A= A
G A G= G 
(AG)' = AG 
(GA)' = GA

(1)
(2)
(3)
(4)

The following notation and results will be used throughout the 
paper.

Q^= I - A+A
(A')+= (A-^r
(A'A) A+(A+)'
A'(AA')+= (A'A)+A' = A+
A (A'A)+A'A = A
R R+r = r provided R Ş = r are eonsistent.
(XQj,)'= QhX'
Qr[QrX'V-»XQJQj, = (QhX-V->
If P is orthogonal matrix, then P+= P'.

3. THE BEST LİNEAR ESTİMATE OF p WITH A POSI- 
TIVE DEFINITE V.

Now, consider the general linear model (1.1) with Ş subjected 
to the constraint (1.2). It is well known that every satisfying 
(1.2) is specified by

p = R+r + (I - R+R) (3.1)W
where w is an arbitrary vector of appropriate dimensions. Sub- 
stituting (3.1) into (1.1) for p, vfe obtain

Y = X R+r + X (I-R+R) w + u
or

Y - X R+r = X Q,j w + u. (3.2)
Therefore, the best linear estimate (RLE) of w in (3.2) is given by
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w = [(XQ«)'V-iXQj,]+ (XQ^'V-‘ (Y - X R+r).
Substituting (3.3) into (3.1) for w, we get

3 = R+r + Q« 

and

■w

21

(3.3)

Ş = R+r + Qr[QrX'V-‘XQj,]+QkX-V-*(Y - X R+r) 
or

p = R+r + (XQr)+(Y - X R+r). (3.4)
~ -1 /2

where X = V
! ~ -I İZ\ = N ''Y.

The problem we consider is the estimation of linear function of 
3 by means of linear function s of Y. We use the following prelim- 
inary resuîts.

LEMMA 3.1 There is a Ş of th.e form

P Ay + c 

such that E (p'p ) = p'p for satisfying the consistent equations 
R 3 = r if and only if there are vectors S and p such that 
p'= 8'X p'R.

Proof: The proof of this lemma is given by Rao and Mitra 
(1971) and Gerig and Gallant (1975).

COROLLARY 3.1 Consider the model (1.1) subject to the 
linear eguahty constraints R 3 = r. The best linear unbiased esti- 
mator of p'3 is p'3 = p'R+r + pXX Qr)+ (Y - XR+r), 
where

p'= S'X + p'R.

4. SQUARE ROOTS OF POSİTİVE SEMI-DEFINITE 
MATRICES

Consider the positive semi-definite matrix C. Let it be dia- 
gonalized as foUows: T'C T = D, where T is ortbogonal, Gray- 
bill (1969 p. 19). Any matrix B such that B^= C will be called a



22 FİKRİ AKDENİZ

square root of C. Since C = T = T T'T T',
obviously T D' ''“T'will be such a sqnare root, wEere D’'“is a
diagonal matrix having the square roots of the corresponding diago- 
nal elements of D as diagonal elements. Let C be the Moore-Pen- 
rose inverse of C. Then C+ can be written as TD+T', where D+ 
is a diagonal matrix having the reciprocal values of the corres
ponding nonzero diagonal elements of D and zeros as diagonal 
elements. The matrix (C^/^)+= T (0+)*/^ T' will then bc a square 
root of C+. Since

(CV2)+ = (TDV2T')+ = T (D'/2)+ T' = t (D+)’/2 T'
we find that (C^''^)+ = (C+)’/^. When C is positive definite we have 

Ci/2 T J)l/2 q’'

and
C"V2= T D“'/^T'.

5. solving normal equations subject to NON 
ESTIMABLE CONSTRAİNTS

In this section, ■when c^I) is non-negative matrix, we
would like to extend the theorem, given by Gerig and Gallant (1975)

Consider the problem of solving the normal eguations
X'V-’X p = X'V~'Y (or X'V+Xp = X'V+Y)

subject to the non-estimable parametric constraints
R p = 0.

By non-estimable, we mean that there do not exist non-zero vectors
8 and p such that

S'VV2X = p'R, (or S'(V’/2)+ X = S'R
Our solution consists of slıowing that

Cı= (QrX'V-‘X Qh1+ and €2= (QjjX'V+X Q|j are gene-
ralized inverses of X V ’X and X'V+X respectively.

THEOREM 5.1 If there do not exist non-zero vestors 8 and 
such that §'(V^''^)+X = p'R, then

C2= (Qj, X'V+X QJ+ 
is a generalized inverse of X'V+X. 
Proof: Let
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u = I . -(V’'^+XR+'

o I

- (VV2^+XQj,-

R

Since U is non-singular, the ranks of Z and

= u -(V*/2)+X-

R

- (VV2)+X“
are

R

the same. Since the linear spaces generated by the rows of
and R are disjoint by hypothesis wc have the

rank

- X ''

R

(V*/2)+X“

R
= rank [ (V'/^)+X] + rank (R). Consider

(Qr • R') =
X Qr X R'“

0 R R'

Avhere X = (V*/^)+X. Since (Qjj : R') and U have full rank, we 
write

■ X “
rank (Z) = rank = rank

- xQr : X R' -

R O : R R'

= rank { U.
XQh XR'“

0 . R R'
} = rank

XQjf

0

0 ■

RR'

= rank ( X Qjj) + rank (R R'),

= rank { (V*''^)+XQjj} rank (R).

Thus, rank { (V*''2)+XQ'jj}
columns of (VL2j+XQjj

rank { (V'/^)+X}. Since the
are linear combinations of the columns of

(VL2)+X and the ranks of the two matrices are eqnal, there is
a non-singular matrix S such that (V*/^)+XQjj = (VL2)+X S. 
Thus, we can write

X'V+X (QjjX'V+XQJ+X'V+X = (^')-*S'X'(V‘7^)+(VVî)+X[Qr
X'V+XQjj]+. X'(V*/V(VV2)+XS.S.-’,
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= (S')-‘QhX'V+XQj,[Qj,X'V+XQj,]+Qj,X'V+XQj,S->
= (S')-’QrX'V+XQ«S-\
= (S')-'Qj,X'(V*/2)+(VV2)+XQkS-S
= X'(V’/2)+(VV2)+X,
= X'V+X,
and bence the theorem is proved.

As an example of the use of the theorem 5.1 in appücations.

two blocks:
consider a eomplete randomized block^with two treatments and 

«/eJi'gn

'^n 

Wi2 

^21 

^22

- 1
1
1
1

1
1
0
0

0 
o 
1 
1

1 
o
1 
o

o -
1
o
1

ll

^^2 
p.

P2 _

en 
ei2 
e2i 

e22
+

or in matrix notations.

W = N p + e , e ~ N (0 , CT^I). (5-1)
To incorporate the Standard assumptions S aj= SPj = 0, put

0 110 0 0
R = ■, r

0 0 0 1 1 o

Premultiplication of (5.1) by
' I4

M =
_ j'4_

we get the following new model (see also Searle (1971) ) 

M W = M N p +M e,
or

Y — P "F tı. (5-2)
where X = M N, Y = M W, u = M e, I4 is a 4x4 identity matrix,
j^a 4x1 coiumn vector of unit elements, and n 
fore, V can be written as

V =
I4 14

= M M'.
j'4 4

N (0, aW). There-
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Since rank (V) = 4, it is seen that V is a singular variance 
covariance matrix. Since V symmetric matrix, there exists an 
orthogonal matrix P such that P'V P = D, where D is a diagonal
matrix with the characteristic roots of V displaycd on the diag-
onal of D . Since the characteristic roots of V are 1, 1, 1, 5, 0; then 
we obtain

-2/^/6 0

p

vy20

'/VÎT

“’/V'Î2

0

‘V20
-‘'VS

o o

o o
Hence, from section 4, we get

I4 +
1

10

4 .
lOy/âÖ

1
4 4

(VV2)

and

4 
lov^ J

16 
10V2Ö4

v+ =

I4-
24 

ÎÖÖ
J4

4 
îöö

j4

4
100

j'4
16

100

where is a 4x4 nıatrix of unit elements. The Moore-Penrose 
g-inverse of R is

R+ =

0

0

0

1/2
1/2

0

o
o
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As seen in the theorem 5.1, rank { (V*/^)+XQr } = rank 
{(V*/^)'’’X} = 3. Furtheromore,

Qh X'V+X = Qr (MN)'V+(MN) Qr

= Qj,N'M'(MM')+M N Qr

= QuN'M'(M')+M+M N Qr 
= QrN'(M+M)'M+M N Qr 
= QrN'N Qr,

or clearly

Q«X'V+X Qr
-400

0 1-1
0 -1 
o o 
o o

1 -1
0 -1 1

1 
o

o 
o 
o

o - 
o 
o

wlıere M'V+M = I,and M+M = I^. 
Thus

0 0 O 
o 
o

O 
o 
o

“1/4

C2= (QrX'V+X Qr)+=
0 1/4-1 /4
0 -1 /4 1 /4

o 1/4-1 /4 
0-1/4 114>

0
0

o 
o

= ( X'V+X)+.

On the other hand, since
X'( I - V V+) N'M'( I MM'(MM')+)

= N'( M'- M'MM'(M')+M+) 
= N'(M'-M') = 0,

we say that, X is contained in the column space of V.

If X is contained in the column space of V, the BLUE of
Pj'Ş İs given hy p',^, where p'f 'X p'R and p is given
in the following theorem.

THEOREM 5.2 (Hallum, Lewis and Boullion (1973) ) The best 
linear estimate of p in (1.1) subject to (1.2) with X,H , and V assu- 
med to be arbitrary ranks, is given by p, where

p = R+r + (Aj+AJ (Y - X R+r) 
with
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Aj = [ (Qr X'V+X Qr) ] +X'V+,
[ Qr X'( I - V V+) X Qr ]+X'(I - V V+).

COROLLARY 5.2 In the model Y = X Ş + u, u ~ N (O; 
wherein the only restrictions on Ş are equations R p = r, the BLUE 

of a parametric function p'2!3 = p'2R ı- -j- p'2(X Qr)+ (Y - X R+r), 
where p'2 = S'X p'R. This result is fairly well known, see for 
example Gerig and Gallant (1975) and Baksalary and Kala (1979). 
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ÖZET

Bu çalışmada lineer kısıtlamalar altında parametrelerin kestirimi incelenmiştir. 
R, X ve V üzerinde rank kısıtlaması yapılmamıştır. Elde edilen bulgulara dayanarak 
parametreler üzerindeki kestirilebilir olmayan kısıtlamalar altmda normal denklemlerin 
çözümünü veren X'V+X nin genelleştirilmiş tersi bulunmuştur.
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