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1. Introduction and Preliminaries

Tribonacci sequence {7, },,>0, Tribonacci-Lucas sequence {K, },>0 and modified Tribonacci-Lucas sequence {G, },,>0
are defined, respectively, by the third-order recurrence relations

Tz = Tho+Thn + Ty, Th=0,T1=1,T» =1, (1.1
Kniz = Kpop+ K + K, Ko=3,K1=1,K,=3, (1.2)
Gz = Guo+Gu +Gyp, Go=4,G1=4,G, =10. (1.3)

The sequences {7y },>0, {Kn}n>0 and {G,, },>0 can be extended to negative subscripts by defining

T, = -T_(u-1) ~T-(n-2) +T_(4-3), (14
K. = K (1) K- (n2)+K_(n-3), (1.5)
Gy = —G_(n-1) = G_(n2) +G_(4-3), (1.6)

forn =1,2,3, ... respectively. Therefore, recurrences (I.1)-(T.3) hold for all integers n. Basic properties of Tribonacci,
Tribonacci-Lucas and modified Tribonacci-Lucas sequences are given in [§]].

Next, we present the first few values of the Tribonacci, Tribonacci-Lucas and modified Tribonacci-Lucas numbers with
positive and negative subscripts:

Table 1. The first few values of the special third-order numbers with positive and negative subscripts.
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n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
., 0 1 1 2 4 7 13 24 44 81 149 274 504 927
T_, 0 1 -1 0 2 3 1 4 -8 5 7 =20 18
K, 3 1 3 7 11 21 39 71 131 241 443 815 1499 2757
K_, -1 -1 5 -5 -1 11 -15 3 23 41 21 43 -105

G, 4 4 10 18 32 60 110 202 372 684 1258 2314 4256 7828

G_, 2 -2 4 O -6 10 -4 -12 26 -18 -20 64 -62

For all integers n, Tribonacci, Tribonacci-Lucas and modified Tribonacci-Lucas numbers can be expressed using Binet’s
formulas as

n+l n+l1 n+l
@ B Y

R Py T AV pepy R ey Yoy (1.7)
Koo = aa iy, (1.8)
Gu = (a+Da"+(B+1D"+(y+1)y" (1.9)

respectively. Here, @, 8 and y are the roots of the cubic equation

B-x?-x-1=0.

Moreover,
L 1+V1943V334 V19 -3V33
= 3 ,
5 - 1+ wV19 +3V33 + V19 - 3v33
= 3 ,
_ 1+0V19+3V33+ wV19 - 3V33
[ 3
where 3
-1+iV3
w= % = exp(27i/3).
Note that
a+pB+y = 1,
aB+ay+By = -1,
afy = 1

Note that the Binet form of a sequence satisfying (I.7) and (T.9) for non-negative integers is valid for all integers n. The
generating functions for the modified Tribonacci-Lucas sequence {G, },>0 is

= 4 +2x2
> G = — (1.10)
g l—-x—-x>—x

Recently, there have been so many studies of the sequences of numbers in the literature that concern about subsequences
of the Horadam (Generalized Fibonacci) numbers and generalized Tribonacci numbers such as Fibonacci, Lucas, Pell
and Jacobsthal numbers; third-order Pell, third-order Pell-Lucas, Padovan, Perrin, Padovan-Perrin, Narayana, third order
Jacobsthal and third order Jacobsthal-Lucas numbers. The sequences of numbers were widely used in many research
areas, such as physics, engineering, architecture, nature and art. On the other hand, the matrix sequences have taken
so much interest for different type of numbers. We present some works on matrix sequences of the numbers in the
following Table 2.

Table 2. A few special study on the matrix sequences of the numbers.

Name of sequence work on the matrix sequences of the numbers
Generalized Fibonacci 120,130, (40, [0, [LOf , [L11, (2], [ 30, [LL 6]
Generalized Tribonacci L1610, 120, 140, [1L5]

Generalized Tetranacci [5]
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In this paper, the matrix sequences of modified Tribonacci-Lucas numbers will be defined. Then, by giving the
generating functions, the Binet formulas, and summation formulas over this new matrix sequence, we will obtain some
fundamental properties on modified Tribonacci-Lucas numbers. Also, we will present the relationship between matrix
sequences of Tribonacci, Tribonacci-Lucas and modified Tribonacci-Lucas numbers.

Tribonacci and Tribonacci-Lucas matrix sequences are defined as follows (see [6]).

Definition 1.1 For any integer n > 0, the Tribonacci matrix (7,) and Tribonacci-Lucas matrix (%;,) are defined by

T = Tn-1+Tn-2+Tn-3, (1.11)
Ky = K 1+Kuo+ (]<n—3, (1.12)
respectively, with initial conditions
1 00 1 1 1 2 2 1
o= 0 1 O], 1=(1 0 0|, %=1 11
0 0 1 010 1 00
and
1 2 3 3 4 1 7 4 3
Ko=| 3 -2 -1 [,¥4o=[1 2 3 |,K=|3 4 1
-1 4 -1 3 -2 -1 1 2 3

The sequences {7, },>0 and {K,, },>0 can be extended to negative subscripts by defining
Tn==T"(n-1) = T-(n-2) + T=(n-3)
and
Kon = =K_(n-1) = K-(n-2) + K_(n-3)

forn =1,2,3, ... respectively. Therefore, recurrences (I.11)) and (T.12) hold for all integers n.
The following theorem gives the nth general terms of the Tribonacci and Tribonacci-Lucas matrix sequences.
Theorem 1.2 For any integer n > 0, we have the following formulas of the matrix sequences:

T Ty +Th T,

Tn = T, Th-1+Th—2 Th1 |, (1.13)
Thov ThotTy 3 Ty
K1 Ky + K-y K,

Ko = K, Kn1+Kn-2 Ku-1 |. (1.14)

Kn1 Kyp2+Ky3 Ky

Proof. It is given in [6]. O
We now give the Binet formulas for the Tribonacci and Tribonacci-Lucas matrix sequences.

Theorem 1.3 For every integer n, the Binet formulas of the Tribonacci and Tribonacci-Lucas matrix sequences are
given by

T = Ala/"+Blﬁ'"+C1y", (1.15)
7(n = Aza" + Bzﬁn + Cz’yn (116)
where
A - af+a(a-1)T1+T B :B7§+ﬂ(ﬁ—l)7f+76 c :77£+7(7—1)7I+76
: al@a—y(@=-p) ' BB-NB-a ' yG-ply-a
A = ¥ +ala - DK+ Ko B =ﬁ7(2+ﬁ(,3—1)7(1+7(0 c =77<2+7(7—1)7(1+7(o
2 al@-y)(@-p T BB-mB-a 1 yG-AHy-a

Proof. It is given in [6]. O
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2. The Matrix Sequences of modified Tribonacci-Lucas Numbers

In this section, we define modified Tribonacci-Lucas matrix sequence and investgate its properties.
Definition 2.1 For any integer n > 0, the modified Tribonacci-Lucas matrix (G,) is defined by

with initial conditions

Gn=Gn1+Gn2+Gn-3,

4 6 4 10 8 4 18 14
Go=| 40 2 |,a=| 4 6 4], 6=|10 38
2 2 -2 4 0 2 4 6

The sequence {G, },>0 can be extended to negative subscripts by defining
Gn=-"G (n-1) = G-(n-2) +G-(n-3)

forn =1,2,3,.... Therefore, recurrences (@) holds for all integers n.

The following theorem gives the nth general terms of the modified Tribonacci-Lucas matrix sequence.

Theorem 2.2 For any integer n > 0, we have the following formula of the matrix sequence:

Gn

Gn+1 Gn + Gn—l Gn
= G, G 1+Gu2 Gy
Gn1 Gu2+Gyz Guoa

2.1)
10
4
4

(2.2)

Proof. We prove @) by strong mathematical induction on n. If n = 0 then, since G_3 =4,G_, = -2, G_| = 2,

Go=4,G1 =4,G, = 10, we have

G Go+G_4 Gy 4 6 4
go = G() Gfl + sz Gfl =14 0 2
G_1 GHL+G_35 G_, 2 2 =2
which is true and
G G1+Gy Gy 10 8 4
G =| G Go+G_; Go = 4 6 4
Gy G_1+G_, G_ 4 0 2
which is true. Assume that the equality holds for n < k. For n = k + 1, we have
Gl = Gik+Gi1+Gr2
G Gr+Gp Gk Gy Gi1+Gi2 Gro
= Gy Gr-1+Gr2 Gr-r |+| Gr-1 Gr2+Gr3 G
Gi-1 Gr2+Gr3 Gro Gr2 Gri3+Gry Gis
Gi-1 Gr-2+Gr3 Gi
+| G2 Gi-3+Gra Gi-3
Gi3 Gra+Grs Gy

Gi+Gr1+Gpa
Gk + Gk—l + Gk_z
Gr-1+Gr2+Gp_3

G2 G+ Gin
= Gl Gr+Grg
Gy Gro1+Groa

Gr+Gr1+Gr-1 +Gr2+Gr2+Gr3
Gi-1+Gr2+Gr2+Gr3+Gr3+Giy
Gr2+Gr3+Gr3+Gr4+Gry+Gi_s
Gk+l

Gk
Gr-1

Thus, by strong induction on 7, this proves (2.2). O
We now give the Binet formula for the modified Tribonacci-Lucas matrix sequence.
Theorem 2.3 For every integer n, the Binet formula of the modified Tribonacci-Lucas matrix sequence is given by

gn = A5a" + B5,3n + Csy"

Gk + Gk—l + kaz
Gi-1+Gr2+Gp_3
Gr2+Gr3+Gry

(2.3)
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where

aG+ala-1)G1+Go ,, PG +BB-1)G1+Go Ce = YG2+y(y - DG +§o.

S @ @p T B DB-® T yo-Po-a

Proof. We prove the theorem only for n > 0. By the assumption, the characteristic equation of (2.1) is x> —x>—x—1=0
and the roots of it are @, 8 and . So, it’s general solution is given by

gn = A5(¥n + B5ﬁn + CS)/n.

Using initial condition which is given in Definition [2.1] and also applying lineer algebra operations, we obtain the
matrices As, Bs, Cs as desired. This gives the formula for G,. O

The well known Binet formulas for modified Tribonacci-Lucas is given in . But, we will obtain this function in
terms of modified Tribonacci-Lucas matrix sequence as a consequence of Theorems [2.2]and 2.3] To do this, we will
give the formulas for these numbers by means of the related matrix sequences. In fact, in the proof of next corollary, we
will just compare the linear combination of the 2nd row and Ist column entries of the matrices.

Corollary 2.4 For every integers 7, the Binet’s formulas for modified Tribonacci-Lucas numbers is given as
Gp=(a+Da"+(B+ 1"+ (y+ 1y"

Proof. From Theorem 2.2} we have

Gn = Asa" +Bs5p" +Csy"
_ aG+ale-1)G +Qoan N BG:+B(B-1)G) +§oﬁn
a(a—-vy)(a-p) BB-y)(B-a)
YG+y(y-DGi1+Go_,
yiy=-B(y-a)
e 100? +8a+4 8a®+6a+6 4a”+6a+4
= ——————| 4a’+6a+4 2a@Ba+l) 4a” +2
(@=v)(@=p) 40’ +2 6a+2 22> +2a-2
g 108> +8B8+4 8B>+68+6 4B82+68+4
+—— | 482+68+4 28(3B8+1) 482 +2
B-7)(B-a) 482 +2 68+2 282 +28-2
el 102 +8y+4 8y +6y+6 4y>+6y+4
+— 4y2+6y+4 2y By +1) 4y2+2
(y-B)(y-a) 4y? +2 6y +2 2y2+2y -2
By Theorem [2.3] we know that
Gl G,+Guo1 Gn

Gn = Gn Gu1+Gu2 Gy
Gu-1 Gu2+Guz Gpo

Now, if we compare the 2nd row and 1st column entries with the matrices in the above two equations, then we obtain

a,n—l Bn—l
Gy, = ———— (4d®+6a+4) + ——— (4% + 68+ 4
@y (@—p @O G (B R
yn! 2
Y (4 +6y+4
MR TR R A

(a+ D"+ (B+1)B"+(y+1)y". O

Now, we present summation formulas for modified Tribonacci-Lucas matrix sequences.
Theorem 2.5 For all integers m and j, we have

i ka+j _ gmn+m+j + gmn—m+j + (1 - K—m)gmn+j - gm+j - gj—m + (Km - l)gj ) (24)
k=0

K — K-m
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Proof. Note that

n n-1 n-1
D Guksi = Gunsj+ ), Gk = Gounej + ) (As@™H & BT 4 Csy kT
k=0 k=0 k=0
Y C e | 'ﬁmn_l _,ymn_l
= gmn+j+A5(¥](am_l)+35ﬁ](ﬁm_l)+C5’y](ym_1).

Simplifying the last equalities in the last expression imply (2.4) as required. O

As in Corollary 2:4] in the proof of next Corollary, we just compare the linear combination of the 2nd row and 1st
column entries of the relevant matrices.

Corollary 2.6 For all integers m and j, we have

2.5)

i G Gmn+m+j + Gmn—m+j + (1 - K—m)Gmn+j - G'm+j - Gj—m + (Km - I)G]
mk+j = .
k=0 Y Kn = Km

Note that using the above Corollary we obtain the following well known formulas (takingm =1, j =0andm = -1, =0
respectively):

n
1

Z G = E (Gn+1 +2G,+Gpoy — 6)

k=0

and
- 1
2, G-k = 5 (-Gt = Gy +14).
k=0
or

3

1
G = _(_G—n+1 -G 1+ 6)
k=1 2

Note that the last Corollary can be written in the following form:

z Gmn+m+j + Gmn—m+j + (1 - K—m)Gmn+j - Gm+j - Gj—m + (K—m - I)Gj
ZGmk+j = K _K .
=1 m -m

We now give generating functions of G.
Theorem 2.7 The generating function for the modified Tribonacci-Lucas matrix sequence is given as

0o 1 4x2 + 6x + 4 2x+6 22 +4
Zg,,x" = 22 + 4 22 4+6x 22 +2x+2
0 P=x ==\ 024 0v42 42 —2x+2 4l +4x-2

Proof. Suppose that g(x) = 3> ; Gnx" is the generating function for the sequence {Gy }>0. Then, using Deﬁnition
we obtain

g(x) = ) Gux"=Go+Gix+Gox’ + ) Gux"

n=0 n=3

= Go+Gix+Gux’ + Z(gn—l +Gn+ Gn3)x"
n=3

= Go+Gix+Gu* + Z Gn-1x" + Z Gn-2x" + Z Gn-3x"
n=3 n=3 n=3

(o) (o) (o]
= Go+Gix+Gox® - Gox — Gi¥ = Gox’ +x ) Gux" +x7 ) Gux" 427 " G
n=0 n=0 n=0

= Go+Gix+Gox® — Gox — Gix® — Gox* +xg(x) + x°g(x) + x> g(x).
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Rearranging the above equation, we get

Go+(G1 - Go)x + (G2 — G — Go)x?

2 3

g(x) =

l—-x—-x*—x

which equals the 3} ) G,x" in the Theorem. This completes the proof. O

The well known generating functions for modified Tribonacci-Lucas numbers is as in (I.I0). However, we will obtain
these functions in terms of modified Tribonacci-Lucas matrix sequence as a consequence of Theorem[2.7] To do this,
we will again compare the the 2nd row and 1st column entries with the matrices in Theorem Thus, we have the
following corollary.

Corollary 2.8 The generating functions for the modified Tribonacci-Lucas sequence {G, }, >0 is given as
2x2 + 4
Gux" =
Z S P

3. Relation Between Tribonacci, Tribonacci-Lucas and modified Tribonacci-Lucas Matrix Sequences

The following theorem shows that there always exist interrelation between Tribonacci, Tribonacci-Lucas and modified
Tribonacci-Lucas matrix sequences.

Theorem 3.1 For the matrix sequences {7} and {G,,}, we have the following identities.

(@) 227, =TGn+a — 13Gn+3 + Gus2,
(b) 227, = —6Gn+3 + 8Gn+2 + TGn+1,
(©) 227, =2Gn+2 + Gnr1 — 6Gn,

(@) 227, =3Gn+1 —4Gn +2Gn-1,
(€) 227, = —Gn + 5Gn-1 +3Gn-2,
(£) Gn = 4Tn4a — 6Tn43,

(8) Gn = —2Tn43 + 4042 + 4Tn41,
(h) Gn =242 + 2T41 — 270,

() Gn =4T01 +2T5-1,

() Gn =470 +6T-1 +47,2.

Proof. The proof follows from the following equalities:

22T, = TGpia —13Gpi3 + Guyo,

22T, = —6G,43+8Gu+7G 41,
22Tn = 2Gn+2 + Gn+l - 6Gn,
22T, = 3Gp4 —4G,+2G,-1,
22T, = -G,+5G,_1+3G,_»
and
G, = 4T, - 61,43, 3.1
G, = -2T,;3+4T, +4T,, (3.2)
Gn = 2T +2Th — 2T, (3.3)
G, = 4T, +2T,_4, 3.4
G, = 4T, +6T, | +4T, . (3.5)
O

Theorem 3.2 For the matrix sequences {K,} and {G,}, we have the following identities.
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(@) 2Ky = —3Gn+a +4Gns3 +3Gn42,
(b) 2%, = Gn+z — 3Gn+1,

(©) 2K = Gns2 — 2Gn+1 + G,

(d) 2K = —Gne1 +2Gn + Gn-1,

() 2K = Gn — Gn-2,

®) Gn = Kinsz — K,

(8 Gn = Ks1 + K,

(h) Gn =2%, + Kn-1 + Kz

Proof. The proof follows from the following equalities:

2K, = -3Guua+4Gui3 +3Gps2,
2K, = Gnpiz —3Gu,
2Kn = Gn+2 - 2Gn+l + Gns
2K, = -Gu4y1+2G,+Gypoy,
2Ky = Gn=Gu
and
Gn = Kn+3 - Kn+2,
Gn = Kn+l + Kn,
G, = 2K,+K,_1+K,_».
O

Lemma 3.3 For all non-negative integers m and n, we have the following identities.

(@) GoTn = TnGo = Gn,
(b) %Gn = GnT0 = Gn.
Proof. Identities can be established easily. Note that to show (a) we need to use the relations (3.1)-(3-3). O

We need the following Theorem.
Theorem 3.4 For all non-negative integers m and n, we have the following identities.

TmTn = Tmn = TnTms
Knen = Tn(](nzq(nfn

Proof. It is given in [6]. O
The following theorem gives relations between the matrices 7, and G,,.
Theorem 3.5 For all non-negative integers m and n, we have the following identities.

@) TmGn = GnTm = Gmen»
() GinGn = GnGim = 16Tnanss — 48Tprans7 + 36Tminss,

(©) GinGn = GnGm = 4Tmensa + 8T minss — 4Tmens2 — 8Tmens1 + 4Tmmen

(d) GinGn = GnGim = 16Tpans2 + 16T + 4T min 2,

(©) (Gmins2 = 2Gmins1 + Gmen) = 25 (2Gms2 + Gmst — 6Gm)(Gnsz — 2Gns1 + Gi).-

Proof.
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(a) By Lemma[3.3] we have
TnGn = TmTuGo-

Now, from Theorem 3.4]and again by Lemma 3.3| we obtain 7,,G, = TmnGo = Gmn-
Similarly, it can be shown that G,,7,;, = G-

(b) Using Theorem [3.1and Theorem [3.4] we obtain

GnGn = (4Tmsa — 6T43) (4014 — 6T543)
= 3673743 — 24T m3Tnes — 24T maaTna3 + 16T 0004 Tnas
= 36T mtn+6 = 24Tmin+7 — 24T mn+7 + 16T 4048
= 36T nin+6 — 48T mans7 + 16T 04048
= 167048 — 48T min+7 + 36T mins6.

It can be shown similarly that G, G, = 16T 14n+8 — 48T msn+7 + 36T min+6-

Similarly, the remaining of identities can be proved by considering again using Theorem 3.1]and Theorem 3.4} O

Comparing matrix entries and using Theorem [I.2]and Theorem [2.2] we have next result.
Corollary 3.6 For Tribonacci and modified Tribonacci-Lucas numbers, we have the following identities:

(@) Guman = Gue1tTin + Gp (Tn-1 + Tin—2) + Gn-1T-1,

) Gui1Gm + Gy (Gu—1 + G-2) + Gu_1G -1 = 16T 1148 — 48T 04ns7 + 36T mans6,

(©) Gnt1Gm +Gn (Gu=1 + Gm=2) + Gu_1G -1 = 4T insa + 8Tmin+3 — 4Tmans2 — 8Tman+1 + 4T man,

D) Gui1Gin+Gn (Go1 +Gi2) + Gno1G ot = 16T 4na2 + 16T, + 4T 042,

(©) Gmsn = 2Gmint1t + Ginsz = 35(Gnsz QG2 + Gnst = 6G) + G o (=4G sz + 15G, = 5G 1 = 6G ) +
Gt 2G msa—=G st = 11G 448Gy 1+12G -2 +G (=2 pus1 +Gom+TG 1 ~6G n-2)+G 1 (2G a1 +Gom—6G 1))
Proof.

(a) From Theorem[3.3](a), we have 7,,G, = GnTm = Gm+n. Using Theorem[I.2]and Theorem [2.2] we can write this
result as

Tm+1 Tm + Tm—l Tm Gn+l Gn + Gn—l Gn
Tm Tm—l + Tm—2 Tm—l Gn Gn—l + Gn—Z Gn—l
Tm—l Tm—2 + Tm—3 Tm—2 Gn—l Gn—Z + Gn—3 Gn—2

Gm+n+1 Gm+n + Gm+n—1 Gm+n
= Gm+n Gm+n—l + Gm+n—2 Gm+n—l
Gm+n—l Gm+n—2 + Gm+n—3 Gm+n—2

Now, by multiplying the left-side matrices and then by comparing the 2nd rows and 1st columns entries, we get
the required identity in (a).

Similarly, the remaining of identities can be proved by considering again Theorems[3.5] [T.2]and[2.2] O

The next two theorems provide us the convenience to obtain the powers of Tribonacci and modified Tribonacci-Lucas
matrix sequences.

Theorem 3.7 For non-negative integers m, n and r with n > r, the following identities hold:
@ 7, = Tnn,

(b) 7;::_11 = 7Im7;1n’

©) TnrTnir = 7;12 = 7;!
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Proof. The proof is given in [6]. O
To prove the following theorem we need the next lemma.
Lemma 3.8 Let As, Bs, Cs as in Theorem@ Then the following relations hold:

AsBs = BsAs = AsCs = CsAs = CsBs = BsCs = (0) .

Proof. Usinga+B8+vy =1, af+ay + By = —1 and aBy = 1, required equalities can be established by matrix
calculations. O

We have analogues results for the matrix sequence G,,.
Theorem 3.9 For non-negative integers m, n and r with n > r, the following identities hold:

(a) gn—rgn+r = gyzl’
®) G = GI'"Trun.

Proof.

(a) We use Binet’s formula of modified Tribonacci-Lucas matrix sequence which is given in Theorem[2.3] So,

Gr-rGnir — G2

— (Asan*r + Bsﬁn*r + Cs_ynfr)(Asan+r + BSﬂn+r + Cs,yn+r)
—(Asa"™ + Bsp" + Csy")?

— ASBsan—ran—r(a,r _ﬂr)2 +A5C5a,n—r,yn—r(ar _ yr)z
+BsCsB" "y (B -v")?

= 0

since AsBs = AsCs = CsB5 (see Lemma @) Now, we get the result as required.

(b) By Theorem[3.7] we have

Gy Tn = G0Go.--GoTnTn-.-Tn.-
—
m times m times

When we apply Lemma [3.3] (a) iteratively, it follows that

0 Tmn = (GoTn)(GoTn)...(GoTn)

This completes the proof. O
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