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Abstract
The main aim of this article is to study the horizontal lifts of projectable linear connection
in the semi-tangent bundle tM. The properties of complete and horizontal lifts of pro-
jectable linear connection for semi-tangent bundle tM are also investigated. Finally, we
examine the infinitesimal linear transformation in the semi-tangent bundle with respect
to the horizontal lift of a projectable linear connection.
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1. Pullback bundle of the tangent bundle
Let Mn be an n−dimensional differentiable manifold of class C∞ and finite dimension

n, and let (Mn, π1, Bm) be a differentiable bundle over Bm. We use the notation (xi) =
(xa, xα), where the indices i, j, ... have range in {1, 2, ..., n}, the indices a, b, ... have range
in {1, 2, ..., n − m} and the indices α, β, ...have range in {n − m + 1, n − m + 2, ..., n}, xα

are coordinates in Bm , xa are fiber coordinates of the bundle
π1 : Mn → Bm.

Let now (T (Bm), π̃, Bm) be a tangent bundle [14] over base space Bm, and let Mn

be differentiable bundle determined by a submersion (natural projection) π1 : Mn → Bm.
The semi-tangent bundle (pullback [3,5,9,10,15,16]) of the tangent bundle (T (Bm), π̃, Bm)
is the bundle (t(Bm), π2, Mn) over differentiable bundle Mn with a total space

t(Bm) =
{

((xa, xα) , xα) ∈ Mn × Tx(Bm) : π1 (xa, xα) = π̃
(
xα, xα

)
= (xα)

}
⊂ Mn×Tx(Bm)

and with the projection map π2 : t(Bm) → Mn defined by π2(xa, xα, xα) = (xa, xα), where
Tx(Bm) is the tangent space at a point x of Bm (x = π1 (x̃) , x̃ = (xa, xα) ∈ Mn), where
xα = yα

(
α, β, ... = n + 1, ..., 2n

)
are fiber coordinates of the tangent bundle T (Bm).

Where the pullback (or Pontryagin [7]) bundle t(Bm) of the differentiable bundle Mn

also has the natural bundle structure over Bm, its bundle projection π : t(Bm) → Bm

being defined by π : (xa, xα, xα) → (xα) , and hence π = π1 ◦ π2. Thus (t(Bm),π1 ◦ π2) is
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the step-like bundle [6] or composite bundle [8, p. 9]. Consequently, we notice the semi-
tangent bundle (t(Bm),π2 ) is a pullback bundle of the tangent bundle over Bm by π1
[9].

If (xi′) = (xa′
, xα′) is another local adapted coordinates in differentiable bundle Mn,

then we get: {
xa′ = xa′(xb, xβ),
xα′ = xα′

(
xβ
)

.
(1.1)

The Jacobian of (1.1) has the components(
Ai′

j

)
=
(

∂xi′

∂xj

)
=
(

Aa′
b Aa′

β

0 Aα′
β

)
,

where Aa′
b = ∂xa′

∂xb , Aa′
β = ∂xa′

∂xβ , Aα′
β = ∂xα′

∂xβ [9].
To a transformation (1.1) of local coordinates of Mn, there corresponds on t(Bm) the

change of coordinate 
xa′ = xa′(xb, xβ),
xα′ = xα′

(
xβ
)

,

xα′ = ∂xα′

∂xβ yβ.

(1.2)

The Jacobian of (1.2) is:

Ā =
(
AI′

J

)
=

 Aa′
b Aa′

β 0
0 Aα′

β 0
0 Aα′

βεyε Aα′
β

 , (1.3)

where I = (a, α, α), J = (b, β, β), I, J, .... = 1, ..., 2n; Aα′
βε = ∂2xα′

∂xβ∂xε [9].
The main aim of this article is to study the horizontal lifts of projectable linear connec-

tion to semi-tangent (pullback) bundle (t(Bm) , π2) and their properties.
We denote by ℑp

q(Mn) the module over F (Mn) of all tensor fields of type (p, q) on Mn,
where F (Mn) is the algebra of C

∞− functions on Mn.

2. Some lifts of tensor fields of types (1,0) and (0,1)
If f is a function on Bm, we write vvf for the function on t(Bm) obtained by forming

the composition of π : t(Bm) → Bm and vf = f ◦ π1, so that
vvf = vf ◦ π2 = f ◦ π1 ◦ π2 = f ◦ π.

Thus, the vertical lift vvf of the function f to t(Bm) satisfies
vvf(xa, xα, xα) = f(xα). (2.1)

We note here that value vvf is constant along each fibre of π : t(Bm) → Bm.
Let X ∈ ℑ1

0(Bm), i.e. X = Xα∂α. On putting

vvX = (vvXα) =

 0
0
Xα

 , (2.2)

from (1.3), one can easily prove that vvX ′ = Ā(vvX). The vector field vvX is called the
vertical lift of X to t(Bm).

Let ω ∈ ℑ0
1(Bm), i.e. ω = ωαdxα. On putting

vvω = (vvω)α = (0, ωα, 0) , (2.3)

from (1.3), we easily see that vvω = Āvvω′. The covector field vvω is called the vertical lift
of ω to t(Bm).
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Let X̃ ∈ ℑ1
0(Mn) be a projectable vector field [12] with projection X = Xα(xα)∂α i.e.

X̃ = X̃a(xa, xα)∂a + Xα(xα)∂α. Now, consider X̃ ∈ ℑ1
0(Mn), the complete lift ccX̃ of X̃

to the semi-tangent bundle t(Bm) has components [9]:

ccX̃ =
(

ccX̃α
)

=

 X̃a

Xα

yε∂εXα

 (2.4)

with respect to the coordinates (xa, xα, xα).
For any F ∈ ℑ1

1(Bm), from (1.3), we have (γF )′ = Ā(γF ), where γF is a vector field in
t(Bm) defined by

γF = (γF I) =

 0
0
yεF α

ε

 (2.5)

with respect to the coordinates (xa, xα, xα).
Let now X̃ ∈ ℑ1

0(Mn) be a projectable vector field on Mn with projection X ∈ ℑ1
0(Bm)

[12]. The horizontal lift HHX̃ of X̃ on t(Mn) is defined by:

HHX̃ = ccX̃ − γ(∇X̃).

Where ∇ is a projectable symmetric linear connection in a differentiable manifold Bm.
Then, remembering that ccX̃ and γ(∇X̃) have, respectively, local components

ccX̃ =
(

ccX̃I
)

=

 X̃a

Xα

yε∂εXα

 , γ(∇X̃) =
(
γ(∇X̃)I

)
=

 0
0
yε∇εXα


with respect to the coordinates (xa, xα, xα) on t(Bm). ∇αXε being the covariant derivative
of Xε, i.e.,

(∇αXε) = ∂αXε + XβΓε
βα.

We find that the horizontal lift HHX̃ of X̃ has the components

HHX =
(

HHXI
)

=

 X̃a

Xα

−Γα
βXβ

 (2.6)

with respect to the coordinates (xa, xα, xα) on t(Bm). Where

Γα
β = yεΓα

ε β. (2.7)

3. Complete lifts of projectable linear connection
Let Γβ

αγ be components of projectable linear connection [1, 2, 12, 13] ∇ with respect to
local coordinates (xα) in Bm and ccΓJ

I K components of cc∇ with respect to the induced
coordinates (xa, xα, xα) in t(Bm).

We recall from [12] that components ccΓJ
I K of complete lift cc∇ of projectable linear

connection ∇ can be calculated from base manifold Bm to semi-tangent bundle t(Bm) also
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as: 

ccΓb
ac = ccΓb

aγ = ccΓb
aγ = ccΓb

αc = ccΓb
αγ = ccΓb

αc = ccΓb
αγ = ccΓb

αγ = 0,
ccΓb

αγ = Γb
αγ ,

ccΓβ
a c = ccΓβ

a γ = ccΓβ
a γ = ccΓβ

αc = ccΓβ
αγ = ccΓβ

αc = ccΓβ
αγ = ccΓβ

αγ = 0,
ccΓβ

αγ = Γβ
αγ ,

ccΓβ
a c = ccΓβ

a γ = ccΓβ
a γ = ccΓβ

αc = ccΓβ
αc = ccΓβ

αγ = 0,
ccΓβ

αγ = Γβ
αγ ,

ccΓβ
αγ = yε∂εΓβ

αγ ,
ccΓβ

αγ = Γβ
αγ .

(3.1)

Where I = (a, α, α), J = (b, β, β), K = (c, γ, γ).
On the other hand, from (3.1) we obtain:

Theorem 3.1. Let X̃ and Ỹ be projectable vector fields on Mn with projection X ∈
ℑ1

0(Bm) and Y ∈ ℑ1
0(Bm), respectively. We have:

(i) cc∇vvX(vvY ) = 0,

(ii) cc∇vvX(HH Ỹ ) = 0,
(iii) cc∇HHX̃

(vvY ) = vv (∇XY ) ,

(iv) cc∇HHX̃
(HH Ỹ ) = HH (∇XY ) + γ(R( , X)Y ),

(v) [ccX̃,cc Ỹ ] =cc [X̃, Ỹ ](i.e.LccX̃
(ccỸ ) =cc

(
L

X̃
Ỹ
)
),

(vi) [ccX̃, γF ] = γ (LXF ) (F ∈ ℑ1
1(Bm)),

where R( , X)Y ∈ ℑ1
1(Bm) is a tensor field of type of (1, 1) defined by F (Z) = R(Z, X)Y

for any Z ∈ ℑ1
0(Bm) and LX is the operator of Lie derivation with respect to X.

4. Horizontal lifts of projectable linear connection
Let there be given a projectable linear connection ∇ in Bm. We shall now define the

horizontal lift HH∇ of a projectable linear connection ∇ in Bm to t(Bm) by the conditions:
(i) HH∇vvX(vvY ) = 0,

(ii) HH∇vvX(HH Ỹ ) = 0,

(iii) HH∇HHX̃
(vvY ) = vv (∇XY ) ,

(iv) HH∇HHX̃
(HH Ỹ ) = HH (∇XY ) ,

for any X̃, Ỹ ∈ ℑ1
0(Mn).

Thus, if we put
S̃(X̃, Ỹ ) = HH∇

X̃
Ỹ − cc∇

X̃
Ỹ (4.1)

for any X̃, Ỹ ∈ ℑ1
0(Mn). Then, from (4.1) and Theorem 3.1, the tensor S̃ of type (1, 2) in

t(Bm) satisfies the conditions
(i) S̃(vvX,vv Y ) = 0,

(ii) S̃(vvX,HH Ỹ ) = 0,

(iii) S̃(HHX̃,vv Y ) = 0
(iv) S̃(HHX̃,HH Ỹ ) = −γ(R( , X)Y ),

for any X̃, Ỹ ∈ ℑ1
0(Mn). Therefore S̃ has the components S̃J

IK such that

S̃β
αγ = −yεRβ

εαγ (4.2)

all others being zero, with respect to the induced coordinates (xb, xβ, xβ) in t(Bm).
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Since the components ccΓJ
I K of cc∇ are given by (3.1), it follows from (4.1) and (4.2)

that the horizontal lift HH∇ of a projectable linear connection ∇ has the components
HHΓJ

I K such that

HHΓb
ac = HHΓb

aγ = HHΓb
aγ = HHΓb

αc = HHΓb
αγ = HHΓb

αc = HHΓb
αγ = HHΓb

αγ = 0,
HHΓb

αγ = Γb
αγ ,

HHΓβ
a c = HHΓβ

a γ = HHΓβ
a γ = HHΓβ

αc = HHΓβ
αγ = HHΓβ

αc = HHΓβ
αγ = HHΓβ

αγ = 0,
HHΓβ

αγ = Γβ
αγ ,

HHΓβ
a c = HHΓβ

a γ = HHΓβ
a γ = HHΓβ

αc = HHΓβ
αc = HHΓβ

αγ = 0,
HHΓβ

αγ = Γβ
αγ ,

HHΓβ
αγ = yε∂εΓβ

αγ − yεRβ
εαγ ,

HHΓβ
αγ = Γβ

αγ .
(4.3)

with respect to the induced coordinates in t(Bm). Where HHΓJ
I K are local components of

HH∇ in t(Bm).

Proof. For convenience sake, we only consider HHΓβ
αγ . According to (3.1), (4.1) and

(4.2), in fact:

S̃β
αγ = HHΓβ

αγ − ccΓβ
αγ

−yεRεαγ = HHΓβ
αγ − yε∂εΓβ

αγ

HHΓβ
αγ = yε∂εΓβ

αγ − yεRβ
εαγ .

Thus, we have HHΓβ
αγ = yε∂εΓβ

αγ − yεRβ
εαγ . In a similar way, we can easily find other

components of HHΓJ
I K . �

Theorem 4.1. Let X̃ be a projectable vector field on Mn with projections X on Bm. If
Y ∈ ℑ1

0(Bm), then
HH∇ccX̃

(vvY ) = vv (∇XY ) .

Proof. If X̃ ∈ ℑ1
0(Mn), Y ∈ ℑ1

0(Bm) and


(

HH∇ccX̃
(vvY )

)b(
HH∇ccX̃

(vvY )
)β

(
HH∇ccX̃

(vvY )
)β

 are the components of

(
HH∇ccX̃

(vvY )
)J

with respect to the coordinates (xb, xβ, xβ) on t(Bm), then we find(
HH∇ccX̃

(vvY )
)J

=cc X̃aHH∇a(vvY )J +cc X̃αHH∇α(vvY )J +cc X̃αHH∇α(vvY )J .

As the first coordinate, if J = b, we obtain(
HH∇ccX̃

(vvY )
)b

= ccX̃aHH∇a(vvY )b +cc X̃αHH∇α(vvY )b +cc X̃αHH∇α(vvY )b

= Xa(∂a
vvY b︸ ︷︷ ︸

0

+HHΓb
ac

vvY c︸ ︷︷ ︸
0

+HHΓb
aγ

vvY γ︸ ︷︷ ︸
0

+ HHΓb
aγ︸ ︷︷ ︸

0

(vvY )γ)

+Xα(∂α
vvY b︸ ︷︷ ︸

0

+HHΓb
αc

vvY c︸ ︷︷ ︸
0

+HHΓb
αγ

vvY γ︸ ︷︷ ︸
0

+ HHΓb
αγ︸ ︷︷ ︸

0

(vvY )γ)

+ccX̃α(∂α
vvY b︸ ︷︷ ︸

0

+HHΓb
αc

vvY c︸ ︷︷ ︸
0

+HHΓb
αγ

vvY γ︸ ︷︷ ︸
0

+ HHΓb
αγ︸ ︷︷ ︸

0

(vvY )γ)

= 0
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by virtue of (2.2), (2.4) and (4.3). As the second coordinate, if J = β, we obtain(
HH∇ccX̃

(vvY )
)β

= ccX̃aHH∇a(vvY )β +cc X̃αHH∇α(vvY )β +cc X̃αHH∇α(vvY )β

= Xa(∂a
vvY β︸ ︷︷ ︸

0

+HHΓβ
a c

vvY c︸ ︷︷ ︸
0

+HHΓβ
a γ

vvY γ︸ ︷︷ ︸
0

+ HHΓβ
a γ︸ ︷︷ ︸

0

(vvY )γ)

+Xα(∂α
vvY β︸ ︷︷ ︸

0

+HHΓβ
αc

vvY c︸ ︷︷ ︸
0

+HHΓβ
αγ

vvY γ︸ ︷︷ ︸
0

+ HHΓβ
αγ︸ ︷︷ ︸

0

(vvY )γ)

+ccX̃α(∂α
vvY β︸ ︷︷ ︸

0

+HHΓβ
αc

vvY c︸ ︷︷ ︸
0

+HHΓβ
αγ

vvY γ︸ ︷︷ ︸
0

+ HHΓβ
αγ︸ ︷︷ ︸

0

(vvY )γ)

= 0

by virtue of (2.2), (2.4) and (4.3). As the third coordinate, if J = β, then we obtain(
HH∇ccX̃

(vvY )
)β

= ccX̃aHH∇a(vvY )β +cc X̃αHH∇α(vvY )β +cc X̃αHH∇α(vvY )β

= Xa(∂a(vvY )β︸ ︷︷ ︸
0

+HHΓβ
a c(vvY )c +HH Γβ

a γ
vvY γ︸ ︷︷ ︸

0

+ HHΓβ
a γ︸ ︷︷ ︸

0

(vvY )γ)

+Xα(∂α
vvY β︸ ︷︷ ︸

Y β

+HHΓβ
αc

vvY c︸ ︷︷ ︸
0

+HHΓβ
αγ

vvY γ︸ ︷︷ ︸
0

+ HHΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

(vvY )γ)

+ccX̃α(∂αY β︸ ︷︷ ︸
0

+HHΓβ
αc

vvY c︸ ︷︷ ︸
0

+HHΓβ
αγ

vvY γ︸ ︷︷ ︸
0

+ HHΓβ
αγ︸ ︷︷ ︸

0

(vvY )γ)

= Xα∂αY β + XαΓβ
αγY γ = Xα

(
∂αY β + Γβ

αγY γ
)

= (∇XY )β

by virtue of (2.2), (2.4) and (4.3). Therewithal, we know that vv (∇XY ) have the compo-
nents

vv (∇XY ) =

 0
0
(∇XY )β


with respect to the coordinates (xb, xβ, xβ) on t(Bm). Thus, we have HH∇ccX̃

(vvY ) =
vv (∇XY ) in t(Bm). �

Theorem 4.2. Let X̃ be a projectable vector field on Mn with projections X on Bm. If
ω ∈ ℑ0

1(Bm), then
HH∇ccX̃

(vvω) = vv (∇Xω) .

Proof. If X̃ ∈ ℑ1
0(Mn), ω ∈ ℑ0

1(Bm) and
(

HH∇ccX̃
(vvω)c,

HH∇ccX̃
(vvω)γ , HH∇ccX̃

(vvω)γ

)
are the components of

(
HH∇ccX̃

(vvω)
)

K
with respect to the coordinates (xc, xγ , xγ) on

t(Bm), then we find(
HH∇ccX̃

(vvω)
)

K =cc X̃aHH∇a(vvω)K +cc X̃αHH∇α(vvω)K +cc X̃αHH∇α(vvω)K .

As the first coordinate, if K = c, we obtain(
HH∇ccX̃

(vvω)
)

K
= ccX̃aHH∇a(vvω)K +cc X̃αHH∇α(vvω)K +cc X̃αHH∇α(vvω)K

= Xa(∂a
vvωc︸︷︷︸

0

−HHΓb
ac (vvω)b︸ ︷︷ ︸

0

− HHΓβ
a c︸ ︷︷ ︸

0

(vvω)β −HH Γβ
a c

vvωβ︸ ︷︷ ︸
0

)
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+Xα(∂α
vvωc︸︷︷︸

0

−HHΓb
αc

vvωb︸︷︷︸
0

− HHΓβ
αc︸ ︷︷ ︸

0

(vvω)β −HH Γβ
αc

vvωβ︸ ︷︷ ︸
0

)

+ccX̃α(∂α
vvωc︸︷︷︸

0

−HHΓb
αc

vvωb︸︷︷︸
0

− HHΓβ
αc︸ ︷︷ ︸

0

(vvω)β −HH Γβ
αc

vvωβ︸ ︷︷ ︸
0

)

= 0

by virtue of (2.3), (2.4) and (4.3). As the second coordinate, if K = γ, we obtain(
HH∇ccX̃

(vvω)
)

γ
= ccX̃aHH∇a(vvω)γ +cc X̃αHH∇α(vvω)γ +cc X̃αHH∇α(vvω)γ

= ccX̃a(∂a
vvωγ︸ ︷︷ ︸

0

−HHΓb
aγ

vvωb︸︷︷︸
0

− HHΓβ
a γ︸ ︷︷ ︸

0

(vvω)b −HH Γβ
a γ

vvωβ︸ ︷︷ ︸
0

)

+ccX̃α(∂α
vvωγ︸ ︷︷ ︸

0

−HHΓb
αγ

vvωb︸︷︷︸
0

− HHΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

vvωb︸︷︷︸
ωb

−HHΓβ
αγ

vvωβ︸ ︷︷ ︸
0

)

+ccX̃α(∂α
vvωγ︸ ︷︷ ︸

0

−HHΓb
αγ

vvωb︸︷︷︸
0

− HHΓβ
αγ︸ ︷︷ ︸

0

(vvω)b −HH Γβ
αγ

vvωβ︸ ︷︷ ︸
0

)

= Xα∂αωγ − XαΓβ
αγωβ

= Xα
(
∂αωγ − Γβ

αγωβ

)
= (∇Xω)γ

by virtue of (2.3), (2.4) and (4.3). As the third coordinate, if K = γ, then we obtain(
HH∇ccX̃

(vvω)
)

γ
= ccX̃aHH∇a(vvω)γ +cc X̃αHH∇α(vvω)γ +cc X̃αHH∇α(vvω)γ

= Xa(∂a
vvωγ︸ ︷︷ ︸

0

−HHΓb
aγ

vvωb︸︷︷︸
0

− HHΓβ
a γ︸ ︷︷ ︸

0

(vvω)β −HH Γβ
a γ

vvωβ︸ ︷︷ ︸
0

)

+Xα(∂α
vvωγ︸ ︷︷ ︸

0

−HHΓb
αγ

vvωb︸︷︷︸
0

− HHΓβ
αγ︸ ︷︷ ︸

0

(vvω)β −HH Γβ
αγ

vvωβ︸ ︷︷ ︸
0

)

+ccX̃α(∂α
vvωγ︸ ︷︷ ︸

0

−HHΓb
αγ

vvωb︸︷︷︸
0

− HHΓβ
αγ︸ ︷︷ ︸

0

(vvω)β −HH Γβ
αγ

vvωβ︸ ︷︷ ︸
0

)

= 0

by virtue of (2.3), (2.4) and (4.3). Therewithal, we know that vv (∇Xω) have the compo-
nents

vv (∇Xω) = (0, (∇Xω)γ , 0)

with respect to the coordinates (xc, xγ , xγ) on t(Bm). Thus, we have HH∇ccX̃
(vvω) =

vv (∇Xω) in t(Bm). �

Theorem 4.3. Let X ∈ ℑ1
0(Bm). If ω ∈ ℑ0

1(Bm), then
HH∇vvX(vvω) = 0.

Proof. If X ∈ ℑ1
0(Bm), ω ∈ ℑ0

1(Bm) and((
HH∇vvX(vvω)

)
c
,
(

HH∇vvX(vvω)
)

γ
,
(

HH∇vvX(vvω)
)

γ

)
are the components of(

HH∇vvX(vvω)
)

K
with respect to the coordinates (xc, xγ , xγ) on t(Bm), then we have(

HH∇vvX(vvω)
)

K
=vv XaHH∇a(vvω)K +vv XαHH∇α(vvω)K +vv XαHH∇α(vvω)K .
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As the first coordinate, if K = c, we obtain(
HH∇vvX(vvω)

)
c

= vvXa︸ ︷︷ ︸
0

HH∇a(vvω)c + vvXα︸ ︷︷ ︸
0

HH∇α(vvω)c +vv XαHH∇α(vvω)c

= vvXα(∂α
vvωc︸︷︷︸

0

−HHΓb
αc

vvωb︸︷︷︸
0

− HHΓβ
αc︸ ︷︷ ︸

0

(vvω)β −HH Γβ
αc

vvωβ︸ ︷︷ ︸
0

)

= 0
by virtue of (2.2), (2.3) and (4.3). As the second coordinate, if K = γ, we obtain(

HH∇vvX(vvω)
)

γ
= vvXa︸ ︷︷ ︸

0

HH∇a(vvω)γ + vvXα︸ ︷︷ ︸
0

HH∇α(vvω)γ + vvXα︸ ︷︷ ︸
Xα

HH∇α(vvω)γ

= Xα(∂α
vvωγ︸ ︷︷ ︸

0

−HHΓb
αγ

vvωb︸︷︷︸
0

− HHΓβ
αγ︸ ︷︷ ︸

0

(vvω)β −HH Γβ
αγ

vvωβ︸ ︷︷ ︸
0

)

= 0
by virtue of (2.2), (2.3) and (4.3). As the third coordinate, if K = γ, then we obtain(

HH∇vvX(vvω)
)

γ
= vvXa︸ ︷︷ ︸

0

HH∇a(vvω)γ + vvXα︸ ︷︷ ︸
0

HH∇α(vvω)γ +vv XαHH∇α(vvω)γ

= vvXα(∂α
vvωγ︸ ︷︷ ︸

0

−HHΓb
αγ

vvωb︸︷︷︸
0

− HHΓβ
αγ︸ ︷︷ ︸

0

(vvω)β −HH Γβ
αγ

vvωβ︸ ︷︷ ︸
0

)

= 0
by virtue of (2.2), (2.3) and (4.3). Thus, we have HH∇vvX(vvω) = 0. �

Theorem 4.4. Let X̃ and Ỹ be projectable vector fields on Mn with projection X ∈
ℑ1

0(Bm) and Y ∈ ℑ1
0(Bm), respectively. We have:

HH∇HHX̃
(HH Ỹ ) = HH (∇XY ) .

Proof. If X̃, Ỹ ∈ ℑ1
0(Mn) and


(

HH∇HHX̃
(HH Ỹ )

)
b(

HH∇HHX̃
(HH Ỹ )

)
β(

HH∇HHX̃
(HH Ỹ )

)
β

 are the components of

(
HH∇HHX̃

(HH Ỹ )
)J

with respect to the coordinates (xb, xβ, xβ) on t(Bm), then we find(
HH∇HHX̃

(HH Ỹ )
)J

=HH X̃aHH∇a(HH Ỹ )J+HHX̃αHH∇α(HH Ỹ )J+HHX̃αHH∇α(HH Ỹ )J .

As the first coordinate, if J = b, we obtain

(
HH∇HHX̃

(HH Ỹ )
)b

=HH X̃aHH∇a(HH Ỹ )b +HH X̃αHH∇α(HH Ỹ )b +HH X̃αHH∇α(HH Ỹ )b

= XaHH∇a(HH Ỹ )b + XαHH∇α(HH Ỹ )b +
(
−yεΓα

ε ϕXϕ
)

HH∇α(HH Ỹ )b

= Xa(∂aY b︸ ︷︷ ︸
0

+ HHΓb
ac︸ ︷︷ ︸

0

HHY c + HHΓb
aγ︸ ︷︷ ︸

0

HHY γ + HHΓb
aγ︸ ︷︷ ︸

0

(HH Ỹ )γ)

+ Xα(∂αY b + HHΓb
αc︸ ︷︷ ︸

0

HHY c + HHΓb
αγ︸ ︷︷ ︸

Γb
αγ

HHY γ + HHΓb
αγ︸ ︷︷ ︸

0

(HH Ỹ )γ)

+
(
−yεΓα

ε ϕXϕ
)

(∂αY b︸ ︷︷ ︸
0

+ HHΓb
αc︸ ︷︷ ︸

0

HHY c + HHΓb
αγ︸ ︷︷ ︸

0

HHY γ + HHΓb
αγ︸ ︷︷ ︸

0

(HH Ỹ )γ)
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= Xα∂αY b + XαΓb
αγY γ

= Xα
(
∂αY b + Γb

αγY γ
)

= HH (∇XY )b

by virtue of (2.6) and (4.3). As the second coordinate, if J = β, we obtain(
HH∇HHX̃

(HH Ỹ )
)β

=HH X̃aHH∇a(HH Ỹ )β +HH X̃αHH∇α(HH Ỹ )β +HH X̃αHH∇α(HH Ỹ )β

= XaHH∇a(HH Ỹ )β + XαHH∇α(HH Ỹ )β +
(
−yεΓα

ε ϕXϕ
)

HH∇α(HH Ỹ )β

= Xa(∂aY β︸ ︷︷ ︸
0

+ HHΓβ
a c︸ ︷︷ ︸

0

Y c + HHΓβ
a γ︸ ︷︷ ︸

0

Y γ + HHΓβ
a γ︸ ︷︷ ︸

0

Y γ)

+ Xα(∂αY β + HHΓβ
αc︸ ︷︷ ︸

0

Y c + HHΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

Y γ + HHΓβ
αγ︸ ︷︷ ︸

0

Y γ)

+
(
−yεΓα

ε ϕXϕ
)

(∂αY β︸ ︷︷ ︸
0

+ HHΓβ
αc︸ ︷︷ ︸

0

Y c + HHΓβ
αγ︸ ︷︷ ︸

0

Y γ + HHΓβ
αγ︸ ︷︷ ︸

0

Y γ)

= Xα∂αY β + XαΓβ
αγY γ

= Xα
(
∂αY β + Γβ

αγY γ
)

= HH (∇XY )β

by virtue of (2.6) and (4.3). As the third coordinate, if J = β, then we obtain(
HH∇HHX̃

(HH Ỹ )
)β

=HH X̃aHH∇a(HH Ỹ )β +HH X̃αHH∇α(HH Ỹ )β +HH X̃αHH∇α(HH Ỹ )β

+HH X̃α(∂α

(
−yεΓβ

ε ϕY ϕ
)

+ HHΓβ
αc︸ ︷︷ ︸

0

HHY c

+ HHΓβ
αγ

HHY γ︸ ︷︷ ︸
yε∂εΓβ

αγY γ−yεRβ
εαγY γ

+ HHΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

HHY γ︸ ︷︷ ︸
−yεΓγ

ε βY β

)

+HH X̃α(∂α

(
−yεΓβ

ε ϕY ϕ
)

+ HHΓβ
αc︸ ︷︷ ︸

0

HHY c + HHΓβ
αγ

HHY γ︸ ︷︷ ︸
Γβ

ασY σ

+ HHΓβ
αγ︸ ︷︷ ︸

0

(HHY )γ)

= Xα(∂α

(
−yεΓβ

ε ϕY ϕ
)

+ yε∂εΓβ
αγY γ

− yεRβ
εαγY γ − Γβ

αγ

(
−yεΓγ

ε βY β
)
)

+
(
−yεΓα

ε ϕY ϕ
)

(∂α

(
−yεΓβ

ε σY σ
)

+ Γβ
ασY σ)

= Xα((−∂αΓβ
ε ϕ)yεY ϕ − yεΓβ

ε ϕ

(
∂αY ϕ

)
+
(
∂εΓβ

αγ

)
yεY γ

− yεRβ
εαγY γ − Γβ

αγΓγ
ε σyεY σ) + Γα

ε ϕΓβ
ε σyεXϕY σ − Γα

ε ϕΓβ
ασyεXϕY σ

= XαY ϕyε(−∂αΓβ
ε ϕ + ∂εΓβ

αϕ − Γβ
ασΓσ

ε ϕ + Γβ
ε σΓσ

ε ϕ)

− yεRβ
εαϕXαY ϕ − Γβ

ε σΓσ
αϕXαY ϕyε − Γβ

ε ϕyεXα∂αY ϕ

= yεRβ
εαϕXαY ϕ − yεRβ

εαϕXαY ϕ − Γβ
ε σΓσ

αϕXαY ϕyε − Γβ
ε ϕyεXα∂αY ϕ

= HH (∇XY )β
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by virtue of (2.6) and (4.3). Thus, we have
(

HH∇HHX̃
(HH Ỹ )

)
= HH (∇XY ). �

Theorem 4.5. Let X̃ and Ỹ be projectable vector fields on Mn with projection X ∈
ℑ1

0(Bm) and Y ∈ ℑ1
0(Bm), respectively. We have:
HH∇HHX̃

(HH Ỹ ) = cc∇HHX̃
(HH Ỹ ) − γ(R( , X)Y ).

Proof. Using (iv) of Theorem 3.1 and Theorem 4.4, we have for any X̃, Ỹ ∈ ℑ1
0(Mn)

cc∇HHX̃
(HH Ỹ ) = HH (∇XY ) + γ(R( , X)Y )

cc∇HHX̃
(HH Ỹ ) = HH∇HHX̃

(HH Ỹ ) + γ(R( , X)Y )
HH∇HHX̃

(HH Ỹ ) = cc∇HHX̃
(HH Ỹ ) − γ(R( , X)Y ).

Thus we have the Theorem 4.5. �

From (4.1) and (4.2), or from (4.3), we have:

Theorem 4.6. The complete lift cc∇ and the horizontal lift HH∇ of a projectable linear
connection ∇ in Bm coincide, if and only if ∇ is of zero curvature.

Theorem 4.7. Let X̃ and Ỹ be projectable vector fields on Mn with projection X ∈
ℑ1

0(Bm) and Y ∈ ℑ1
0(Bm), respectively. We have:

HH∇ccX̃
(ccỸ ) = cc (∇XY ) − γ(R( , X)Y ).

Proof. If X̃, Ỹ ∈ ℑ1
0(Mn) and


(

HH∇ccX̃
(ccỸ )

)b(
HH∇ccX̃

(ccỸ )
)β

(
HH∇ccX̃

(ccỸ )
)β

 are the components of

(
HH∇ccX̃

(ccỸ )
)J

with respect to the coordinates (xb, xβ, xβ) on t(Bm), then we find(
HH∇ccX̃

(ccỸ )
)J

=cc X̃aHH∇a(ccỸ )J +cc X̃αHH∇α(ccỸ )J +cc X̃αHH∇α(ccỸ )J .

As the first coordinate, if J = b, we obtain(
HH∇ccX̃

(ccỸ )
)b

= ccX̃aHH∇a(ccỸ )b +cc X̃αHH∇α(ccỸ )b +cc X̃αHH∇α(ccỸ )b

= Xa(∂aY b︸ ︷︷ ︸
0

+ HHΓb
ac︸ ︷︷ ︸

0

(ccỸ )c + HHΓb
aγ︸ ︷︷ ︸

0

(ccỸ )γ + HHΓb
aγ︸ ︷︷ ︸

0

(ccỸ )γ)

+Xα(∂αY b + HHΓb
αc︸ ︷︷ ︸

0

(ccỸ )c + HHΓb
αγ︸ ︷︷ ︸

Γb
αγ

ccY γ︸ ︷︷ ︸
Y γ

+ HHΓb
αγ︸ ︷︷ ︸

0

(ccỸ )γ)

+ccXα(∂αY b︸ ︷︷ ︸
0

+ HHΓb
αc︸ ︷︷ ︸

0

(ccỸ )c + HHΓb
αγ︸ ︷︷ ︸

0

(ccỸ )γ + HHΓb
αγ︸ ︷︷ ︸

0

(ccỸ )γ)

= Xα
(
∂αY b + Γb

αγY γ
)

= cc (∇XY )b

by virtue of (2.4), (2.5) and (4.3). As the second coordinate, if J = β, we obtain(
HH∇ccX̃

(ccỸ )
)β

= ccX̃aHH∇a(ccỸ )β +cc X̃αHH∇α(ccỸ )β +cc X̃αHH∇α(ccỸ )β

= Xa(∂aY β︸ ︷︷ ︸
0

+ HHΓβ
a c︸ ︷︷ ︸

0

(ccỸ )c + HHΓβ
a γ︸ ︷︷ ︸

0

(ccỸ )γ + HHΓβ
a γ︸ ︷︷ ︸

0

(ccỸ )γ)
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+Xα(∂αY β + HHΓβ
αc︸ ︷︷ ︸

0

(ccỸ )c + HHΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

ccY γ︸ ︷︷ ︸
Y γ

+ HHΓβ
αγ︸ ︷︷ ︸

0

(ccỸ )γ)

+ccXα(∂αY β︸ ︷︷ ︸
0

+ HHΓβ
αc︸ ︷︷ ︸

0

(ccỸ )c + HHΓβ
αγ︸ ︷︷ ︸

0

(ccỸ )γ + HHΓβ
αγ︸ ︷︷ ︸

0

(ccỸ )γ)

= Xα
(
∂αY β + Γβ

αγY γ
)

= cc (∇XY )β

by virtue of (2.4), (2.5) and (4.3). As the third coordinate, if J = β, then we obtain(
HH∇ccX̃

(ccỸ )
)β

= ccX̃aHH∇a(ccỸ )β +cc X̃αHH∇α(ccỸ )β +cc X̃αHH∇α(ccỸ )β

= Xa(∂a(ccỸ )β︸ ︷︷ ︸
0

+ HHΓβ
a c︸ ︷︷ ︸

0

(ccỸ )c + HHΓβ
a γ︸ ︷︷ ︸

0

(ccỸ )γ + HHΓβ
a γ︸ ︷︷ ︸

0

(ccỸ )γ)

+Xα(∂cc
α Y β + HHΓβ

αc︸ ︷︷ ︸
0

(ccỸ )c + HHΓβ
αγ︸ ︷︷ ︸

yε∂εΓβ
αγ−yεRβ

εαγ

ccY γ︸ ︷︷ ︸
Y γ

+ HHΓβ
αγ︸ ︷︷ ︸

0

(ccỸ )γ)

+yε∂εXα(∂α

(
yε∂εY β

)
+ HHΓβ

αc︸ ︷︷ ︸
0

(ccỸ )c + HHΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

ccY γ︸ ︷︷ ︸
Y γ

+ HHΓβ
αγ︸ ︷︷ ︸

0

(ccỸ )γ)

= yε∂εXα(∂αY β) + yε∂εXαΓβ
αγY γ + yεXα∂α∂εY β

−yεRβ
εαγXαY γ + Xα(yε∂εΓβ

αγY γ + yεXαΓβ
αγ∂εY γ)

= cc (∇XY )β − yεRβ
εαγXαY γ

by virtue of (2.4), (2.5) and (4.3). Therewithal, we know that cc (∇XY ) − γ(R( , X)Y )
have the components

cc (∇XY ) − γ(R( , X)Y ) =


cc (∇XY )b

cc (∇XY )β

cc (∇XY )β

−

 0
0
yεRβ

εαγXαY γ


with respect to the coordinates (xb, xβ, xβ) on t(Bm). Thus, we have HH∇ccX̃

(ccỸ ) =
cc (∇XY ) − γ(R( , X)Y ) in t(Bm). �

Let there be given a projectable linear connection ∇ and a projectable vector field on
Mn with projection X ∈ ℑ1

0(Bm). Then the Lie derivative L
X̃

∇ with respect to X̃ is, by
definition, an element of ℑ1

2(Bm) such that

(L
X̃

∇)(Ỹ , Z̃) = L
X̃

(∇
Ỹ

Z̃) − ∇
Ỹ

(L
X̃

Z̃) − ∇[
X̃,Ỹ

]Z̃ (4.4)

for any projectable vector fields Ỹ , Z̃ ∈ ℑ1
0(Mn).

A projectable vector field X̃ ∈ ℑ1
0(Mn) [12] with components X̃ = X̃a(xa, xα)∂a +

Xα(xα)∂α is said to be an infinitesimal linear (resp. affine) transformation ( [14, p. 67],
[11]) in an m−dimensional manifold Bm with projectable linear connection ∇, if L

X̃
∇ = 0

(see (4.4)).

Theorem 4.8. Let ∇ be a projectable linear connection on Bm. Then,

(LccX̃
HH∇)(ccỸ , ccZ̃) = cc

(
(L

X̃
∇)(ccỸ , ccZ̃)

)
+ γ(L

X̃
R)( , Ỹ )Z̃)
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for any projectable vector fields X̃, Ỹ , Z̃ ∈ ℑ1
0(Mn). Where R( , X)Y denotes a tensor field

F of type (1, 1) in Bm such that F (Z) = R(Z, X)Y for any Z ∈ ℑ1
0(Bm).

Proof. Substituting Theorem 4.7 and (v), (vi) of Theorem 3.1 in (4.4), we have

(LccX̃
HH∇)(ccỸ , ccZ̃) = LccX̃

(HH∇ccỸ
ccZ̃) − HH∇ccỸ

(LccX̃
ccZ̃) − HH∇[ccX̃,ccỸ

]ccZ̃

= LccX̃

[
cc∇

Ỹ
Z̃ − γ(R( , Ỹ )Z̃)

]
−HH∇ccỸ

cc(L
X̃

Z̃) − HH∇cc
[
X̃,Ỹ

]ccZ̃

=
[

ccX̃, cc∇
X̃

Ỹ
]

−
[

ccX̃, γ(R( , Ỹ )Z̃)
]

−cc(∇
Ỹ

(L
X̃

Z̃)) + γ(R( , Ỹ )L
X̃

Z̃)

−cc
(

∇[
X̃,Ỹ

]Z̃)+ γR( ,
[
X̃, Ỹ

]
)Z̃)

= cc
(
L

X̃
∇

X̃
Ỹ
)

− cc(∇
Ỹ

(L
X̃

Z̃)) − cc(∇[
X̃,Ỹ

]Z̃) − γ(L
X̃

R( , Ỹ )Z̃)

+γ(R( , Ỹ )L
X̃

Z̃) + γ(R( , L
X̃

Ỹ )Z̃)

= cc
(
L

X̃
∇
) (

ccỸ , ccZ̃
)

+ γ(−L
X̃

R( , Ỹ )Z̃

+R( , Ỹ )L
X̃

Z̃ + R( , L
X̃

Ỹ )Z̃)

= cc
(
L

X̃
∇
) (

ccỸ , ccZ̃
)

+ γ(L
X̃

R)( , Ỹ , Z̃),

which is the proof of Theorem 4.8. �
From Theorem 4.8, we have

Theorem 4.9. If X is an infinitesimal automorphism with respect to F [4], then ccX̃ is
an infinitesimal linear transformation of t(Bm) with HH∇.
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