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Abstract

The main aim of this article is to study the horizontal lifts of projectable linear connection
in the semi-tangent bundle tM. The properties of complete and horizontal lifts of pro-
jectable linear connection for semi-tangent bundle tM are also investigated. Finally, we
examine the infinitesimal linear transformation in the semi-tangent bundle with respect
to the horizontal lift of a projectable linear connection.
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1. Pullback bundle of the tangent bundle

Let M,, be an n—dimensional differentiable manifold of class C°° and finite dimension
n, and let (M,, 71, By,) be a differentiable bundle over B,,. We use the notation (2?) =
(x®, %), where the indices ¢, j, ... have range in {1,2,...,n}, the indices a, b, ... have range
in {1,2,...,n — m} and the indices «, 3, ...have range in {n —m+ 1,n —m+2,...,n},
are coordinates in B,, , % are fiber coordinates of the bundle

w1 : M, — B,,.

Let now (T(By,), T, By,) be a tangent bundle [14] over base space B, and let M,
be differentiable bundle determined by a submersion (natural projection) 71 : My, — By,.
The semi-tangent bundle (pullback [3,5,9,10,15,16]) of the tangent bundle (T'(By,), 7, Bp,)
is the bundle (t(By,), w2, M,,) over differentiable bundle M,, with a total space

t(Bn) = {(2%,2%),2%) € My, x Tu(Byn) : 71 (2%,2%) = 7 (2%,27) = (2%)} € MyXTo(Byn)

and with the projection map o : t(By,) — M, defined by mo(z%, 2%, %) = (2%, 2%), where
T, (By,) is the tangent space at a point = of By, (z = m (Z),Z = (2%, %) € M,,), where
& =y (a, Byo=n+1,..., 2n) are fiber coordinates of the tangent bundle T'(B,,).
Where the pullback (or Pontryagin [7]) bundle ¢(B,,) of the differentiable bundle M,
also has the natural bundle structure over B,,, its bundle projection 7 : t(B,,) — Bn
being defined by 7 : (2%, 2%, 2%) — (x%) , and hence m = 7 o . Thus (¢(B,,),m1 0 m2) is
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the step-like bundle [6] or composite bundle [8, p. 9]. Consequently, we notice the semi-
tangent bundle (¢(B,,),m2 ) is a pullback bundle of the tangent bundle over B,, by m
[9].
If (') = (z¢
then we get:

,xo‘/) is another local adapted coordinates in differentiable bundle M,,,

2@ = g% (2b, 29),
o = g (.CCB) .

The Jacobian of (1.1) has the components
(02" [ AY AY
()=(5) = (% %)

/ / ’
a _ 0z a _ 0z o _ 0z%
where Aj" = 5, Ay = 550 A5 = 5oz 19):

To a transformation (1.1) of local coordinates of M, there corresponds on t(B,,) the
change of coordinate

(1.1)

2 = 2% (", 7),

v =z (xﬁ) , (1.2)
Y = %g; yﬂ.
The Jacobian of (1.2) is:
A A0
— I o
A=(af) =1 o Ay 0| (1.3)
0 ASyF A9
where I = (a,a, @), J = (b,8,8), I,J,.... = 1,...,2n; Aa; = % [9].

The main aim of this article is to study the horizontal lifts of projectable linear connec-
tion to semi-tangent (pullback) bundle (¢(B,,) , m2) and their properties.
We denote by 37(M,,) the module over F' (My) of all tensor fields of type (p, q) on M,,

where F'(M,,) is the algebra of C™ — functions on M,,.

2. Some lifts of tensor fields of types (1,0) and (0,1)

If f is a function on B,,, we write " f for the function on ¢(B,,) obtained by forming
the composition of 7 : ¢(By,) — By, and Vf = f o7y, so that
Wf="fomy=fomom=fom.
Thus, the vertical lift " f of the function f to t(B,,) satisfies
Wz, 2%, x%) = f(a%). (2.1)

We note here that value " f is constant along each fibre of 7 : t(B,,) — B,.
Let X € 3§(Bn), i.e. X = X?9,. On putting

0

wx = (XY =|0 |, (2.2)
Xa

from (1.3), one can easily prove that "’ X’ = A("’X). The vector field "X is called the

vertical lift of X to ¢(B,,).
Let w € SV (B,y,), i.e. w = wadr®. On putting

Wy = ("w). = (0,ws,0), (2.3)

from (1.3), we easily see that "w = A"w’. The covector field "w is called the vertical lift
of w to t(By,).

o
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Let X € 34(M,) be a projectable vector field [12] with projection X = X*(2%)d, i.e.
X = X%z 2%)0s + X*(2%)Ds. Now, consider X € I3(M,,), the complete lift X of X
to the semi-tangent bundle ¢(B,,) has components [9]:

Xa
“f = (%) = | xo (2.4
yeO X

with respect to the coordinates (z%, 2%, z%). B
For any F € 31(B,,), from (1.3), we have (yF) = A(yF), where vF is a vector field in
t(By,) defined by

0
vF = (yFT) = (0 ) (2.5)
(D

with respect to the coordinates (¢, 2%, z%).
Let now X € 3§(M,) be a projectable vector field on M,, with projection X € S§(Bn)
[12]. The horizontal lift ## X of X on t(M,) is defined by:

HHS _ % _ o (VX).

Where V is a projectable symmetric linear connection in a differentiable manifold By,.
Then, remembering that “X and «(VX) have, respectively, local components

- .
X — (5(1) — §a A(VX) = (’y(V)?)I) — ( 0 )
Y0 X YV X

with respect to the coordinates (z%, %, %) on t(B,,). V4X¢ being the covariant derivative
of X%, ie.,

(Vo X®) = 0,X° + XI5,
We find that the horizontal lift X of X has the components

)Z'a
HH y _ (HHX]) _ | xo (2.6)
—I‘%‘Xﬁ

with respect to the coordinates (z%, 2%, 2%) on t(B,,). Where

g =y Ies. (2.7)

3. Complete lifts of projectable linear connection

Let 1“57 be components of projectable linear connection [1,2,12,13] V with respect to
local coordinates (z®) in B, and “T'{ ; components of “V with respect to the induced
coordinates (z%, %, %) in t(By,).

We recall from [12] that components CCF{ x of complete lift ““V of projectable linear
connection V can be calculated from base manifold By, to semi-tangent bundle ¢(B,,) also
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as:
ccrzc — CCFZ’Y — ccl'\g _ CCFZCC — ccrg _ ccrgc — CCFI;{’Y — chb7 _ O
ot =1
ch,B _ CCFB — ch57 — ccl'\gc — ccrg7 — ccrgc — CCFfw — chg7 — 07
Ccrﬂ'v = Fa’)”
ccrﬂ _ CCFB — CCFE7 _ CCFEC — ccrgc — CCFB—Y =0, (31)
CCF’B* — Iwg%
ccrgﬂy — yaaa:[*cﬁw’
Ccrgv = ng-

Where I = (a,a,@), J = (b, 3,8), K = (¢,7,7).
On the other hand, from (3.1) we obtain:

Theorem 3.1. Let X and Y be projectable vector fields on M, with projection X €
S4(Bm) and Y € S§(Bnm), respectively. We have:

(i) “Voux("Y) =0,

(ii) CCVWX(HHY) =0,

iil) “Vyupz(*Y)=""(VxY),

(iv) CCVHHX(HHY) HH(VxY) +~(R(, X)Y),
(v) [X V] = [X,V](ie. L, (V) == (LgY)),
(Vi) [“X,vF] =~ (LxF) (F € S}(Bpn)),

where R(, X)Y € S1(By,) is a tensor field of type of (1,1) defined by F(Z) = R(Z, X)Y
for any Z € S{(Bm) and Lx is the operator of Lie derivation with respect to X.

CCX(

4. Horizontal lifts of projectable linear connection
Let there be given a projectable linear connection V in B,,. We shall now define the
horizontal lift 7V of a projectable linear connection V in B,, to t(B,,) by the conditions:
(i) THVwx("Y) =0,
(11) HHVUUX(HHY) - 0,

(iii) HHVHHX(WY) =" (VxY),
(iv) HHV 4 (1Y) = HH (VxY),
for any X,Y € S}(M,).
Thus, if we put
S(X,Y) =My Yy — vV (4.1)

for any X,Y € S}(M,,). Then, from (4.1) and Theorem 3.1, the tensor S of type (1,2) in
t(By,) satisfies the conditions

(i) S(vvX,wv Y) =0,
(i) S(XHTY) =0,
iii) S(THX"Y) =0
( v) S(HXHHY) = —(R(, X)Y),
for any X,Y € S}(M,). Therefore S has the components S7, such that

=

52, = RS (42)

eqry

all others being zero, with respect to the induced coordinates (z°, 2, .TB) in t(Bp,).
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Since the components “I'{ x of “V are given by (3.1), it follows from (4.1) and (4.2)
that the horizontal lift ##V of a projectable linear connection V has the components

HHI‘fK such that
HHFZC _ HHFZ7 _ HHFZW _ HHFI(;C _ HHFZﬁ _ HHF%C _ HHF%W _ HHF%V -0,
HHFb _Fb

a”Y T

)
HHFgC _ HHFg’Y _ HHFg7 _ HHPQC _ HHF?W _ HHrgc _ HHF%/ _ HHFg7 =0,
HHF'gv = Fg%
HHFgC _ HHFE’Y _ HHF5§ _ HHFQC _ HHFgC _ HHFQW =0,
a”y a”

HHFg'Y = yaafrg’}’ - yaR?a’w
HHpB _
FEW - ng.

(4.3)
with respect to the induced coordinates in ¢(B,,). Where HT/ ;- are local components of
HHYT :

V in t(Bp,).

Proof. For convenience sake, we only consider 7 ng. According to (3.1), (4.1) and
(4.2), in fact:

ggf?w _ HHFE’Y _ ccrg7
~Y*Reay = "IT Ew —y 0I5,
HHPS = 4f0.T0, — RS,
Thus, we have 7H FEV = y*0.T5, — ystav. In a similar way, we can easily find other
components of HHFfK. O

Theorem 4.1. Let X be a projectable vector field on M, with projections X on B,,. If
Y € 3§(Bm), then

Hchci(m}Y) _ v (va) )

b
(7Y .z (")
Proof. If X € S}(M,), Y € S}(B,,) and (HHVCC)?(””YDB are the components of
B
(MY .z (")
J —
(HHVCC)?(““Y)) with respect to the coordinates (2,27, 2%) on t(B,,), then we find

J ~ ~ ~
(HHVCC)N((vvy)) _cc XaHHVa(vvy)J +cc XaHHva(vvy)J +cc XaHHVa(UUY)J.

As the first coordinate, if J = b, we obtain
b ~ ~ ~
(HHVCC)?(UU}/)) _ chaHHva(vvy>b Jce XaHHva(vvy)b qce XoaHHva(vvy)b
— Xa(aa vvyb +HHFZC wye +HHFZ’Y wyy _i_HHIwZW('va)W)
0 0 0 0
+Xa(aa vvyb +HHTZC wwye +HHFlZv’Y vy HHFE;W(M}Y)V)
0 0 0 0
+CCXE(85 vvyb —|—HHF%C vvyc +HHF%7 Yy 4 HHF%V(UUY)W)

0 0 0 0

=0
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by virtue of (2.2), (2.4) and (4.3). As the second coordinate, if J = 3, we obtain
(HHVCC)?(MIY))/B _ chaHHva(vvy)ﬂ Jce XaHHva(vvy)ﬂ Jce X&HHva(vvy),B
_ Xa(aa vvyﬁ +HHF§C vvye +HHF57 Ll vl _i_HHFgV(vvy)W)
0 0 0 0
+Xa(8a vvy,ﬁ +HH1-\§C vvye +HHF§y vy HHFEKV(UUY)W)
0 0 0 0
_‘_ccjz—a(&avvyﬂ +HHF§vayc +HHF§7UUY,Y+HHF§7(UUY)7)
0 0 0 0
=0
by virtue of (2.2), (2.4) and (4.3). As the third coordinate, if J = 3, then we obtain
3 ~ _ _ _ . _
(Hchch(m}Y)) — chaHHva(v'uy)B Jce onHHva(vvy)ﬁ e XaHHva('uvy)B
_ Xa(aa(vvy)B+HHF§C(vvy)c +HH FE’Y vy +HHF§7(UUY)V)
— ——

———
0 0 0
+Xa(8a vaﬂ _|_HHFgC wwye +HHF57 vy HHFQV(va)V)
ye 0 0 o
ay
+CCXE(85Y6 _|_HHF§vayc —I—HHFQ UUY’Y_'_HHFéi(UUY)V)
~— —— Y a”
0 0 0 0
= X%0,Y" + X°T8 Y7 = X© (aayﬁ 1 rgyw)
= (VxY)’

by virtue of (2.2), (2.4) and (4.3). Therewithal, we know that "’ (VxY') have the compo-
nents
0
VU (VXY) — 0
(VxY)?

with respect to the coordinates (CL‘b,l‘B,CCE) on t(By,). Thus, we have HHVCC)?(””Y)
Y(VxY) in t(By,).

Ol

Theorem 4.2. Let X be a projectable vector field on M, with projections X on B,,. If
w € SY(Bn), then

HHVCC)?(UUCU) _ v (va) .
Proof. If X € S3(M,,), w € SY(B,y,) and (HHVCCX(WW)C,HHVCCXV(UUW)W,HHVCC)'{V(M)W)V>
are the components of (H LAV i(””w))K with respect to the coordinates (z¢, z7,27) on

t(By,), then we find

(HHVCC)?(UUW)) K _cc XaHHva(vvw)K +cc XaHHva(vvw)K +cc XEHHVE(UUW)K.

As the first coordinate, if K = ¢, we obtain

(HHV ~(vvw))

5 CCXCLHHVQ(UUW)K +cc XaHHva(vvw)K +cc XEHHVE(M;W)K

K

B

0 0 0 0

_ Xa(aa vvwc _HHPZC (vvw)b . HHIwgC('va)ﬁ _HH FEC v'uwi)
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HHb HH HH 18
+Xa(aa vvwc_ Facvvwb_ Fgc(vvw)ﬁ o Fgcvv%)

0 0 0 0
—G—CC)?E(&UUW _HHpb vab_HHFé (vvw) _HH FE vvw)
a - c ac - ac B ac B
0 0
= 0
by virtue of (2.3), (2.4) and (4.3). As the second coordinate, if K =+, we obtain
(HHVCE)?(vvw))7 _ ccjz—aHHVa(vvw)’Y fce )?aHHva(vvw)’y Jee )?EHHVE(UUW)7
— cha(aa vvw’y _HHFIC)w vvwb . HHng(vvw)b _HH FE’Y UUOJB)
N , —— i N ,
0 0 0 0
+cha Fo IR 7HH11b v, 7HH1“5 v, 7HH1“E VU
(Oa Y ay b %) b ay 5)
0 0 F/B Wy 0
ay
_’_ccia(aavvw’y —HHF%,Y vvwb . HHFg'y(m}w)b _HH Fg’y M)wg)
——— M~ e — \ ,
0 0 0 0
= X%Opwy — XTY w5
= X° (&ﬂuv - Fgwc%)
= (Vxw),
by virtue of (2.3), (2.4) and (4.3). As the third coordinate, if K =7, then we obtain
(HHVCC)'Z<UUW))7 _ CCXGHHVG<UUW)7 Jee )Z—OCHHVC!(UUW)7 fce XEHHVE(UUQ.J)V
_ Xa(aa UUWV_HHFZVU,UC‘%_HHFaBV(UUw)ﬁ __HH FEVUUWE)
0 0 0 \0’/
+on(aa UUWV *HHFZVUUWIJ . HHFQW(M)W)ﬁ __HH ngvvwﬁ)
\ ; SN~ ~ ~ \ ;
0 0 0 0
+CCXE(807UUW—HHF%VUUWE; _ HHng(vvw)ﬁ _HH ngvv%)
0 0 0
0

= 0

by virtue of (2.3), (2.4) and (4.3). Therewithal, we know that ¥ (V xw) have the compo-
nents

v (Vxw) = (0, (Vxw), .0)

with respect to the coordinates (z¢,27,27) on t(B,,). Thus, we have Hchci(””w)

YU (Vxw) in t(Bp). O
Theorem 4.3. Let X € S§(Bp). If w € SY(Bn), then
HHY7,,  ("Pw) = 0.
Proof. If X € $3(By), w € S(B,) and
((HHVMX(””w))C, (HHVUUX(UUW))’Y , (HHVWX(”’”w))’Y) are the components of

(HHVvuX(“”w))K with respect to the coordinates (z¢,z7,27) on t(B,,), then we have

(HHVwX(vvw))K _vv XaHHva(vvw)K _|_vv XaHHVa(vvw)K +vv X&HHVE(UUW)K.
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As the first coordinate, if K = ¢, we obtain

(HHVUUX(UUW))C — wvya HHVG(UUW)C yUv e HHva(vvw)C 4w XaHHVa(UUw)C
0 0
— M)XE(aEvvwc _HHF%C vvwb . HHFgc(m}w)ﬁ __HH Fgc va,)
B
~~ M~ ———— N
0 0 0 0
=0
by virtue of (2.2), (2.3) and (4.3). As the second coordinate, if K =+, we obtain
(HHVMX(MJW))’y — wya HHva<vvw)’Y Sy HHva (vvw)’Y + vaE HHVE<UUW)'Y
0 0 X«

_ X—oc(aavvw7 —HHF%,Y VO — HHFg'Y(UUW)ﬁ _HH ng vvwg)

—— ———— . ,
0 0 0 0
= 0
by virtue of (2.2), (2.3) and (4.3). As the third coordinate, if K =7, then we obtain
(HHVWX(M)W)>W — wxa HHVQ(M)W)W—I- w xa HHV&(M)W)W 4V XEHHVE(UUW)W
0 0
_ UUXE(GEUUWW—HHF%VUUWI, . HHng(vvw)ﬂ __HH Féﬁvvwﬁ)
N—— N~ N — ——’
0 0 0 0
= 0
by virtue of (2.2), (2.3) and (4.3). Thus, we have #H Vo x (Ww) = 0. O

Theorem 4.4. Let X and Y be projectable vector fields on M, with projection X €
S8(By) and Y € S§(Bn), respectively. We have:

HHVHH)?(HH?) = Hn (VXY) .

HHVHH;((HH?) b
Proof. If X,Y € S4(M,) and HHVHH)?(HHSN/) p are the components of
HHVHH%(HH?) P

~\J =
(HHV ~(HHY)) with respect to the coordinates (2%, 2%, %) on ¢(B,,), then we find

HHY

(HHV N(HHY/))J _HH )Z—aHHVa(HH}N/)J_’_HHXaHHVa(HH}N/)J_‘_HHXEHHVE(HH?)J'

HH Y

As the first coordinate, if J = b, we obtain

~\b
(HHVHH)?(HH}/))
_HH XaHHVa(HHf/)b L HH XaHHva(HHf/)b L HH X&HHVE(HHY/)b
_ XaHHva(HHY/)b _’_XaHHva(HH}N/)b + (—y5P§¢X¢> HHVE(HHf/)b
_ Xa(aayb + HHFZC HHyre | HHF?” HHyy | HHFZ7 (HH}N/)V)
0 0 0 0
N—— ~—— ~——
0 re., 0
+ (—yEF?¢X¢) (%Yb + HHF%C HHyre | HHFl?m HHyy | HHP% (HH)N/ﬁ)

T\ — N — ——
0 0 0



Horizontal lifts of projectable linear connection to semi-tangent bundle 1717

= X0,Y" + X0 Y7
— x° (aayb 4Tt ,yyv)
by virtue of (2.6) and (4.3). As the second coordinate, if J = /3, we obtain
~\ B
(HHVHH)?(HHY»
_HH alHy HHy\S (HH YolHg (HHy)S | HH OHEG (HHy )6
_ XaHHva(HHf;)ﬁ + XaHHva(HH}?)B + (—yEF?¢X¢> HHVE(HH}?),B

= X0, YP +HATS ye  HHDS 'y 4 HHPO_y7)

0 0 0 0
+ XD Y P 4 HATS ye f HHPS 'y 4 HHTE_y7)
N—— ~—— ~——
+ (<UT2aX?) @Y7+ AT ve 41U Y 4 MU )
0 0 0

= X%0,YP + X°T8 Y7
= X (0,Y7 +T,Y7)
by virtue of (2.6) and (4.3). As the third coordinate, if J = /3, then we obtain
~\B
(HHVHH)?(HHYD
_HH XaHHva(HHf/)B L HH X’aHHva(HHf/)E LHH X’aHHva(HHf/)E
L HH X’a(aa (_yeF§¢Y¢> + HHFEC HHyrc
N—_——
0
HHWB HH HHB_ HHy7Y
+ 0o HHyr g HHpS HHy™

—_ e TY B
yaaarg’yyw,ysR?a’yyfy Ffm yel'dgY

FHH X35 (_ysrg¢y¢> T %HHYc 4 HHFg’yHHYy +% (HHy )T
0 r,ve 0

= X (0 (—y T2Y?) + 705, Y

RV~ T (< T2v)

+ (=4 T2sY?) (O (~yTLoY7) +T5,Y7)
= XN (~0uT2g)yY? =y T2 (02Y) + (0T, ) Y7

— Y RS, YT — T8 Ty Y) + T2l oys XY — T84Ty XV
= XaY(bys(_aargqb + 8€F§¢ - Fga g(b + F?afg(z,)

— Y R XOV? — T2, T, XYy — T2 X0, Y?
= y° R, X°Y? — y°R) X°V? — T2, T, XY %y — T2  X0,Y*
= 1 (7 yy)?
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by virtue of (2.6) and (4.3). Thus, we have (#HV,, ~(HHY)) = HH (VyY). O
X

Theorem 4.5. Let X and Y be projectable vector fields on M, with projection X €
S4(Bm) and Y € S§(Bnm), respectively. We have:

T 4wz (YY) = V0 g (T1Y) = 1 (R(, X)Y).

Proof. Using (iv) of Theorem 3.1 and Theorem 4.4, we have for any X,Y € S8 (M,,)
CCVHHX(HH?) = HH (VxY) +~(R(,X)Y)

CCVHHf(HH?) = HHVHH%(HH?> + V(R( 7X)Y)
HHVHHX(HHY) = CCVHH)?(HHY) —y(R(,X)Y).
Thus we have the Theorem 4.5. O

From (4.1) and (4.2), or from (4.3), we have:

Theorem 4.6. The complete lift ““V and the horizontal lift PN of a projectable linear
connection V in By, coincide, if and only if V is of zero curvature.

Theorem 4.7. Let X and Y be projectable vector fields on M, with projection X €
S4(Bp) and Y € S4(By), respectively. We have:

HchcX(CCY) CC VXY) Fy
b
HH cc
B (.. ( )5
Proof. If X,Y € S}(M,,) and (HHVCCX Ga% ) are the components of
HH cc
(19 (7))
b

(HHVCLX (CCY)> with respect to the coordinates (z°, x7, :cﬁ ) on t(B,,), then we find

(HHVCCX(CCY>) _cc )’ZaHHva(ccf/)J Jee X‘&HHVQ(CC?)J Jee AXV‘&HHVE(CC?)J‘
As the first coordinate, if J = b, we obtain
(Hvapx(CCY)) — chaHHva(ccf/)b fce XaHHva(ccf/)b qee X—EHHVE(CC}N/)I)
_ Xa(aaYb—i-HHFZC(cc?)c—i—HHFZ«,(cc}N/)’Y _’_HHFZV(CCY/)W)
0 0 0 0
+Xa(8ayb + HHFZ;C(CCY/)C + HHFlc)x’Y ccyy 4 HHFZ(V(CC?)V)
N—_—— Ry:" N—_——
0 b, 0
+CCXE(%Yb + HHI\%C(CC?)C + HHIW%W(CC?)')/ + HHF%W(CC?)V)

i T N—— ——
0 0

= X*(0.Y" +Th,Y7)
= “(VxY)
by virtue of (2.4), (2.5) and (4.3). As the second coordinate, if J = (3, we obtain
(HHVCCX(Ccy)> _ chaHHva(ccf/)ﬁ ce XaHHva(cc?) cc FAHHY_ (e )
= Xo(@uYP + FITR(T ) HUTL (<Y1 4 AT (-7

0 0 0 0
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+Xa(aayﬁ + HHFQC(CC?)C + HHFfw ey 4 HHFQV(CCY/)V)
0 8 Y 0
re,
+CCXE(85Y5 + HHrgc(ccf/)c + HHFQW(CC?)’Y + HHFQV(CC?)V)

0 0 0 v
= X0 ((%Yﬂ + ngyv)
= ¢ (VXY)’B
by virtue of (2.4), (2.5) and (4.3). As the third coordinate, if J = 3, then we obtain
(Hchc)}'(cci;) B _ chaHHva(cc?)B qee XQHHVQ(CC?)B qce XEHHVE(CC?)B
= XO(Q,(CF)F + T, () 4 HATE, (o)1 4 HHTT o)
0 0 v N——
0 0
EX@YT + TR V) TG ey I ey
I 5T
0 ygafrgé’y_ysR?a'y 0
O () I Ty
~— ~— __/\\7’
0 Fgw Y
+ LR ey )
—
0

= 4P X0, YP) + yfO.XTE YT + £ X9,0.Y P
—y*RE, XYY + X(yf0.T2. Y7 + yf XT3 0.Y7)

eqry

= «(VyxY)? — R XV

eary

by virtue of (2.4), (2.5) and (4.3). Therewithal, we know that “ (VxY) — y(R( ,X)Y)
have the components

cc (va) 0
“(VxY) = y(R(, X)Y) = | “(VxY)" | - ( 0 )
cc (va)B ynga,YXaY’y

with respect to the coordinates (:Eb,:zﬁ,xg) on t(B,,). Thus, we have HHVCC)A(:(CCY/) =
“C(VxY)—~(R(,X)Y) in t(By,). O

Let there be given a projectable linear connection V and a projectable vector field on
M,, with projection X € 33(B,,). Then the Lie derivative L&V with respect to X is, by
definition, an element of 33(B,,) such that

(LgV)(Y,Z) = Lg(VyZ) = Vg(LzZ) - V(%7 Z (4.4)
for any projectable vector fields 17, Z € S (My,).

A projectable vector field X € 3§(M,,) [12] with components X = X%(z% 2%)9, +
X*(x%)0y is said to be an infinitesimal linear (resp. affine) transformation ( [14, p
[11]) in an m—dimensional manifold B,,, with projectable linear connection V, if LV =0
(see (4.4)).

Theorem 4.8. Let V be a projectable linear connection on B,,. Then,

(L ~HHV)(ccf/’ ch) _cc ((L)?V)(CCY/, ch)) + V(L)?R)( , Y/)Z)

cc X
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for any projectable vector fields X,Y ,Z € S4(M,,). Where R(, X)Y denotes a tensor field
F of type (1,1) in By, such that F(Z) = R(Z,X)Y for any Z € S{(Bm).

Proof. Substituting Theorem 4.7 and (v), (vi) of Theorem 3.1 in (4.4), we have

HH ceys ce _ HH cc HH _cc HH ccry
(Lch V)( Y Z) - Lch( VCCY Z) vccy( ch Z) v [ch CCY] Z
= L.z [Ccvyz —(R(, f/)Z)}
HH cc 7 HH ccry
- Vcci‘/' (LXZ) Vcc [X y} Z

=[x, eviy] - [CC)?,V(R( Y)Z)|
—“(Ve(LgZ)) +1(R(,Y)L32)

( )+7R ])Z)

_ (L)?V)?Y) — (Ve(LZ)) — “(Vizz

X,Y} Z) —y(LgR( ??)2)

X
+y(R(,Y)L3Z) +y(R(,LgY)Z)

= (15V) (*7.2) oLz R(T)Z

+R(, )L -7+ R(,L )Z)
= (Liv) (ccya CCZ) + V(LXR)( 7{/7 Z)v
which is the proof of Theorem 4.8. g

From Theorem 4.8, we have

Theorem 4.9. If X is an infinitesimal automorphism with respect to F' [}], then X s
an infinitesimal linear transformation of t(B,) with THV .
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