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SUMMARY

In this paper, we have defined Cesaro difference sequence spaces Cp, l1<p<ew,and C o’
namely, -

c o 2| L &a p< 1<p<
={ X == B —
P Xy) s o B % @y lZPS ®
and
1 n
Cm=;:\::(xk):supIl — X Ax{ <w,n>1},
n k=

respectively, and investigated some properties of these spaces. Further, we have determined the
matrices of classes €y E), (Cy, E) and (E, Cp)s (E, C), where E denotes one of the sequence
speces I, and c namely the linear space of bounded sequences and convergent sequences,
respectively. '

1. INTRODUCTION

The Cesiro sequence spaces
p, 1/p

® 1 o '
cesp = gx = () [ x| = (El (-n— k§1 I,Xkl) ) <w,l<p<e» 2
and
Cesy =) X = (xp): | x [ = sup — 2 el <o %

have been introduced by J.S. Shiue [4], where x = (xx) is a sequence
of real numbers. And it has been shown that the inclusion I, < cesp
is strict for 1 < p < oo, althought it does not hold for p = 1, where
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lp=3x=(xk): él lxk]p <w,lgp<e g

Furthermore, the Cesaro sequence space X of non-absolute type is de-
fined by P.N.Ng and P.Y.Lee, in [2], as follows:

o 1 a p-,1/p
Xp = 3 X = (Xk): “X” R = (nz—:__l ‘—n—- kEl Xk ) < e, 1£p< <]
and

n
— X
n k=1

<mn21§
Moreover, it has been shown that the space Xy, 1 < p < <0, is a Banach
space of non-absolute type and the inclusion cesp. <-Xy, l<p < oo,
is strict, [2]. And the matrix transformations on Cesiro sequence spa-
ces of a non-absolute type have been introduced by P.N.Ng [3].

Xm=§x==@@ﬂhm==wm

The main purpose of this paper, is to define the Cesaro difference

sequence spaces and to investigate some properties of these spaces. Then
we will determine some of the related matrix transformations.

2. DEFINITIONS

- Let x = (xx) be a sequence of complex numbers and
A X = Xpe—Xg,1, (k = 1, 2, ...). Let us define

- P
Co= x=(xx): X

n=1

T Me

1
—_— I\ Xg
n 1

<oo,1§p<oog

and

1 n
_— X A Xk
n k=1

C, = %x = (xg): supn

<oo,n21%.

Obviously, Cp (1 < p < ) is a linear space with the usual operations.
Now let us define

1 n Dot/
|+ 2 ax]) as<e
L k= l S

>

o

mmwﬂw+(

1
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1 n
@ Mxll = Jxi| + supn | == = A
. : k=

Therefore x € Cy if and only if Ixll, < o, 1 <p < o,
The following theorem is straightforwa'rd,

THEOREM 2.1. The spaces Cp, 1 < p’ < o, and C, are Banach
spaces ‘with the norms (1) and (2), respectively. R

3.  INCLUSION THEOREMS

In this section, we glve some mclusmn theorems between related
sequence spaces. ' o

THEOREM. 3.1. If 1 < p < q, then Cy < Cq.
Proof. The inequality ‘

q, 1/q n
) < ( p]
k=1

gives the proof, [1; p.4]. _
THEOREM 3.2. The inclusion X, < Cp, 1 < p < oo, is strict.
Proof. Let x = (xx) € Xp, 1 < p < 0. Then
1 a Lo, 1. n 1 n
e e e e R

n

b, 1/p

a% ) O<p<9,

It is known that, for 1 < p < o0,

b
Jab]"<2” (Jaf + b)),
Hence, for 1 < p- < oo,

g

1 n P 1 n p 1 n
l _— 2 A Xk g l-— > Xk 4+ | — p] Xkt
n k=1 n k=1 n —
where K = 2p. Then, for each 'positive integer m, we gét g
m 1 n m n n
ST I AxkpgK§ 13 1 Exk+1]p§
n=1 n x4 ; n=1 B k=g n=1{ M k=1 -

Now, as m - <0
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‘0o n [+ ]
zl—l—zAkagngl—l—-ixkar
n=1 n g n=1 n k=1

[+ n

> l_l_ Y Xgg1 p§<oo.

n=1 D k=1

Thus X, < Cp, (1 < p << o). This inclusion is strict since the sequence
x = (1,1, ...), for example, belongs to Cp, but does not helong to X,
for 1 < p < oco. Similarly, it can be easily shown that X, < C,. To see
that X, 54 C,, we define the sequence (xx) by xx = k, (k =1, 2, ...).
Then (xi) is a member of C_, but not of X,,.

Therefore, for 1 < p < o0, the inclusion
lpcceSpCXpCCp
is strict.

REMARK. If we define

o /1
% = %x: () 'n§1 (T

I M=

. -llek[)p <o, 1 < p < 2

0, = g x = (Xg)! sup, -%

T M=

IAXkl <oo,n21§
1 9

then these spaces are normed spaces under the following norms respec-
tively.

@ 1 n 1/
lixll, = |x,| + ( S (—— 8 mxﬂ)”) 1<p< oo,
n=1 n 1

k=

and
1 n

lIxlle = |xy] +supn— I | Axxl.
n gy

Clearly, Op = Cp, 1 < p < o0, with a strict inclusion. Actually,
the sequence (xx) = ((-1)¥), (k = 1,2, ...), is an element of Gy, but is
not an element of Oy for 1 < p < oo. Moreover the sequence (xi) de-
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fined by x; = 0, xx = (-1)k/k, (k = 2,3, ...), belongs to C, but not
belongs to O;. we define xx = (-1)k . k, (k = 1,2, ...), then
(Xk) ¢ 000 but (Xk) € Cm.

On the other hand, it is easily seen that cesp = Op, for 1 < p. < o,
and this inclusion is also strict. Note that X and Op, 1 < p < 0, over-
lap but neither one contains the other.

4. " DUAL SPACES

In this paragraph we determine the [- dual (generalized Kothe-
Toeplitz dual) of Cp, 1 << p < o0, and obtain some results useful in the
characterization of certain matrix transformations.

Now let us define the operator S: Cp, - Cp, x > Sx = (0, x5, X3, .+ .),
(I < p < ). It is clear that S is a bounded linear operator on Cp with
S| -= 1. Furthermore,

S(Cp) = {x=(xk):xeCp,x1 =0} = Cp
is a subspace of Cp, 1 < p < 0.
Now, we can give the following lemma.

LEMMA. 4.1. Let o be defined on S (Cp) by o (x) = (on(x)), where

ou(x) = —

3
| b=

A= L (a=1,2,...),

(1 < p < ). Then ¢ is an one-to-one bounded linear transformation
from S(Cp) onto the sequence space l, with operator norm 1.
p q P P P

The proof is trivial.

It is well-known that, if X is a sequence space, then
g _ | S
XP = za = (ag): X agxy is convergent, for each x € X }.
k=1

THEOREM. 4.2. If we set
Di= {a=(ax): (kay) el,}
D= {a=(ag):(kag) elg,p1 +q1=1,1<p < o}
D3 = f{a= (aw): (kag) € ]y}, ‘
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then (S(C1))® = D, and (S(Cp))® = D, where 1 < p < oo, and
(S(C.))® = Ds.

Proof. Suppose that a = (ax) € (S(Cp))®, 1 < p < . Then ) agXy
k=1

is convergent for each x € 5(Cp). Hence, for each x € S(Cp)

e o] o= w
(B) 2 axxp= X agxyx = X Xk4iq k4] = — T ktgagy
k=1 k=2 k=1 k=1
1 k —x;
where ty = — ¥ Axj=—tl.(k = 1,2,...).
Pl k

Therefore, considering Lemma 4.1 we see that the series in (3) converges
for all sequences t = (tx) belonging to [, 1 < p < . This shows that
the sequence (k ax_, 1) belongs to I;, where p~1 + q1 = 1, s0 a € D».

Conversely, if a € D,, then

(4) E ag Xk = § X1 kak+1
k=1 k=1 k

for each x € $(Cp), 1 < p < 0. If we now consider Lemma 4.1 and apply
the Hélder inequality, then the series (4) is absolutely convergent for
1 < p < oo. Hence Dy = (S(Cp))?, 1 < p < oo.

Similarly, it can easily be seen that
(S(C1))® = D, and (S(C,))® = D..

This completes the proof.
Note that (S(Cp))® = (Cp)%, 1 < p < .

5. MATRIX TRANSFORMATIONS

Let A = (apx) be an infinite matrix of complex numbers apk (n,

k= 1,2,...) and X, Y be two subsets of the space of complex sequences,
We write formally

(5) An(x) =

=
) M8
L

ank Xk, (n = 1,2,. . .),
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and say that the matrix A = (ayx) defines a matrix transformations from
X into Y and it is denoted by writing A € (X, Y), if each series in (5)
converges and (Ap(x)) € Y) whenever (xix) € X. Furthermore, let (X, Y)
be the set of all infinite matrices A = (anx) which map the sequence spa-
ce X into the sequence space Y. We now determine the matrices of classes
(Cp, E), 1 < p < o0, and (E, Cp), 1 < p < oo, where E denotes one of
the sequence spaces [, all bounded complex sequences, and ¢, all con-
vergent complex sequences.

THEOREM. 5.1. A € (Cy, E), 1 < p < o0, if and only if
(@) (an) € E
(i) B e (I, E)
where B = (b, ) = (k a,,,,;) for all n, k..
Proof. Necessity: If A € (Cp,E), 1 < p < oo, then the series

’ ol
A (x) = kZﬁ1 a, X, is convergent for each n and for all x € ;, and

(An(x)) € E. Since the sequence x = (1, 0, 0,...) is an element of Cy,
I <p < o, we get (A (x)) = (a,;) € E. Further, by Theorem 4.2,
the sequence (ka,, ,,,) is an element of 1, for'every n, where p~1-+ q-1
= 1. Moreover, for all x ¢ S(Cp) = Cp, 1 < p < o0, and for all n

o] o f=2]
Ap(x) = X X = 2 agx, = X Ay, k+1 Xg+10
k=1 k=2 k=1
so, the series
[+
6) An(x) =— k-s_:‘l kag, 1t

is convergent for all sequences t = (t,) belonging to I, where
e = ‘X%“, (k=12 ...). Thus B € (lp, E), 1 < p < oo, where

B = (by) = (kay, )
for all n, k. This proves the necessity.

Sufficiency: Suppose (i) and (ii) hold. If x € Cp, 1 < p < 0, then
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>
sz

\ X’k, k = 2
where x’ = (x'x) € S(Cp). On the other hand, let us write formally

o

el
An (X) = X Apg Xx = ap1 X} -+ k22 Ang xIk

w0

— 17
== ap + kzl Apy k41 X K410

So that
An(x) = an; x; - kag, 1
k=1
where ty = -_X% and (tx) € I, by Lemma 4.1. Now (i) and (ii) imply

together that Ay(x) exists for each x € Cp and A € (G, E), 1 < p < oo,
Hence the proof is complete.

THEOREM. 5.2. A € (E, Cp), 1 < p < oo, if and only if
(@) ) | ag | < o0, for each n

k=1
(ii) B e (E, L)

where B = (b,,) = -—1—‘ (a1 — aiepox) for all i, k.

Proof. Sufficiency is trivial.

Necessity. Suppose that A = (a,,) maps E into Cp, (1 < p < o).
Then the series

) = 3 ancx,
k=1
is convergent for each n and for all x € E and (Ay(x)) € Cp. Since EP =1,
for E = I or c, then we get (i). Furthermore, since (Ap(x)) € Cp,
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[ i
S 1L 2 AAw
i=1 1 n=1

p

o 1 o]
E |+ a@-anef < w
for all x € E and for 1 < p < oo. Whereas

1 ® 1
i (Ag(x) - Aiy(x) = E__l . (a1x = B111,1) Xpo

for x € E. If we now set
By = £ (am— a0 %

then (Bi(x)) € Iy, (1 < p < o). So that B e (E, I) where
B = (bi) = — (@ ~ a1,

for all i, k. The case p = oo it is also obtained in a similar way. Hence
the necessity is proved.

6zET
Bu c¢aliymada
[r o) 1 n P
GEP e | E | <= dse<e

ve

Cp = 3 x = (xg): sup,,

1 n
— EAxk‘<co.n21§
n k=

Ceséro fark dizi uzaylan tammlanmyg ve bu uzaylanin baz 6zellikleri incelenmistir. Ayrica E,
smirh diziler uzay: olan I, ve yakinsak diziler uzay1 olan ¢ den herhangi birini gostermek iizere
(Cp, E)l1<p <« ,ve(E, Cp), 1 < p <« , matris siuflan belirlenmigtir.
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