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ABSTRACT

“The aim of this note is to prove the converse part.of Hardy’s theorem by 1mposmg an
additional condition on the sequence {ay).

1. Hardy [2] proved that if , c .
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is a Fourier series of a function f(x) € LP (0, 2x) (p > 1), then

(Ta)y, Sin nx
1

| 48

is the Fourier series of a function ®O(x) € LP (0, 2nx), where (Ta)y is the
n-th aritmetic mean of (a,) defined as

1
(Ta)p = - (ar + a2 + ... + ap).

The aim of this note is to_prove the converse of Hardy’s theorem

2]

Theorem: Suppose f(x) = 5 ap Sin nx with a, | 0, then
n=i S :

K -
a necessary and sufficient condition that X a, Sin nx be the
n=1 :
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Fourier series of a function f(x) € LP(0, =) is that b (Ta)p Sin nx
n~j

be the Fourier series of a function ® (x) € LP (0, ©) where p > 1 and

ak.

1
(Ta)n‘ = a X

TMc

2. For the proof of our theorem we require the following lemma.
Lemma 1. Ifa, | Oand 1 < p < oo, then f(x) € L? (0, =) if and
only if '
E an® nP-2 < oo.
n=1

Proof of the theorem. Since a, | 0 it follows that (Ta), | 0. Hen-
ce by the lemma we have

a0
' T (Ta)® nP2 < oo.
n=1

Also since

1 n
(Ta)g = — I ay
n k=1

so that
Y (Ta), nP-2> X a, nP2
n=1 n=|1
So the convergence of
K P
X (Ta), nP2
n=1

implies the convergence of the series
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) aﬁ nP-2,
n=}
Hence by lemma we observe that ¥ a, cos nx is the Fourier series
of a function belonging to LP, p > 1. This proves the “only if”” part while
“if” part is a particular case of Hardy’s theorem [2].
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