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On The Minimal Hypersurfaces

KARLIGA B.,* HACISALIHOGLU, H.H.**

(Received May 20, 1983, and accepted August 9. 1983)

SUMMARY

In this paper the Euler’s theorem and some corollaries for minimal hypersurfaces are ob-
tained. Moreover characterizations for asymptotic curves on the minimal hypersurfaces and

surfaces are given. On the other hand a theorem, on the conjugate minimal surfaces, is also gi-
ven.

Definition 1.1.

Let M and S be a hypersurface of E and the shape operator of the

hypersurface, respectively H = nil trace S is called the mean

curvature function on M.

Definition 1.2.

If the mean curvature function on M is zero, M is called a minimal
hypersurface.

Definition 1.3.

The function ky which is given by

kn: Ty(P) —~ R
Vp ————> kn(Vp) = < S (Vp), Vp >
is called the normal curvature of M in direction V, where P:cM,
Vpe Tw(P) and [[Vol] = 1 [1].
Theorem 1.1,
 LetMbea hypersurface of En and
P ¢ M be a nonumbilic point. Let X, ..., Xy
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be the principal directions and ki, ..., ky_; be the corresponding
principal curvatures. In this case,

n-1
kn(Vp) == Z ki cos20;
i=1

where 0; is the angle between V, and X, i=1, ...; n-1.
The proof of this theorem can be found in [1].
If M is a surface in E3 then we have
ko(Vp) = ky Cos? 6; 4+ k, sin20;.
Corollary 1.1.
Let M be a minimal hypersurface in E? and 0;, ki, X; be as they are
in Theorem 1.1. then, we have

n-1
kn(Vg) = — _,21 ki sin26;.
i=

Proof: By the Theorem 1.1. we have
. n-1
kn(Vp) = 2 ki cos20;.
: i=1

Since M is a minimal hypersurface and V, is a unit tangent vector then
we find

n-1
kn(Vp) = —El ki sin26;,

which completes the proof.

Corollary 1.2.

Let M, 6;, k; be as they are in Theorem 1.1. and H be the mean
curvature function on M then, we have

=

_ 1
ka(Vp) = 20 H 4 3 ki cos2ly,
i=1

I
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Proof:
By substituting .
1

cos2 ej = —é—

(1 -+ cos20;)

in the Theorem 1.1. we obtain

| i .
ka(Vp) = LB - L%
1=

5 - k; cos20;

1
i

which completes the proof.

Corollary 1.3.

If M is a minimal hypersurfaceuof th {hén :we "h‘é»veb
n.-1 »
kn(Vp) = = Z k; cos26;,
1=i
Proof: This is obvious from corollary 1.2.

Corollary 1.4.
If M is a minimal surface in E3 then we can write
kn(Vp) = ky cos26;.

Proof: This can be easely seen from corollary 1.2.

Definition 1.4.

Let M and S be a hypersurface of En and the shal;é operafor of
M, respectively. If a curve a on M satisfies the condition

kn(a(s) = < S @@ @) > = o

then o is called an asymptotic curve on. M.

Theorem 1.2.

Let M be a minimal hypersurface of Et and ky, ..., ky_; be'it’s
principal curvatures corresponding to the directions Xy, ..., X,_j,
respectively. If k; > O and cos 20; — cos 20, have the same sign on M,
then a curve on M is asymptotic iff the angles 0,, ..., 6,_; are equal to
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0; + k=, where 0;, ..., O,_; are angles in between the curves with prin-
cipal directions X, ..., X;_;, respectively.

Proof: Let a be an asymptotic curve on M. In this ease, from corollary
1.2. we can write that

n-1

Y ki (cos26; - cos26;) = o.
=1

1

From the hypothesis we find that §; = 0; - kn, k € N. Conversely let
8;, 2 <i < n-1, be equal to 0, -+ kx then by the corrollary 1.1 we ob-
serve that ky(a'(s)) = o.

Theorem 1.3.
Let M be a minimal surface in E3.

A curve a on M is asymptotic iff the angle 0; is equal to
2k 1) %, where 0, is an angle between o and the principal

direction X; on M.

Proof: Let a be an asymptotic curve on M. In the case of Corollary 1.4.
we can have

B = (2k + 1) % ke iN.

T . then we find ky (a'(s)) = O.

Conversely, let § = (2 k - 1) )

This means that a is an asymptotic curve on M.

Definition 2.1.
Let
f: UcE2 — R,
(u, v) ———— f(u,)

be given, If { satisfies the equation

o oA

e T
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then f is called a harmonic function on U.

Definition 2.2.

Let X be a minimal surface whose parameters are isotermal then
x;j — coordinates of X are harmonic functions. If conjugate of x; is yj,
1 < j < 3 there are some surfaces Y whose coordinates are y; then
9j(Z) = x; 4 iy; are analytic functions, in this case Y is called conju-
gate to X,

Theorem 2.1.

Let the surfaces X and Y be conjugate, S and § be their shape ope-
rators, respectively, then

S = ad §.
Proof: Since X, Y are conjugate surfaces and ¢j(Z) are analytic, then

we can write

Xu:YV ) .
Xo=-Y, |

3
-

Using equalities (2.1.) and the linearity of shape operators, we can
easely find that

S = ad §

where ad = adjoint of.

Corollary 2.1,

If K, K are the Gaussian curvatures of the conjugate minimal sur-
faces X and Y, respectively, then '

K = K.

Proof: It is obvious from the Theorem 2.1 and the definition of
Gaussian curvature.

OZET

Bu gahgmada minimal hiperyiizeyler icin Euler teoremi ve bazi sonuglar elde edildi. Ay-
rica minimal hiperyiizeyler ve yiizeyler iizerindeki asimptotik egriler igin karakterizasyonlar
verildi. Bundan bagka eglenik minimal yiizeyler hakkinda da bir teorem ispatlandi.
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