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Properties of 2-Dimensional Ruled Surfaces In The Euclidean
n-Space E" And Massey’s Theorem

S.KELES, NNKURUOGLU

The Faculty of Sciences and Arts, Inénii University
(Received June 6, 1983, and accepteed August 9. 1983)

ABSTRACT

In this paper we find new characteristic properties for 2-dimensional ruled surfaces M
in E" and we give the sufficient and necessary conditions for which the ruled surface M is to be
total geodesic. In addition, the Massey’s theorem which is well-known for the ruled surfaces in
the Euclidean 3-space, [3], was generalized for the ruled surfaces in F . '

i. INTRODUCTION

We will assume throughout this paper that all manifolds, maps,
vector fields, etc. ... are differentiable of class C*. Consider a general
submanifold M of the Fuclidean n-space En. Suppose that D is the Rie-
mann connection of En, while D is the Riemann connection of M. Then,
if X and Y are the vector fields of M and if V is the second fundamen-
tal form of M, we have by decomposing DxY in a tangential and a nor-
mal component :

(1.1) DxY = DxY + V(X,Y).
The equation (1.1) is called Causs equation.

If £ is any normal vector field on M, we find the Weingarten equa-
tion by decomposing Dx% in a tangential component and a normal
component

Ls
(1.2) Dxf = — Ag(X) + Dx™
Aa determines at each point a self- adjoint linear map and D

L
is a metric connection in the normal bundle ¥ (M). We use the same
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notation Ay for the linear map and the matrix of the linear map. A
) 1
normal vector field % is called paralel in the normal bundle - (M) if

1
we have Dx% = O for each Xe&(M). If yis a normal unit vector at
the point peM, then :

(L3) G(p.y) = detA,
is the Lipschitz-Killing curvature of M at p in the direction 1.

Suppose that X and Y are vector fields on M, while £ is a normal
vector field, then, if the standard metric tensor of E is denoted by
<, >

(1.4) X <Y, > = « DxY,t > 4+ <Y, Dxf > =0
or
<V(X, Y),-,‘ = <Y,AE(X)> .
HZ, %, ..., &u_, constitute an orthonormal base field of thevnor-

1
mal bundle X (M), then we set
(L.5) <VXY), &> = Vi(X.Y)

or
i n-2. .
VX,Y) = X ViX.,Y)%.
i=1
The mean curvature vector H of M at the point p is given by

(L6) H — % tA,

i=1

/3’
g/

-
4

||H}| is the mean curvature. If H=0 at each point p of M, then
M is said to be minimal.

I, 2-DIMENSIONAL RULED SURFACES IN THE EUCLIDEAN
n-SPACE E?

Suppose that the base curve r(s) of the 2-dimensional ruled sur-
face M in K1 is an orthogonal trajectory of the generators, which have
the direction of the unit vector e(s); then M can locally be represented

by



PROPERTIES OF 2-DIMENSIONAL RULED... 153

ool — 1) + le(s). -
DEFINITION IL1: Let M be a 2-ruled surface in E™ and V be the
second fundamental form of M. If V(X,X) = O for all Xe X (M),
then X is called an asymptotic vector field on M.’

THEOREM I1.1: Let M be a 2-dimensional ruled surface in E®. Then

the generators of M are asymptotics and geodesies of M.

Proof: Since the generators are the geodesics of E®, we have
Dee = O.

If we set this in the Gauss equation, we get

Dge 4 V(e,e) = 0 or Dee = — V(e,e).

1
Since Dee X (M) and V(e,e) e (M) we find Dee = 0 and
V(e,e) = 0

Therefore the generators of M are the asymptotics and geodesics

of M.

Suppose that {e;, ¢} is an orthonormal base field of the tangential
bundle (M) and {&;, £;, ..., &,_,} is an orthonormal base field of the

normal bundle ¥ (M). Then we have the following equations.

n_.
Defy = alje + alje; + T hijk
i=1

(IL1)

0 .
Dejés = aije + alye; + .21 by, 1<j<n—2.
i

From these equations we observe that
) ' alyy aly, .
Afy = — o ], 1 <j < n-2.
alyy aly,
Since Def; and De%; are orthogonal to &;, we have bij; = bi,; = 0

On the other hand, ai;; = <Df;, e> = — <&j, Dee> and Dee
0, thus we find aj;; = 0, 1 <j<(n-2. We also have
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(IL.2) al, = < Defj, &> = — <5.5» Deey >
and

(1L.3) < Deey, > = — <Tej, Dee> = 0
while

(11.4) <Deeg, 61> = — <eq, Dee>> = 0,

1
From (11.3) and (II.4) we observe that Dee; €2 (M) or
Dee; = V(e.eq), because of (I1.2) we have
) n_y

~ n r
(IL5) Dee; = Viee)) = 3 <E,Dee;> = — I alpf .
-1 =1

Because ‘of (I.4) and (IL1) we find

o

(11.6) Hj22 == < I-)eij,el T omm e <:Azj(el).,ﬁl> == <V(el,e1),£j>
and
(.7 trAij = — aly, = < V(epne),gj>, 1 <j < n-2.

THEOREM 1I1.2: Let M be a 2-ruled surface in E? and le,, e} be the
orthonormal base field of M. Then the Gauss curvature G is given
by

G = — <Deelabeel>
where D denotes the Riemann connection of E", [4].

By using Theorem 11.2 and (IL.5) we find

n-.2
(1L.8) G = — X (al,)?.

j=1

On the other hand, hecause of the expressions stated in (1.6) aad

(IL.7) we have

s 1/2 V(Cl,f}l) .

(11.9) H = X

DEFINITION I1.2: Let M be a 2-ruled surface in E". If the tangent
planes of M are constant along the generators of M, M is called
developable, [2].
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DEFINITION I1.3: Let M be a 2-dimensional ruled surface in E* and
V be a second fundamental form of M. If
V(X,Y) = 0
for all X,Y € ;2 (M), then M is called totally geodesic, [1].

THEOREM II.3: A 2-ruled surface M in E® is developable and mini-
mal iff M is total geodesic.

Proof: We assume that M is developable and minimal. If XY
exX (M), we have X=ae-+be,; and Y=ce+-de;. Therefore we get

k(II.lO) V(X,Y) = acV(e,e)+(ad+bc)V(e,e;)+bdV(ey,e).

Because of Theorem I1.1 and minimality of M we have V(e,e) = 0
and V(ej,e;) = 0. Moreover, since M is developable D¢e; = 0. Thus
we can write V(e,e;) = 0 and V(X,Y) = 0 for all X,Y Y (M).

Now, suppose that V(X,Y) = 0,VX,Ye %(M) Then we have V(e,e)
= (), V(e,e;) = 0 and V(ej,eq) == 0. Because of Theorem II.1 we have
<Deee> = 0 and < Deeje;> = 0.

This means that Dee; is a normal vector field or Dee; = V(e,eq).

Therefore we have De¢e; = 0. This implies that M is developable
and V{ej,e;) = 0 implies that M is minimal.

That completes the proof of the theorem.

III. THE MASSEY’S THEOREM FOR 2-DIMENSIOGNAL RULED
SURFACES IN THE EUCLIDEAN n-SPACE E"

Consider a 2-dimensional ruled surface M in E® and the unit vector
field e of the generator, then the orthonormal base field {ej,e} of the
tangential bundle of M at each point p of M and the orthonormal base
field {£{,%5, ..., £n_,} of the normal bundle of M at each point p of
M constitute an orthonormal base field of E? at each point p of ER

On the other hand, we have the equations of covariant derivative
of the orthonormal base field {e;e,%;.5,, ..., En_,} of EP, in matrix
form, as follows:
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Now, we would like to generalize the Massey’s theorem, which is

well-known for the ruled surfaces in E3, [3], to the ruled surfaces in the
Euclidean n-space En,

THEOREM II1.1: Let, M be a 2-dimensional ruled surface in En,

{e1.e} be an orthonormal base field of the tangential bundle %_’- (M)
and r(s) be an orthogonal trajectory of the generators of M. Then
the following propositions are equivalent.

(i) M is developable.
(il The Lipschitz-Killing curvature
Gp.&) = 0,1 <j < n-2.
(iii) The Gauss curvature G = 0.
(iv) In the equation (IIL.1), ¢y = 0,3 < k < n.
(v) Agj(e) = 0.
(vi) De,ec X(M).

Proof: (i) = (ii): We assume that M is developable. Since al;; = 0,

in (II.1), 1 < j < n-2, the Lipschitz-Killing curvature at point p in
the direction of &; is given by

Gp€y) = — (alp(@)? = 0,1 <j < n-2.
Because of (IL5) and since M is developable we have
_ ny
Deey = — ‘El (aly,) & = 0.
=
So we find G(p,&;) = 0,1 < j < n-2.

(i) = (iii): Let G(p,&;) = 0,1 < j < n-2. Since we have, [4],
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n-2
G@) = 2 G(p), vpeM

we observe that G = 0, ypeM.

(iii) = (iv): Suppose that G = 0, ypeM. Then, because of (11.8)
we have aly;, = 0,1 < j << n-2. So Dg, £; has no component in the di-
rection e. Hence we observe that ¢,y = 0, 3 < k < n, in the equation

(IIL.1).

(iv) = (v): Suppose ¢yx = 0, 3 < k < n, in the equation (IIL1).
This shows that D, ,&i has no component in the direction e. Thus we
have, in the equation (II.1), ai;, = 0,1 < j < n-2.

Moreover, since alyy = <D¢fje> = — <%;,Dee> = 0 and be-
cause of the Weingarten equation we find

Agj(e) =0,1 <j < n-2,

(v) = (vi): Let Az(e) = 0. Then, from the Weingarten equati-
on, we have aij; = 0, alj, = 0, 1 < j < n-2. Moreover, since
<te, & > = 0 implies <De e.5;> = — <e,De &> = — al},, we find

< Dese,fy> = 0.

So we get

De,e e (M).

(vi) = (i): Let D¢, e ¢ (M). Then <D, e,§;> =al},=0,1 < j
< n-2. On the other hand, <ej.e;>> = 1 implies that . <<Deej,e;> = 0
and <ej,e> = 0 implies that < Deej,e> = 0. Thus Dee;cX (M).

Because of (I1.5) and since aj;, = 0, 1 < j < n-2, we write that
I_)eel = 0.

This means the tangent planes of M are constant along the genera-
tor e of M, i.e. M is developale.

COROLLARY II1.2: Let M be a 2-dimensional ruled surface in ER
with a Gauss curvature being zero. If M is minimal, then cg; = 0,

1 <s<2,3<k<n.

Proof: Let M be minimal. Then from the equation (I1.9), we have
V(ey.e1) = 0. If this result is set in the Gauss equation, we find
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Delel == Delel.

This means that Delel has no compenent in X(M). Therefore

~
we have
(I11.1) ek = 0,3 <k <n,

in the equation (III.1). On the other hand, since G = 0, by hypothesis,
and from the Theorem III.1, we know that c;x = 0, 3 < k < n. If we
consider this together with (II1.1), we observe that cg; == 0,1 <{s < 2,
3 <k < n

OZET

E", n-boyutlu Oklid nzaymda tammh 2-boyutlu regle yiizeylerinin minimal ve aglabilir
olmas1 i¢in gerek ve yeter sartin total geodezik olmas: gosterildi ve M ile gosterilen bu yiizeyler
igin yeni karakteristik ozellikler bulundu, Ayrica, 3-boyutlu Oklid uzaymda tammh regle yiizey-
ler icin iyi bilinen Massey teoremi, [3], E" deki 2-regle yiizeyler icin genellegtirildi.
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